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PREFACE 

TO THE FIRST GERMAN EDITION 


Although there is no lack of textbooks on the differential and 
integral calculus, the beginner will have difficulty in finding a 
hook that leads him straight to the heart of the subject and gives 
him the power to apply it intelligently. He refuses to be bored 
by diffuseness and general statements which convey nothing to 
him, and will not tolerate a pedantry which makes no distinction 
between the essential and the non-essential, and which, for the 
sake' of a systematic set of axioms, deliberately conceals the 
facts to which the growth of the subject is due. 

True, it is easier to perceive defects than to remedy them. 
I make no claim to have presented the beginner with the ideal 
textbook. Yet I do not consider the publication of my lectures 
superfl.uous. In order and choice of material, in fundamental 
aim, and perhaps also in mode of presentation, they differ con- 
siderably, from the current literature. 

The reader will notice especially the complete break away 
from the out-of-date tradition of treating the differential calculus 
and the integral calculus separately. This separation, a mere 
result of historical accident, with no good foundation either in 
theory or in practical convenience in teaching, hinders the 
student from grasping the central point of the calculus, namely, 
the connexion between definite integral, indefinite integral, and 
derivative. With the backing of Felix Edein and others, the 
simultaneous treatment of differential calculus and integral 
calculus has steadily gained ground in lecture courses. I here 
attempt to give it a place in the literature. This first volume 
deals mainly with the integral and differential calculus for func- 
tions of one variable; a second volume will be devoted to 
functions of several variables and some other extensions of the 
calculus. 



vi PREFACE TO THE FIRST GERMAN EDITION 

My aim is to exhibit the close connexion between analysis and 
its applications and, without loss of rigour and precision, to give 
due credit to intuition as the source of mathematical truth. 
The presentation of analysis as a closed system of truths without 
reference to their origin and purpose has, it is true, an aesthetic 
charm and satisfies a deep philosophical need. But the attitude 
of those who consider analysis solely as an abstractly logical, 
introverted science is not only highly unsuitable for beginners 
but endangers the future of the subject; for to pursue mathe- 
matical analysis while at the same time turning one’s back on its 
applications and on intuition is to condemn it to hopeless atrophy. 
To me it seems extremely important that the student should be 
warned from the very beginning against a smug and presumptu- 
ous purism; this is not the least of my purposes in writing this 
book. 

The book is intended for anyone who, having passed through 
an ordinary course of school mathematics, wishes to apply him- 
self to the study of mathematics or its applications to science 
and engineering, no matter whether he is a student of a univer- 
sity or technical college, a teacher, or an engineer. I do not 
promise to save the reader the trouble of thinking, but I do seek 
to lead the way straight to useful knowledge, and aim at making 
the subject easier to grasp, not only by giving proofs step by 
step, but also by throwing light on the interconnexions and 
purposes of the whole. 

The begimier should note that I have avoided blocking the 
entrance to the concrete facts of the differential and integral 
calculus by discussions of fundamental matters, for which he is 
not yet ready. Instead, these are collected in appendices to the 
chapters, and the student whose main purpose is to acquire the 
facts rapidly or to proceed to practical applications may post- 
pone reading these until he feels the need for them. The appen- 
dices also contain some additions to the subject-matter; they 
have been made relatively concise. The reader will notice, too, 
that the general style of presentation, at first detailed, is more 
condensed towards the end of the book. He should not, however, 
let himself be disheartened by isolated difficulties which he 
may find in the concluding chapters. Such gaps in understand- 
ing, if not too frequent, usually fill up of their own accord. 



PREFACE TO THE ENGLISH EDITION 


When American colleagues urged me to publish an English 
edition of my lectures on the differential and integral calculus, 
I at first hesitated. I felt that owing to the difference between 
the methods of teaching the calculus in Germany and in Britain 
and America a simple translation was out of the question, and 
that fundamental changes would be required in order to meet 
the needs of English-speaking students. 

My doubts were not laid to rest until I found a competent 
colleague in Professor E. J. MeShane, of the University of 
Virginia, who was prepared not only to act as translator but also 
—after personal consultation with me— to make the improve- 
ments and alterations necessary for the English edition. 

Apart from many matters of detail the principal changes are 
these: (1) the English edition contains a large number of classified 
examples; (2) the division of material between the two volumes 
differs somewhat from that in the German text. In addition to 
a detailed account of the theory of functions of one variable, 
the present volume contains (in Chapter X) a sketch of the 
differentiation and integration of functions of several variables. 
The second volume deals in full with functions of several inde- 
pendent variables, and includes the elements of vector analysis. 
There is also a more systematic discussion of differential equa- 
tions, and an appendix on the foundations of the theory of real 
numbers. 

Thus the first volume contains the material for a course, in 
elementary calculus, while the subject-matter of the second 
volume is more advanced. In the first volume, however, there is 
much which should be omitted from a first course. These sec- 
tions, intended for students wishing to penetrate more deeply 
into the theory, are collected in the appendices to the chapters. 
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PREFACE TO THE ENGLISH EDITION 


so that begiimers can study the book without inconvenience, 
omitting or postponing the reading of these appendices. 

The publication of this book in English has only been made 
possible by the generosity of my German publisher, Julius 
Springer, Berlin, to whom I wish to express my most cordial 
thanks. I have likewise to thank Blackie and Son, Ltd., who 
in spite of these difficult times have undertaken to publish this 
edition. My special thanks are due to the members of their 
technical staiS for the excellent quality of their work, and . to 
their mathematical editors, especially Miss W. M. Deans, who 
have relieved Prof. McShane and myself of much of the respon- 
sibility of preparing the manuscript for the press and reading 
the proofs. I am also indebted to many friends and colleagues, 
notably to Professor McClenon of Grinnell College, Iowa, to 
whose encouragement the English edition is due; and to Miss 
Margaret Kennedy, Newnham College, Cambridge, and Dr. 
Fritz John, who co-operated with the publisher’s staff in the 
proof-reading. 

E. COURANT. 

CAilBRIDGE, EnGLA5TD, 

Jum, 19U. 


PREFACE 

TO THE SECOND ENGLISH EDITION 

This second edition difiers from the first chiefly in the 
improvement and rearrangement of the examples, the addi- 
tion of many new examples at the end of the hook, and the 
inclusion of some additional material on differential equations. 


iSiEW Rochelle, 
1937. 


E. COURANT. 
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DIFFERENTIAL AND 
INTEGRAL CALCULUS 


Introductory Remarks 

yiien the beginner comes in contact with the so-called higher 
mathematics for the first time, he is apt to be obsessed by the 
feeling that there is a certain discontinuity between school 
mathematics and university mathematics. This feeling ulti- 
mately rests on more than the historical circumstances which 
have caused university teaching to take a form diSering so widely 
from that of the school. For the very miun of the higher 
mathematics, or rather, of the modern mathematics, developed 
during the last three centuries, distinguishes it from the elemen- 
tary mathematics which wholly dominated the school curri- 
culum until recently and whose subject-matter was often taken 
over almost directly from the mathematics of the ancient 
Greeks. 

A leading characteristic of elementary mathematics is its 
intimate association with geometry. Even where the subject 
passes beyond the realm of geometry into that of arithmetic, 
the fundamental ideas stiU remain geometrical. Another feature 
of ancient mathematics is perhaps its tendency to concentrate 
on particular cases. Things which to-day we should regard as 
special cases of a general phenomenon are set down higgledy- 
piggledy without any visible relationship between them. Its 
intimate association with geometrical ideas and its stress on 
individual niceties give the older mathematics a charm of its 
own. Yet it was a definite advance when at the beginning pf 
the modem age in mathematics quite different tendencies de- 

(e79S) 1 2 



2 INTRODUCTORY REMARKS 

veioped, acting as tke stimulus for a great expansion of the 
subject, which in spite of many improvements in detail had 
in a sense stood still for centuries. 

The fundamental tendency of all modern mathematics is 
towards the replacement of separate discussions of individual 
cases by more and more general systematic methods, which 
perhaps do not always do full justice to the individual features 
of a particular case, but which, owing to their generality and 
power, give promise of a wealth of new results. Again, the con- 
cept of number and the methods of analysis have come to occupy 
more and more independent positions and now dominate geometry 
entirely. These new tendencies towards the development of 
mathematics along a variety of lines are most clearly exhibited 
in the rise of analytical geometry, whose development is chiefly 
due to Fermat and Descartes, and of the diflerential and integral 
calculus, which is generally regarded as having originated with 
Newton and Leibnitz. 

The three hundred years during which modern mathematics 
has existed have seen such important advances not only in pure 
mathematics, but in an immense variety of applications to 
science and engineering, that its fundamental ideas and above 
all the concept of a function have by degrees become very widely 
known and have eventually penetrated even into the school 
curriculum. 

In this book my aim has been to develop the most important 
facts in the difierential and integral calculus so far that at the close 
the reader, although he may have had no previous knowledge of 
higher mathematics, may be well equipped on the one hand for 
the study of the more advanced branches and of the foundations 
of the subject, or on the other hand, for the manipulation of the 
calculus in the varied realms in which it is applied. 

I should like to warn the reader specially against a danger 
which arises from the discontinuity mentioned in the opening 
paragraph. The point of view of school mathematics tempts one 
to linger over details and to lose one’s grasp of general relation- 
ships and systematic methods. On the other hand, in the 
higher ” point of view there lurks the opposite danger of 
getting out of touch with concrete details, so that one is left 
helpless when faced with the simplest cases of individual difficulty, 
because in the world of general ideas one has forgotten how to 



INTRODUCTORY REIVIARKS 


3 


come to grips with tte concrete. Tiie reader must find Ms own 
way of meeting tMs dilemma. In tMs he can only succeed by 
repeatedly tMnking out particular cases for himself and acquiring 
a firm grasp of the application of general principles in particular 
cases; herein lies the cMef task of anyone who wishes to pursue 
the study of Science. 




CHAPTER I 
Introduction 

The difierential and integral calculus is based upon two 
concepts of outstanding importance, apart from the concept of 
number, namely, the concept of function and the concept of 
limit. These concepts can, it is true, be recognized here and 
there even in the mathematics of the ancients, but it is only 
in modern mathematics that their essential character and signi- 
ficance are fully brought out. In this introductory chapter 
we shall attempt to explain these concepts as simply and 
clearly as possible. 

1. The Continuum oe Numbers 

The question as to the real n^lure of numbers is one which 
concerns philosophers more than mathematicians, and philo- 
sophers have been much occupied with it. But mathematics 
must be carefully kept free from conflicting philosophical 
opinions; preliminary study of the essential nature of the con- 
cept of number from the point of view of the theory of know- 
ledge is fortunately not required by the student of mathematics. 
We shall therefore take the numbers, and in the first place the 
natural numbers 1, 2, 3, . . . , as given, and we shall likewise 
take as given the rules* by which we calculate with these 
numbers; and we shall only briefly recall the way in which the 
concept of the positive integers (the natural numbers) has had 
to be extended. 

* These rales are as follows; (a + 6) + c - a + (6 + c). That is, if to the 
sum of two numbers a and b we add a third number c, we obtain the same 
result as when we add to a the sum of b and c. (This is called the associative 
law of addition.) Secondly, a + 6 = 6 + a (the commutative law of addition). 
Thirdly, (ab)c - a(bc) (the associative law of multiplication). Tourthly, ab ha 
(the commutative law of multiplication). Fifthly, a(b + c) *= at + oc (the 
distributive law of multiplication)., 
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I. The System of Rational Numbers and the Need for its 

Extension. 

In the domain of the natural numbers the fundamental 
operations of addition and multiplication can always be per- 
formed without restriction; that is, the sum and the product of 
two natural numbers are themselves always natural numbers. 
But the inverses of these operations, subtraction and division, 
cannot invariably be performed within the domain of natural 
numbers; and because of this mathematicians were long ago 
obliged to invent the number 0, the negative integers, and 
positive and negative fractions. The totality of all these numbers 
is usually called the class of rational numbers, since they are all 
obtained from uni ty by using the rational operations of calcu- 
lation ”, addition, multiplication, 



subtraction and division. 

Numbers are usually represented 
graphically by means of the points- 


of a straight line, the “ number axis ”, by taking an arbitrary 
point of the line as the origin or zero point and another 
arbitrary point as the point 1; the distance between these two 


points (the length of the unit interval) then serves as a scale by 
which we can assign a point qn the line to every rational number, 
positive or negative. It is customary to mark off the positive 
numbers to the right and the negative numbers to the left 
of the origin (cf. fig. 1). If, as usual, we define the absolute 


value (also called the numerical value or modulus) \ a\ of 
a number a to be a itself when * a ^ 0, and to be —a when 
a <C 0, then | a | simply denotes the distance of the corresponding 
point on the number axis from the origin. 

The geometrical representation of the rational numbers by 
points on the number axis suggests an important property which 
is usually stated as follows: the set of rational numbers is every- 
where dense. This means that in every interval of the number 
axis, no matter how small, there are always rational numbers; 
geometrically, in the ^segment of the number axis between any 
two rational points, no matter how close together, there are points 
corresponding to rational numbers. This density of the rational 


* By the sign we mean that either the sign > or the sign -= aiii in hold 
A correspondmg statement holds for the signs ± and T which wiUhe used 
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aumbers at once becomes clear if we start from tke fact that the 

numbers * * * 5 • become steadily smaller and 

approach nearer and nearer to zero as n increases. If we now 
divide the number axis into equal parts of length 1/2^, beginning 

12 3 

at the origin, the end-points — , — , . . • of these intervals 

^ 2 « 2 ^ 2 ^ 

represent rational numbers of the form m/2”; here we still have 
the number n at our disposal. If now we are given a fixed 
interval of the number axis, no matter how small, we need only 
choose n so large that 1/2” is less than the length of the interval; 
the intervals of the above subdivision are then small enough for 
us to be sure that at least one of the points of subdivision m/2” 
lies in the interval. 

Yet in spite of this property of density the rational numbers 
are not sufficient to represent every point on the number axis. 
Even the Greek mathematicians recognized that when a given 
line segment of unit length is chosen there are intervals whose 
lengths cannot be represented by rational numbers; these are 
the so-called segments incommensurable with the unit. Thus, for 
example, the hypotenuse of a right-angled isosceles triangle with 
sides of unit length is not commensurable with the unit of length. 
For, by the theorem of Pythagoras, the square of this length I 
must be equal to 2. Therefore, if I were a rational number 
and consequently equal to fjq, where 'p and q are integers 
different from 0, we should have = "^q^. We can assume that 
p and q have no common factors, for such common factors could 
be cancelled out to begin with. Since, according to the above 
equation, p"^ is an even number, p itself must be even, say 
p = 2p\ Substituting this expression for p gives us Ap'^ = 2^^, 
or q^ = 2p'^; consequently q^ is even, and so q is also even. 
Hence p and q both have the factor 2. But this contradicts our 
hypothesis that p and q have no common factor. Thus the 
assumption that the hypotenuse can be represented by a fraction 
pjq leads to contradiction and is therefore false. 

; The above reasoning, which is a characteristic example of 
an '' indirect proof shows that the symbol -\/2 cannot corre- 
spond to any rational number. Thus we see that if we insist that 
after Choice of a unit interval every point of the number axis 
shall have a number corresponding to it, we are forced to extend 
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the domain of rational numbers by tbe introduction of new 
‘‘ irrational ” numbers. This system of rational and irrational 
numbers, sucb tbat eacb point on tbe axis corresponds to just 
one number and eacb number corresponds to just one point on 
tbe axis, is called tbe system of real numbers.^ 

2. Real Numbers and Infinite Decimals. 

Our r6(][uirement tbat to eacb point of tbe axis there shall 
correspond one real number states nothing a priori about tbe 
possibility of calculating with these real numbers in tbe same 
way as with rational numbers. We establish our right to do 
this by showing tbat our requirement is equivalent to tbe 
following fact: tbe totality of all real numbers is represented 
by the totality of all finite and infinite decimals. 

We first recall tbe fact, famibar from elementary mathe- 
matics, tbat every rational number can be represented by a 
terminating or by a recurring decimal; and conversely, tbat every 
sucb decimal represents a rational number. We shall now show 
tbat to every point of tbe number axis we can assign a uniquely 
determined decimal (usually infinite), so tbat we can represent 
tbe irrational points or irrational numbers by infinite decimals. 
(In accordance with tbe above remark tbe irrational numbers 
must be represented by infinite non-recurring decimals, for ex- 
ample, O-lOllOlllO . . .). 

Suppose tbat the points which correspond to tbe integers 
are marked on tbe number axis. By means of these points tbe 
axis is subdivided into intervals or segments of length 1. In 
what follows, we shall say tbat a point of tbe line belongs to an 
interval if it is an interior point or an end-point of tbe interval. 
Now let P be an arbitrary point of tbe number axis. Then tbe 
point belongs to one, or if it is a point of division to two, of 
tbe above intervals. If we agree tbat in tbe second case tbe 
right-hand one of tbe two intervals meeting at P is to be chosen, 
we have in all cases an interval with end-points g and ^ + 1 to 
which P belongs, where ^ is an integer. This interval we 
subdivide into ten equal sub-intervals by means of tbe points 

corresponding to tie numbers p + p + A gr + 1 , and 

Ttus named to distingnisli it from the system of complex numbers, obtained 
by yet another extension. . 
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we number these sub-intervals 0, 1, . . . , 9 in .the natural order 
from left to right. The sub-interval with the number -cl then_has_ 


the end-points q — and q . 

» -r 10 ^ 10 ^ 10 


^AjSJr^ V » 

The poinfe 


contained in one of these sub-intervals. (If P is one of the new 
points of division it belongs to two consecutive intervals; as 
before, we choose the one on the right.) Suppose that the interval 
thus determined is associated with the number %. The end- 
points of this interval then correspond to the numbers ^ -f- ^ 
and a + ~ + — . This sub-interval we again divide into ten 

equal parts and determine that one to which P belongs; as be- 
fore, if P belongs to two sub-intervals we choose the one on the 
right. We thus obtain an interval with the end-points 

Q -4“ — -4— 

^10 102 


2 and^+,^+ 


, ^ . -« + — P .5 where is one of the 

10 102 ^ 102 ’ 2 

digits 0, 1, . . . , 9. This sub-interval we again subdivide, and 
continue to repeat the process. After n steps we arrive at a sub- 
interval containing P, having length and with end-points 
corresponding to the numbers 


^ 10 102 IQn 


and g+—-\- — - 
^10 102 


10""^ 10«' 


Here each a is one of the numbers 0, d, . . . , 9. But 

1 I I 

10 102 ‘ 10^^ 

is simply the decinaal fraction O-a^a^ . . . a^. The end-points 
of the interval, therefore, may also be written in the form 

g -f O-^iag . . . and g+ 

If we consider the above process repeated indefinitely, we obtain 
an infinite decimal O-Ojag . . . , which has the following meaning. 
If we break ofi this decimal at any place, say the ^i-th, the point 

P will lie in the interval of length ~ whose end-points (approxi- 
mating points) are 

1 

^ .+ O-ai^a . . . a„ and g+ . . . a„ -f — . 
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In particular, the point corresponding to the rational number 
g 4- 0-a^a^ . . . will lie arbitrarily near to the point P if only 
n is larsfe enough; for this reason the points g + 
are called approximating points. We say that the infinite decimal 
g 4. o-aiag ,, .is the real number corresf ending to the foint P. 

Here we would emphasize the fundamental assumqjtion that 
we can calculate in the usual way with the real numbers, and 
hence with the decimals. It is possible to prove this using 
only the properties of the integers as a starting-point. But 
this is no light task; and rather than allow it to bar our pro- 
gress at this early stage, we regard the fact that the ordinary 
rules of calculation apply to the real numbers as an axiom, 
on which we shall base the whole diferential and integral calculus. 

We here insert a remark concerning the possibility, in certain cases, of 
choosing the interval in two ways in the above scheme of expansion. From 
our construction it follows that the points of division arising in our 
repeated process of subdivision, and such points only, can be represented 
by finite decimals g -f- Let us suppose that such a point P 

first appears as a point of division at the ?i-th stage of the subdivision. 
Then according to the above process we have chosen at the ?^-th stage the 
interval to the right of P. In the following stages we must choose a sub- 
interval of this interval. But such an interval must have P as its left end- 
point. Therefore in all further stages of the subdivision we must choose 
the first sub-interval, which has the number 0. Thus the infinite decimal 
corresponding to ’'P is gf -}- . . . a^OOO .... If, on the other hand, 

we had at the w-th stage chosen the left-hand interval containing P, then 
in all later stages of subdivision we should have had to choose the sub- 
interval farthest to the right, which has P as its .right end-point. Such 
a sub-interval has the number 9. Thus for P we should have obtained a 
decimal expansion in which all the digits from the {n -j- l)-th onward are 
nines. The double possibility of choice in our construction therefore corre- 
sponds to the fact that for example the number J has the two decimal 
expansions 0-25000 . . . and 0-24999 . - . , 

S. Expression of Numbers in Scales other than that of 10. 

In our representation of the real numbers we made the 
number 10 play a special part, for each interval was subdivided 
into ten equal parts. The only reason for this is the widespread 
use of the decimal system. We could just as well have taken p 
equal sub-intervals, where p is an arbitrary integer greater 
than 1 . We should then have obtained an expression of the 

form ^ J- -4 4- . . . j where each b is one of the numbers 

p p^ 
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O5 1, . . . , — 1. Here again we find that the rational numbers, 

and only the rational numbers, have recurring or terminating 
expansions of this kind. For theoretical purposes it is often 
convenient to choose p = 2. We then obtain the binary expan- 
sion of the real numbers, 


ff 4 - ^ 4 - 

y T 2 ' 22 ' 


where each 6 is either * 0 or 1. 

For numerical calculations it is customary to express the 
whole number g, which for simplicity we here take to be posi- 
tive, in the decimal system, that is, in the form 

^ + . . . + a^lO + 

where each is one of the digits 0 , 1 , . . . , 9. Then for 
g + O-a^ag ... we write simply 


• • • Ct-iO'O ’ ^1^2 • • • 

Similarly, the positive whole number g can be written in one and 
only one way in the form 

where each of the numbers is one of the numbers 0, 1 , . . . , p — 1. 
This, with our previous expression, gives the following result: 
every positive real number can be represented in the form 

+ • • • + PiP + ^0 + — + ^ + • • • ? 

p p^ 

where and are whole numbers between 0 and p — 1. Thus, 
for example, the binary expansion of the fraction ^ is 

il = lX2»+0X2 + l + ° + I^. 


* Even for numerical calculations the decimal system is not the best. The 
sexagesimal system {f =* 60), with which the Babylonians calculated, has the 
advantage that a comparatively large proportion of the rational numbers whose 
decimal expansions do not terminate possess terminating sexagesimal ex- 
pansions. 
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4. Ineaualities. 

Calculation with inequalities plays a far larger part in higher 
mathematics than in elementary mathematics. We shall there- 
fore briefly recall some of the simplest rules concerning them. 

If a > b and c> d it follows that a + c> b + d, but no£ 
that a — c>b— d. Moreover, if a > 6 it follows that ac > he, 
provided e is positive. On multiplication by a negative number 
the sense of the inequality is reversed. If a > 6 > 0 and 
c> d > 0, it follows that ac > bd. 

For the absolute values of numbers the following inequalities 
hold: 

\a ±h\'^\a\-f-\h\, |a+61^|a|— [6|. 

The square of any real number is greater than or equal to zero. 
Therefore, if x and y are arbitrary real numbers 

{x — y)^ == — 2xy ^ 0, 

or 2xy ^ -f- y'^. 


5. Schwarz’s Inequality. 

Let ag, , . and b^^, &25 • • • j t)e any real numbers. 
In the preceding inequality we make the substitutions 


. . . + 


x = 








V(h^ + h^ + 


for ^ = 1, i= 2, . . i = n successively and add the resulting 
inequalities. On the right we obtain the sum 2, for 

( i°^i V I ,,, 1 / V-i 

\V + • • • + On^)/ \V (Oi* + . . . + a„^)/ 

( iM__V+ +( Y -1 

\V(V+ . • . + M/ VV(V + • • . + w 

If we divide both sides of the inequality by 2 we obtain 

1 1 + I 0^2 ^2 I + » » « + 1 Ci^bn I 


VK^ + . . . + a«^)'\/(V + . . . + bj) 


^1, 


* Here and hereafter the symbol Vx, where a; > 0, denotes that positive 
iixiniDer whose square is a. 
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or finally 

! 1 + t ^ 2^2 1 + . • • + 1 1 ^ V + - • -+S„^). 

Since the expressions on both sides of this inequahty are positke, 
we may square and then omit the modulus signs: 

(% + ^2^2 + • • • + ^ (^1^ + • • • + ^ f ?) (^i^+ • . . + & 3 - 

This is the Cauchy-Schwarz inequality. 

Examples * 

1 . Prove that the following numbers are irrational: (a) VS. ( 6 ) Vn, 

where n is not a perfect square. (c) -^ 3 . {d)*" a; = V 2 + v^ 2 . 

(e)^ a; = Vs 4 - ^^ 2 . 

2 . * In an ordinary system of rectangular co-ordinates, the points for 
which both co-ordinates are integers are called lattice points. Prove that 
a triangle whose vertices are lattice points cannot be equilateral. 

3 . Prove the inequalities: 

(a) a; -f - ^ 2 , a; > 0 . ( 6 ) a; -f i ^ —2, a: < 0 . 

X X 

(c) X -j- - ^ 2 , a; 4= 0 . 

X 1 

4 . Show that if a > 0 , aa;^ -f 26 a; -f- c ^ 0 for all values of x if, and only 
if, — ac ^ 0 . 

5 . Prove the following inequalities: 

(а) x^ -{- xy ^ 0. 

( б ) * + a; 2 «“V q. _ . ^ 2 /“^ ^ 0 . 

(c)* x^ — • 3 a;® -f 4 a;® — 3 a; -}- I ^ 1 ^* 

6 . Prove Schwarz’s inequality by considering the expression 

(XjX -f" + {^2^ ~r & 2 )^ 4 “ . . . -f- 4 “ 

collecting terms and applying Ex. 4 . 

7 . Show that the equality sign in Schwarz’s inequality holds if, and 
only if, the a’s and 6 ’s are proportional; that is, ca^ 4 - d 6 „ = 0 for all v’s, 
where c, d are independent of v and not both zero. 

8 . For n= 2 , 3 , state the geometrical interpretation of Schwarz’s 
inequality. 

9 . The numbers Ya direction cosines of a line; that is, 
Ti® + T2^ == 1 * Similarly, 7]i® 4 - 'n2^ == 1 * Prove . that the equation 
YiTji 4- Y2'^2 = 1 implies the equations Yi = Ya = *^2* 

10 . * Prove the inequahty 

Vk-6i)=+...+ (««-&„)" s + v'(V+---+v) 

and state its geometrical interpretation. 

* The more difficult examples are indicated by an asterisk. 
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2. The Concept op Function 


1. Examples. 

(a) If an ideal gas is compressed in a vessel by means of a 
piston, tbe temperature being kept constant, the pressure p 
and tbe volume v are connected by tbe relation 

pv = C, 

where 0 is a constant. Tins formula, called Boyle's Law, states 
nothing about the quantities v and p themselves, but has the 
following meaning: if p has a definite value, arbitrarily chosen 
in a certain range (the range being determined physically and not 
mathematically), then v can be determined, and conversely: 


We then say that i? is a function of p, or in the converse case 
that ^ is a function of v, 

(6) If we heat a metal rod, which at temperature 0° has length 
Zq, to the temperature 0°, then its length I will be given, on the 
simplest physical assumptions, by the law 

where the “ coeificient of expansion ”, is a constant. Again 
we say that Z is a function of S. 

(c) In a triangle let the lengths of two sides, say a and &, 
be given. If for the angle y between these two sides we choose 
any arbitrary value less than 180® the triangle is completely 
determined; in particular, the third side c is determined. In 
this case we say that if a and h are given c is a function of the 
angle y. As we know from trigonometry, this function is repre- 
sented by the formula 

c='y/{a^+h^ — 2a6cosy). 

2. Formulation of the Concept of Function. 

In order to give a general definition of the mathematical 
concept of function, we fix upon a definite interval of our number 
scale, say the interval between the numbers a and 6, and con- 
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sider tEe totality of numbers x wEicE belong to tEis interval 
tEat is, wEicE satisfy tEe relation 

If we consider tEe symbol x as denoting at will any of tEe 
numbers in tEis interval, we call it a {continuous) variable in tEe 
interval. 

If now to eacE value of a? in tEis interval tEere corresponds 
a single definite value wEere x and y are connected by any 
law wEatsoever, we say tEat y is a function of x, and write sym- 
bolically 

y = y^F(x), y = g(x), 

or some similar expression. We then call x the independent 
variable and y tEe dependent variable, or 'we call x the argument 
of tEe function y. 

It sEould be remarked tEat for certain purposes it makes a 
difierence wEetEer in tEe interval from a to 6 we include the 
end-points, as we Eave done above, or exclude them; in the 
latter case, the variable x is restricted by the inequalities 

a <.x <.h. 

To avoid misunderstanding we may caU the first kind of 
interval (including end-points) a closed interval, the second kind 
an ojpen interval. If only one end-point and not the other is 
included (as for example a dx-^b) we speak of an interval 
open at one end (in this case the end a). Finally, we may also 
consider open intervals which extend without bound in one 
direction or both. We then say that the variable x ranges over 
an infinite (open) interval, and write symbolically 

a<£D<oo or — oo<a;<6 or — oo<'c<co. 

! In the general definition of a function which is defined in an interval 
; nothing is said about the nature of the relation by which the depen- 
1 1 dent variable is determined when the independent variable is given. This 
! , relation may be as complicated as we please, and in theoretical investi- 
gations this wide generality is an advantage. But in applications, and in 
particular in the diSerential and integral calculus, the functions with 
which we have to deal are not of the widest generality; on the contrary, 
the laws of correspondence by which a value of ^ is assigned to each x 
are subject to certain simplifying restrictions. 
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3. arapMcal Representation. Continuity. Monotonic Functions. 

Natural restrictions of the general function-concept are 
suggested if we consider the connexion with geometry. The 
funLmental idea of analytical geometry is in fact that of giving 
a curve defined by some geometrical property a characteristic 
analytical representation by regarding one of the rectangular 
co-ordinates, say y, as a function y=f{x) of the other co- 
ordinate x; for example, a parabola is represented by the func- 
tion y = the circle with radius 1 about the origin by the two 
functions y = ^/{l — x^) and y = — x^). In the first 

example we may think of the function as defined in the infinite 
interval — oo < a; < co ; in the second we must restrict ourselves 
to the interval — 1 ^ a? ^ 1, since 
outside this interval the function has 
no meaning (when x and y are real). 

Conversely, if instead of starting 
with a curve determined geometrically 
we consider a given function y=f(x), 
we can represent the functional de- 
pendence of 2 / on a? graphically by 
making use of a rectangular co-ordinate system in the usual 
way (cf. fig. 2). If for each abscissa x we lay ofi the correspond- 
ing ordinate y — f{x), we obtain the geometrical representation 
of the function. The restriction which we now wish to impose 
on the function-concept is this: the geometrical representation 
of the function shall take the form of a “reasonable’’ geo- 
metrical curve. This, it is true, implies a vague general 
idea rather than a strict mathematical condition. But we 
shall soon formulate conditions, such as continuity, differentia- 
bility, &:c., which will ensure that the graph of a function has 
the character of a curve capable of being visualized geometri- 
cally. At any rate, we shall exclude a function such as the 
following: for every rational value of x, the function y has the 
value 1; for every irrational value of x, the value of y is 0. 
This assigns a definite value of y to each x] but in every 
interval of a;, no matter how small, the value of y jumps from 
0 to 1 and back an infinite number of times. 

Unless the contrary is expressly stated, it will always be 
assumed that the law which assigns a value of the function to 
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each value of x assigns just one value of y to each value of x, as 
for example y = or y—sinx. If we begin with a curve 
given geometrically it may happen, as in the case of the circle 
-r y^ = 1, that the whole course of the curve is not given by 
one single (one-valued) function, but requires several functions — 
in the case of the circle, the two functions y = ^/(l — x^) and 
y = — x^). The same is true for the hjrperbola 

^2 — == 1, which is represented by the two functions 

^ = y'(l and y == — y'(l -f Such curves therefore 

do not determine the corresponding functions uniquely. Conse- 
quently it is sometimes said that the function corresponding to 



the curve is multiple-valued. The separate functions representing 
the curve are then called the single-valued branches belonging 
to the curve. For the sake of clearness we shall henceforth 
use the word function ’’ to mean a single-valued function. 
In conformity with this, the symbol ^/x (for cc ^ 0) will always 
denote the non-negative number whose square is x. 

If a curve is the geometrical representation of one function 
it will be cut by any parallel to the ^/-axis in at most one point, 
since to each point x in the interval of definition there corre- 
sponds just one value of y. Otherwise, as for example in the case 
of the circle which is represented by the two functions 

y = y '(1 — x^) and y = — ^^(1 — 

such parallels to the y-axis may intersect the curve in more than 
one point. The portions of a curve corresponding to difierent 
single-valued branches are sometimes so connected with each 

(e798^ 3 
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other tliat the complete curve is a single figure which can be 
drawn with one stroke of the pen, e.g. the circle (cf. fig. 3), or, on 
the other hand, the branches may be completely separated, 

e.g. the hyperbola (cf. fig. 4). 

Here follow some further examples 
of the graphical representation of 
functions. 

(a) y = ax, 

y is proportional to x. The graph 
^ (cf. fig. 5) is a straight line through the 
origin of the co-ordinate system. 

Fig. 3. — ^Linear functions (6) ^ = ax b. 



y is a “ linear function ” of x. The graph is a straight line through the 
point a; = 0, y = &, which, if a 4= 0, also passes through the point 
—bla, 2/ == 0, and if a = 0 runs horizontally. 


( 0 ) 


a 




y is inversely proportional to a;. If in particular a = 1, so that 



we find, for example, that 

= 1 for a; = 1, = 2 for ic = 1, 2 / = J for a; = 2. 
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The graph (cf. fig. 6) is a curve, a rectangular hyperbola, symmetrical 
with respect to the bisectors of the angles between the co-ordinate 
axes. 

This last function is obviously not defined for the value ic = 0, since 
division by zero has no meaning. The exceptional point a: = 0, in whose 
neighbourhood there occur arbitrarily large values of the function, both 
positive and negative, is the simplest example of an infinite discontinuity, 
a subject to which we shall return later (cf. p. ol). 


(d) y == xK 

As is well known, this function is 
represented by a parabola (cf. fig. 7). 

Similarly, the function y — ia 
represented by the so-called cubical 
parabola (cf, fig. 8), 




Fig. 8. — Cubical parabola 


Tile curves just considered and tlieir graphs exMbit a property 
wbicb is of tlie greatest importance in tlie discussion of functions, 
namely, the property of continuity. We shall later (§ 8, p. 49) 
analyse this concept in more detail; intuitively it comes to 
this, that a small change in x causes only a small change in y 
and not a sudden jump in its value; that is, the graph is not 
broken off. More exactly, the change in y remains less than any 
arbitrarily chosen positive bound, provided that the change in 
X is correspondingly small. 

A function which for all values of a? in an interval has the 
same value a called a constant, it is graphically repre- 
sented by a horizontal straight line. A function y=J{x) such 
that throughout the interval in which it is defined an increase 
in the value of x always causes an increase in the value of is 
called a monotonic increasing function; if, on the other hand, 
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an increase in tte value of x always causes a decrease in the 
value of y, the function is called a monotonic decreasing fimctiou. 
Such functions are represented graphically by curves which 
in the corresponding interval always rise (from left to right) or 

always fall (of. fig. 9). . , . , 

If the curve represented by y=f{x) is symmetrical with 
respect to the y-axis, that is, if a: = — a and x = a give the same 
value for the function, or 

J{ — x) =f{x), 

we say that the function is an even function. For example, the 
function y = is even (cf. fig. 7). If, on the other hand, the 




Fig. g . — Monotonic functions 


curve is symmetrical with respect to the origin, that is, if 

we call the function an odd function; for example, the functions 
■ij — X and y=x^ (cf. fig. 8) and y = 1 /a? are odd. 

4. Inverse Functions. 

Even in our first example on p. 14 it was made evident that 
a formal relationship between two quantities may be regarded 
in two different ways, since it is possible either to consider the 
first variable as a function of the second or to consider the second 
as a function of the first. If, for example, y = aa; + 6, where 
we assume that a 4= O5 is represented as a function of y by the 
equation x=={y~-h)la. Again, the functional relationship 
represented by the equation y = can also be representc^d by 
the equation x= iV?/? so that the function y ^ x^ amounts 
to the same thing as the two functions x = ^/y and x = —yy. 
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Thus, when an arbitrary function y = f{x) is given we can attempt 
to determine a? as a function of y, or, as we shall say, to replace 
the function y =f(x) by the inverse function <^{y). 

Geometrically this has the following meaning: we consider 
the curve obtained by reflecting the graph of y~f{x) in the 
line bisecting the angle between the positive a;>axis and the 
positive y-axis * (cf. fig. 10). This at once gives us a graphical 
representation of a; as a function of y and thus represents the 
inverse function x = ^{y)- 

These geometrical ideas, however, show us at once that a 



Fig. 10. — Inversion of a function 


function y = f{x) defined in an interval has not a single-valued 
inverse function unless certain conditions hold. If the graph of 
the function is cut by a line y = c parallel to the a;-axis in more 
than one point, the value y=c will correspond to more than 
one value of x, so that the function cannot have a single- valued 
inverse function. This case cannot occur if y=^f{x) is con- 
tinuous and monotonic. For then fig. 10 shows us that to each 
value of in the interval yiyy^ there corresponds just one value of 
X in the interval x-^xx^, and from the figure we infer that a func- 
tion which is continuous and monotonic in an interval always has 
a single-valued inverse function, and this inverse function is also 
continuous and monotonic. (For a rigorous proof, see p. 67.) 

* Instead of reflecting the graph in this way, we could first rotate the co- 
ordinate axes and the curve y =* f{x) through a right angle and then reflect 
the graph in the ic-axis. 
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3. More Detailed Study of the Elementary Functions 
1. Tlie Eational Functions. 

We now pass on to a brief review of the elementary functions 
which the reader has already met with in his previous studies. 
The simplest types of function are obtained by repeated appli- 
cation of the elementary operations: addition, multiplication, 
subtraction. If we apply these operations to an independent 



variable x and any real numbers, we obtain the rational integral 
functions or polynomials: 

2/ = (Zq + osja; + . . . + anX\ 

The polynomials are the simplest and, in a sense, the basic 
functions of analysis. 

If we now form the quotients of such functions, that is, 
expressions of the form 

_ ^0 + + » * ■ + 

^0 + + - • - + 

we obtain the gmeral or fractional rational functions, which are 
defined at ah points where the denominator differs from zero. 

The simplest rational integral function is the linear functicm 
y = ax 4- &. 
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It is represented graphically by a straight line. Every guadratic function 
of the form 

y = ax^ c 

is represented by a parabola. The curves which represent rational integral 
functions of the third degree, 

y ~ ax^ -f- cx-\- d, 

are occasionally called parabolas of the third order, and so on. 

As examples, we give the graphs of the function y — x^ for the 
indices n= 1, 2, 3, 4 in fig. 11. We see that for even values of n the func- 
tion y ^ satisfies the equation fi—x) == f(x), and is therefore an even 
function, while for odd values of n the function satisfies the condition 
f(—x)= —f(x)y and is therefore an odd function. 

The simplest example of a rational function which is not a polynomial 
is the function y = Ijx mentioned on p. 18; its graph is a rectangular 
hyperbola. Another is the function l/x^ (cf. fig. 12). 

2. Algebraic Functions. 

We are at once led away from the domain of rational func- 
tions by the problem of forming their inverses. The most impor- 
tant example of this is the introduction of the function ^x. 
We start with the function y == cc”, which for cc ^ 0 is mono- 
tonic. It therefore has a single- valued inverse, which we denote 
by the symbol \/y, or, interchanging the letters used for 
the dependent and independent variables, 

y—^x — 

In accordance with the definition this root is always non-negative. 
In the case of odd values of n the function x'^ is monotonic for aU 
values of x, including negative values. Consequently for odd 
values of n we can also define \/x uniquely for all values of x\ 
in this case is negative for negative values of x. 

More generally we may consider 

y = VRix), 

where R{x) is a rational function. We arrive at further functions 
of similar t 5 q)e by applying rational operations to one or more 
of these special functions. Thus for example we may form the 
functions 

y=yx-\- y{x^ + 1), y=x + y{x^ + 1). 

These functions are special cases of algebraic functions, (The 
general concept of an algebraic function caimot be defined here; 
see Chapter X.) 
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3, The Trigonometric Functions. 

the rational functions and the algebraic functions just 
considered are defined directly in terms of the elementary opera- 
tions of calculation, geometry is the source from which we 
first draw our knowledge of the other functions, the so-called 
transcendental functions ^ We shall here consider the elementary 
transcendental functions, namely, the trigonometric functions, 
the exponential function, and the logarithm. 

In all higher analytical investigations where angles occur it 
is customary to measure these angles not in degrees, minutes, 

and seconds, but in radians. 
We place the angle to be 
measured with its vertex at the 
centre of a circle of radius 1, 
and measure the size of the 
angle by the length of the arc 
of the circumference which the 
angle cuts out. Thus an angle 
of 180° is the same as an 
angle of tt radians (has radian 
measure tt), an angle of 90° has 
radian measure 7r/2, an angle 
of 45° has radian measure 7r/4, an angle of 360° has radian 
measure 277 . Conversely, an angle of 1 radian expressed in 
degrees is 

180 ° 

, or approximately 57° 17' 45". 

TT 

Henceforward, whenever we speak of an angle x, we shall 
mean an angle whose radian measure is x. 

After these preliminary remarks we may briefly remind the 
reader of the meanings of the trigonometric functions sin a;, 
cosa:, tana;, cota^.f These are shown in fig. 13, in which the angle 
X is measured from tie arm 00 (of length 1), angles being reckoned 
positive in the counter-clockwise direction. The rectangular 

* Tke “ transcendental ” does not mean anjiiliing particularly deep or 
mysterious; it merely suggests the fact that definition of these functions by 
means of the elementaxy operations of calculations is not possible, “ quod 
ulgebrm inrm iranBcmdii 

•fit is sometime convenient to introduce the functions sec a; =* Ifoosx, 
cosec a? = 1 /sin as. 
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co-ordinates of the point A at once give us the functions cos a; 
and sin a;. The graphs of the functions since, coscc, tana;, cot a; 
are given in figs. 14 and 15. 



Fig. 15 


4. The Exponential Function and the Logarithm. 

In addition to the trigononaetric functions, the exponential 
function with the positive base a, 

and its inverse, the logarithm to the base a, 

are also regarded as elementary transcendental functions. In 
elementary mathenaatics it is customary to pass over certain 
inherent difficulties in the definition of these functions, and we 
too shall postpone the exact discussion of the functions until 
we have better methods at our disposal (cf. Chapter III, § 6, 
pp. 167-177, and also p. 191). We can, however, at least 
state the basis of the definitions here. If pli is a 
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rational number (where p and q are positive integers), then — 
the number a being assumed positive — we define as 
\/a^ = where the root, according to convention, is to be 
taken as positive. Since the rational values of x are everjrwhere 
dense, it is natural to extend this function so as to make it a 
continuous function defined for irrational values of x also, giving 
values to a® when x is irrational which are continuous with the 
values already defined when x is rational. This gives us a con- 
tinuous function y = a®, the exponential function which 
for all ratio7ial values of x gives the value of a® found above. 
That this extension is actually possible and can be carried out 
in only one way we meanwhile take for granted; but it must 
be borne in mind that we still have to prove that this is so.* 

The function x = 

can then be defined for >> 0 as the inverse of the exponential 
function. 


Examples 

1. Plot the graph of 2 / = ic®. From this, without further calculation, 
find the graph oi y = 

2. Sketch the following graphs, and state whether the functions are 
even or odd: 

(а) y — sin 2a;. 

(б) y = 5 cos a;. 

(c) y = sina; + cos a?. 

{d) y — ^ sina; -j- sin 2a;. 

(fi) 2 / = sin(a; -f tt). 

(/) 2cos^a;-f 

{g) y = tana: — x, 

3. Sketch the graphs of the following functions, and state whether the 
functions are (1) monotonic or not, (2) even or odd: 

(а) y = (— ai< a: < oo ). 

(б) !/ = *2(0Sa:gl). 

(c) y=a(-l ga:gl). 

W S/ = la:l(-l Saigl). 

(e) y = Va:* (—1 g a: g 1). 

(/) ? = 1 a; — 1 1 (— M < a: < 00 ). 

(?) y = 1 ar* + 4a: + 2 I (—4 S a: g 3). 

means the greatest integer 
which does not exceed a:; that is, [a:] g a; < [a:] +1. 

• Cf. pp. 70 and 173. 
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(i) y = X — M ( —■ 00 < a; < 00 ). 

(j) y = Vx— [x] (— GO < a; < 00 ). 

(^) 2 / = a; 4- Vic ~ [a;] (— 00 < a; < 00 ). 

(Z) + — 2 (—5 ^x^5). 

{m)'y^\x— l\~-2\x\-{-\x-\-l\{~-oo<x< 00 ), 

Which two of these functions are identical? 

4. A body dropped from rest falls approximately 16 ft. in if sec. If 
a ball falls from a window 25 ft. above ground, plot its height above ground 
as a function of t for the first 4 sec. after it starts to fall. 

4. Functions or an Integbal Variable. Sequences 
or Numbers 

Hitherto we have considered the independent variable as a 
continuous variable, that is, as varying over a complete interval. 
However, numerous cases occur in mathematics in which a quan- 
tity depends only on an integer, a number n which can take 
the values 1, 2, 3, . . . . Such a function we caU a function 
of an integral variable. This idea will most easily be grasped 
by means of examples. 

1. The sum of the first n integers, 

JSi{n) = l-f24-3“}-4-l-...-r^ = 4~ 1)» 

is a function of n. Similarly, the sum of the first n squares, 

S^(n) = 12 + 22 4- 32 + . . . -I- 
is a function * of the integer n. 

* This last sum may easily be represented as a simple rational expression 
in n in the following way. We begin with the formula 
(v + 1)2 - - 3v2 + 3v + 1, 

write down this equation for the values v = 0, 1, 2, and add. We 

thus obtain 

(n + 1)3 - 3/52 + + n + 1; 

on substituting the formula just given for this becomes 

3/Sr, = (n+ 1 ){(» + 1)S-1-|»|= (» + 1){™“ + !»}, 

SO that 

= in{n + 1) {2n 4- 1). 

By a similar process the functions 

J3^{n) « P + 2® + . . . 4- 7i3, 

S^{n) - 1« 4- 2* 4* . . . 4- %% 


can be represented as rational functions of n. 
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2. Other simple functions of integers are the expression 

and the binomial coefficients 

® n{n — , {n — Z; + I) 

hi h\(n — k)\ 

for a fixed Talue of h. 

3. Every whole number n > 1 which is not a prime number is divisible 
by more than two positive integers, while the prime numbers are divisible 
only by themselves and by 1. We can obviously consider the number 
T( 7 i) of divisors of w as a function of the number n itself. For the first 
few numbers this function is given by the following table: 

7^=123456789 10 11 12 

T(n) =122324243 4 2 6 

• 4. A function of this type which is of great importance in the theory 
of numbers is 7r{n), the number of primes which are less than the number 
n. Its detailed investigation is one of the most interesting and attractive 
problems in the theory of numbers. Here we merely mention 
the principal result of these investigations: the number rr{n) is given 
approximately, for large values of n, by the function * n/logn, where by 
logn we mean the logarithm to the “natural base” e, to be defined later 
(pp. 168, 174). 

Functions of an integral variable usually occur in tlie form 
of so-called sequences of numbers. By a sequence of numbers we 
understand an ordered array of infinitely many numbers a^, a^, 
Oq, . . . , , (not necessarily all different), determined by 

any law ivhotever. In other words, we are dealing simply with 
a function a of the integral variable n; the only dijfference is that 
we are using the index notation (tn instead of the symbol a(n). 

Examples 

1. Prove that 1» -{- 2® + . . . -f- = (1 + 2 -f . . . + n)K 

2. From the formula for 1^ -f- 2^ 4- . . , 7^2^ find a formula for 

1» -f 3® -b 5® -f . - . -f (2w -f- 1)2. 

3. Prove the following properties of the binomial coefficients: 

(“1 ® - C- m G”i) + 6)- Ct') «» t>o)- 

<’> ' + (1) + (2) + • • • + (. - 1) + (:) - *"■ 

* That k, the quotient of the number 7r{n) by the number nfiogn differs 
arbitrarily little from 1, provided only that n is large enough. 
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4. Evaluate the follotring sums: 


(a) 

(b) 

(c) 


1.2 -f- 2.3 4- . . . -f. n(n -f” !)• 

± 4 - 1 4 . 1 

1.2 2.3 n(n-h 1)‘ 

^ -L 4, , 2?2, -|- 1 

P.22 ^ 22.32 ^ ‘ ^ _4 1)2- 



5. A sequence is called an arithmetic progression of the first order 
if the differences of successive terms are constant. It is called an arith- 
metic progression of the second order if the differences of successive terms 
form an arithmetic progression of the first order; and in general, it is 
called an arithmetic progression of order h if the differences of successive 
terms form an arithmetic progression of order (k— 1). 

The numbers 4, 6, 13, 27, 50, 84 are the first six terms of an arithmetic 
progression. What is its order? What is the eighth term? 

6. Prove that the 7Z-th term of an arithmetic progression of the second 

order can be written in the form an^ + -f- c, where a, b, c are inde- 

pendent of n. 

7. * Prove that the n-th. term of an arithmetic progression of order h 

can be written in the form an^ -f- , -f- pri g, where 

a, h, , . , , p, q are independent of n. 

Find the n-th. term of the progression in Ex. 5# 


5. The Concept of the Limit of a Sequence 

The fundamental concept on which the whole of analysis 
ultimately rests is that of the limit of a sequence. "We shall first 
make the position clear by considering some examples. 


1 . 


n 


We consider the sequence 
1 

% — ttg — -, 


1 

n ' 


No number of this sequence is zero; but we see that the larger the number 
n is, the closer to zero is the number a^. If, therefore, we mark off around 
the point 0 an interval as small as we please, then from a definite index 
onward all the numbers will fall in this interval. This state of affairs 
we express by saying that as n increases the numbers tend to 0, or that 
they possess the limit 0, or that the sequence . . . converges to 0. 

If the numbers are represented as points on a line this means that the 
points l/n crowd closer and closer to the point 0 as w increases. 
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The situation is similar in the case of the sequence 

1 1 1 (- 1 )”"^ 

a4=-j, - - 

Here, too, the numbers tend to zero as n increases; the only difference 
is that the numbers are sometimes greater and sometimes less than the 
limit 0; as we say, they oscillate about the limit. 

The convergence of tbe sequence to 0 is usually expressed 
symbolically by tbe equation 

lim = 0, 

n — oo 

or occasionally by tbe abbreviation 

€Ln 0 . 




In the preceding examples, the absolute value of the difference be- 
tween and the limit steadily becomes smaller as n increases. This is not 
necessarily the case, as is shown by the sequence 

<2j — Ug — 1, ^3 — U4 — ©6 — 3’ * ' * ' 

that is, in general, for even values n = 2w, a^ = — 1 /9W, for odd 

values n = 2m — 1, = U 27 n — 1 “ l/2m. This sequence also has a limit, 

namely, zero; for every interval about tbe origin, no matter bow 
small, will contain all the numbers from a certain value of n onward; 
but it is not true that eveiy number lies nearer to the limit zero than the 
preceding one. 


3. 



We consider the sequence 
1 2 

2 ’ 3’ 






where the integral index n takes all the values 1, 2, 3, . . . . If w© write 
^ 1 

= 1 — we see at once that as n increases the number will 

1 ” 

approach closer and closer to the number 1, in tbe sense that if we mark 
off any interval about the point 1 all the numbers following a certain 
ajf must fall in that interval. We write 


Hm a„ 1. 
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The sequence 


__ — 1 
72,2 + n -h 1 


behaves in a similar way. This sequence also tends to a limit as n in- 
creases, to the limit 1, in fact; in symbols, lim = 1. We see tins 
most readily if we write tz— >qo 


= 1 


w-f- 2 _ 

+ ji + 1 


here we need only show that the numbers r„ tend to 0 as n increases. 
Now for all values of n greater than 2 we have 7 ^ -f- 2 < 272 - and 
32,2 ^ ^ ^ ^ 2 ^ 2 ^ Hence for the remainder we have 


272 2 

^ < -k — - in > 2\ 

n 


from which we see at once that tends to 0 as 72. increases. Our discussion 
at the same time gives an estimate of the amount by which the number 
(for 71 > 2) can at most differ from the limit 1; this difference cer- 
tainly cannot exceed 2 / 72 -. 

The example just considered illustrates the fact, which we should 
naturally expect, that for large values of n the terms with the highest 
indices in the numerator and denominator of the fraction for pre- 
dominate and that they determine the limit. 

4 . a„ = 

Let p be any fixed positive number. We consider the sequence 
Us, . . , where 

We assert that lim = lim = 1. 

1— >■ 00 n— > 03 

We can prove this very easily by using a lemma which we shall find 
useful for other purposes also. 

If 1 h. is a positive number {that is, i/ h > — 1), and n is an integer 
greater than 1, then 

(1 -f ^)« > 1 + tiA (1) 

Let us suppose that the inequality (1) is already proved for a certain 
value 7 ?^ > 1; we multiply both sides by (1 -f- A) and obtain 

(1 4. jiyrH-1 > (1 4- ttiA) (1 + A) = 1 4- (m 4- 1)A + mh\ 

If, on the right, we omit the positive term ttiA^ the inequality remains 
valid. We thus obtain 

(1 4- > 1 4- (w 4- 1)^. 

This, however, is our inequality for the index m 1, It follows therefore 
that if the inequality holds for the index m it holds for the index m + I 
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also. Since it holds for m = 2, it holds also for m = 3, hence for m = 4, 
and so on; therefore it holds for every index. This is a simple example 
of a proof by matliemaiical induction, a type of proof which is often useful. 

Returning to our sequence, we distinguish between the case ^5 > 1 
and the case p < 1 (if p == 1, then is also equal to 1 for every n, 
and our statement becomes trivial). 

If p > 1, theu'^p will also be greater than 1; we put — 
where is a positive quantity depending on n, and by the inequality (1) 
we have 

p = (1 d- > 1 + nh^, 

from which it at once follows that 


We therefore see that as n increases the number must tend to 0, which 
proves that the numbers converge to the limit 1, as stated. At the 
same time we have a means for estimating how close any is to the limit 1; 
the difference between and 1 is certainly not greater than (p — l)/7^. 

If p < 1, then V" p will likewise be less than 1 and therefore may be 
taken equal to 1/(1 + hn), where is a positive number. From this it 
follows, using the inequality (1), that 

1^1 

^ “ (1 + ^ 1 4- n\- 


(By making the denominator smaller we increase the fraction.) It follows 
that 


and therefore 


1 

V 

1/p - 1 


1 -h 

V 


K < 


From this we see that tends to 0 as increases. As the reciprocal 
of a quantity tending to 1, Vjp itself tends to 1, 

5. = a"". 

We consider the sequence — a”, where a is fixed and n runs through 
the sequence of positive integers. 

First, let a be a positive number less than 1. We may then put 
Qc — 1/(1 4“ where h is positive, and inequality (1) gives 

a _ 1 1 1 

^ (1 + ^ l-\- nJb ^ nh' 

Since the number h, and consequently l/h, depends only on a, and does 
not change as n increases, we see that as n increases oc” tends to 0: 

Bm = 0 (0 < a < 1). 

n—^ CO 
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The same relationship holds when a is zero, or negative but greater than — 1. 
This is immediately obvious, since in any case hm | a — 0. 

n — 00 

If a = 1, then will obviously be always equal to- 1, and we shall 
have to regard the number 1 as the limit of 

If a > 1, we put a = 1 4- A, where h is positive, and at once see from 
our inequality that as n increases a" does not tend to any dej&nite limit, 
but increases beyond all bounds. We express this state of affairs by saying 
that a” tends to infinity as n increases, or that a” becomes infinite', in 
symbols, 

lim — cc (a > 1). 

W — >00 

Nevertheless, as we must explicitly emphasize, the symbol cc does not 
denote a number with which we can calculate as with any other number; 
equations or statements which express that a quantity is or becomes 
infinite never have the same sense as an equation between definite quanti- 
ties. In spite of this, such modes of expression and the use of the symbol 
CO are extremely convenient, as we shall often see in the following pages. 

If a = — 1, the values of will not tend to any limit, but as n runs 
through the sequence of positive integers it will take the values -f 1 and — 1 
alternately. Similarly, if a < — 1 the value of will increase numerically 
beyond all bounds, but its sign will be alternately positive and negative. 


6. Geomettical Illustration of 
the Limits of csP and 

If we consider the curves y~x^ 
and 2/ = ^ x and restrict 

ourselves for the sake of con- 
venience to non-negative values of 
X, the preceding limits are illus- 
trated by figs. 16 and 17 respec- 
tively. In the case of the curves 
y we see that in the interval 

from 0 to 1 they approach closer 
and closer to the £r-axis as n in- 
creases, while outside that interval 
they climb more and more steeply 
and draw in closer and closer to a 
fine parallel to the j^-axis. All the 
curves pass through the point with 
co-ordinates x= 1, y = 1 and 
through the origin. 

In the case of the functions y = 
' closer and closer to the line parallel t 
it. On the other hand, all the curves 



Fig. 1 6. — as n increases 


: = 4- the curves approach 

D the a:-axis and at a distance 1 above 
must pass through the origin. Hence 


in the limit the curves approach the broken line consisting of the part of 


(E798) 


4 
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the ^-axis between the points y ~ 0 and y I and of tbe parallel to 
tbe a:-axis y = 1. Moreover, it is clear that the two figures are closely 
related, as one would expect from the fact that the functions y = 's/^ 
are actually the inverse functions of the n-th powers, from which we infer 
that each figure is transformed into the other on reflection in the line 
y==x. 



7. The Geometric Series, 

An example of a limit which is more or less familiar from elementary 
mathematics is the geometric series 

1 + 5 + -f 


the number q is called the common ratio of the series. The value of this 
sum may, as is well known, be expressed in the form 







provided that q =j= 1; we can derive this expression by multiplying the 
sum by q and subtracting the equation thus obtained from the original 
equation, or we may verify the formula by division. 

The question now arises, what happens to the sum 8^ when n increases 
indefinitely? The answer is this: the sum 8^ has a definite limit 8 if 
q lies between —I and +!» these end values being excluded, and it is 
then true that 


lim 

72— ^ 00 


1 

l^q 


In order to verify this statement we write the numbers 8^ in the form 
1 — g” 1 q^ 

I — q ~~ I ^ q~ have already shown that provided 


S. 
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qn 

I g I < 1 the quantity g’^, and with it , tends to 0 as w increases; 

1 — g 

hence with the above assumption the number 8 ^ tends, as was stated, 

to the limit as n increases. 

1-g 

The passage to the limit hm (1 -f g + g^ + . . . -r g””^) = — ~ — is 
«->oo 1 — g' 

usually expressed by saying that when | g | < 1 the geometric series can 
be extended to infinity and that the sum of the infinite geometric series 

.1 

IS the expression . 

1 ~~ g 

The sums of the finite geometric series are also called the partial 
sums of the infinite geometric series 1 + g -f g^ -j- . . . . (We must draw 
a sharp distinction between the sequence of numbers S 29 . . . > * * • 

and the geometric series.) 

The fact that the partial sums of the geometric series tend to the 
limit S == as n increases may also be expressed by saying that the 

1 — g 1 

infinite geometric series 1 -j- g g^ fi- . • . converges to the sum S = r 

when j g j < 1. ^ 

8. == '^ n. 

We shall show that the sequence of numbers 

^2 ~ 1> O 2 ^ ^ ~ 9 <^71 ~ • • • 

tends to 1 as 71 increases, i.e. that 

lim 

n—> 00 

Here we make use of a slight artifice. Instead of the sequence 

we first consider the sequence ^ n = 'V ^ n. When > 1 

the term is also greater than 1. We can therefore put 6^ = 1 + h^, 
where h^ is positive and depends on n. By inequality (1), p. 31, we 
therefore have 

V7^ == =(14- KT ^ 1 + nh^, 

Vn — 1 _ Vn 1 


We now have 


6^2^14- + V ^1 + 


A 4.1 

Vn^ n 


The right-hand side of this inequality obviously tends to 1, and therefore 
so does 
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9 . == + 1 — V^' 

We assert that lim {^Z n + 1 — V w) = 0 . 


To prove this we need only write the expression under discussion in the 
form 

. (V^+1 — 's/ n) {'sZ 71 \ y/ n) 1 

n-T-l—w ^ ■" , — — , . . 

^Z n 1 n 'sZ 71 -{-I -\-^Zn 


we see at once that this expression tends to 0 as 72 - increases. 

'H 

10 . 

Let a be a number greater than 1 . We assert that as n increases the 
sequence of numbers = ~ tends to the limit 0. 

As in the case of above we consider the sequence 


Va„, = 


(Vaf* 


We put V a = 1 -f- Here A > 0, since a and hence V a is greater than 1 . 
By inequality (1), p. 31 , we have 

= (1 + > 1 -f- Tih, 

^ . V7l ^71 ^^Zti 1 

so that V = < ^ = — r- 

(1 + \ Tik nk hV n' 


Since is positive and the right-hand side of this equation tends to 0, 
we see that a„ must also tend to 0. 


Examples 


^2 _L 2 2 

1 . Prove that lim — i- Find an N such that for > W 

2 3 

the difference between — II — and. ~ is (a) less than 3^, (6) less than 

(c) less than loooooo - 

2 * Find the limits of the following expressions as 71 oo ; 
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+ 3n + 1 


n^-T-Sn- 


2 »+ 1 


Id' + . . . + gji 

-r 


V, Z-2 

(e) 

3, Prove that lim = 1. 

n — > 00 

4. Prove that lim -- = 0. Find an N such that ^ < 


> jy. 2« 1000 

5. Find numbers N^, such that: 

1 

(“) ^ < jQ for every n > .Vj; 

/ V ^ 1 

(c) ;u:: < for ©’^ery 72 > A,. 

1000 ® 

6. Do the same thing for the sequence a^= V ?i -I- 1 — Vn. 

7. Prove that lim ( V ?2 -f 1 ~ Vn) ( Vn -j- ^) = ^. 

n — ^00 

8. Prove that lim {'^n -f 1 — ^n) = Q, 


- whenever 


9. Let = {a) To what limit does converge? (&) Is the 

n\ 

sequence monotonic? (c) Is it monotonic from a certain n onwards? 
{d) Give an estimate of the difference between and the limit, (e) From 
what value of n onwards is this difference less than jo^* 

72* 

10. Prove that lim — = 0. 

«_>ao72^ 


11. Prove 


12. Prove that 


13. Prove that 


that lim (— -{- — + *•*+ — ^ i 

„_>eo \72^ n^ n^J 2 

that lim (~ + ?— -f- - . . -f- — i— ^ — 0. 

n->oo W (72 + 1)2 (2?2)2/ 

that lim ^ -f . . . -f = oo , 

n— >-«\V?2 V72 4-1 V2n' 


14.* Prove that 


<Vn^Vl‘^ Vn^-^ 2 '^ 


— V 


15. Prove that if a and h are positive, the sequence 
converges to a. Similarly, for any h fixed positive numbers • • • » 

prove that + ^ 2 ” + • • • ~1" converges, and find its limit. 
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16. Prove that the sequence V2, VsVi, \/2v'2V2, .... converges. 
Find its limit. 

17. * If v( 7 i) is the number of distinct prime factors of n, prove that 
lim ^ = 0. 

n — > ao 

6. Fuhthee Discussion op the Concept op Limit 

1. First Definition of Convergence. 

From, the cases discussed in the last section we are led to 
form the following general concept of limit: 

If an infinite sequence of numbers a^, ag, a 3 , . . . , a^, . . , is 
given and if there is a number I such that every interval, no matter 
haiv small, marked off about the point I contains all the points 
except for a finite number at most, we say that the number I is the 
limit of the sequence ag, . . . , or that the sequence a 25 . . . 
converges to 1; in sjunbols, lim a^^l. Here we expressly remark 

n — ^ CO 

that this includes the trivial case in which all the numbers a^ 
are equal to one another and hence also coincide with the limit. 

Instead of the above we may use the following equivalent 
statement: 

If any positive nmnber e he assigned — no matter how small — 
a whole number N = N(€) can be found such that from the index 
N onward (i.e. for n > N(€)) it is always true that | aj^ — Z | 
< €. Of course it. is as a rule true that the bound iV'(€) will 
have to be chosen larger and larger as smaller and smaller 
values of e are chosen; in other words, iV'(€) will increase 
beyond all bounds as e tends to 0. 

It is important to remember that every convergent sequence 
is bounded', that is, to every sequence Ug, a^, . . . for which 
a limit I exists there corresponds a positive number M, inde- 
pendent of n, such that for aU the terms of the sequence the 
inequality ] | < M is valid. 

This theorem readily follows from our definition. We choose 
€ equal to 1; then there is an index N such that for n';> N it is 
true that j — Z ] < 1. Amongst the numbers 

1.01 — 11, \a^—l\, \a^—l\_ 

let A be the largest. We can then put M = 1 1 1 + ^ -f 1. For 
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by the definition of A the inequality | — Z | < ^ + 1 cer- 

tainly holds forn = 1, 2, . . . , i\r, while for n>N 

j Z j <c 1 ^ A -j- 1. 

A sequence which does not converge is said to be divergeyiL 
If as n increases the numbers increase beyond all bounds 
we say that the sequence diverges to + 00 , and, as we have 
already done occasionally, we write lim a„ = .oo. Similarly, we 

n — 00 

write lim a„ = — co if as n increases the numbers — increase 

71 — > 00 

beyond all bounds in the positive direction. But divergence 
may manifest itself in other ways, as, for example, in the case of 
the sequence ^ 2 =+!, a 3 =-~l, a^= +1, 

whose terms swing to and fro between two difierent values.*^ 

In all the examples given above it has happened that 
the limit of the sequence considered is a hfiown number. If 
the concept of limit yielded nothing more than the recognition 
that certain known numbers can be approximated to as closely 
as we like by certain sequences of other known numbers, we 
should have gained very little from it. The fruitfulness of the 
concept of limit in analysis rests essentially on the fact that 
limits of sequences of known numbers provide a means of dealing 
with other numbers which are not directly known or expressible. 

The whole of higher analysis consists of a succession of ex- 
amples of this fact, which wiU become steadily clearer to us in the 
following chapters. The representation of the irrational numbers 
as limits of rational numbers may be regarded as a first example. 
In this section we shah become acquainted with further ex- 
amples. Before we take up this subject, however, we shall 
make a few preliminary general remarks. 

2. Second (Intrinsic) Definition of Convergence. 

How can we tell that a given sequence of numbers %, ag, 
ag, . . . , . . . converges to a limit, even when we do not know 

beforehand what that limit is? This important question is an- 
swered for us by Cauchy’s convergence tesU\ 

* Another useful remark: the behaviour of a sequence as regards conver- 
gence is unaltered if we omit a finite number of the -^rms On. In what follows 
we shall frequently make use of this, speaking of the convergence or divergence 
of series in which the term a„ is undefcied for a finite number of values of «- 

f Sometimes referred to as the general ;principle of convergence. 
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We saj tliat a sequence of numbers , ctm ... is 

intrinsically convergent if to every arbitrarily small positive 
number € there corresponds a number W = W(€), usually de- 
pending on 6, such that \a^ — a^\<€, provided that n and m> 
are both at least equal to iV(€). Cauchy’s convergence test can 
then be expressed as follows: 

Every intrinsically convergent sequence of numbers possesses 
a limit. 

The importance of Cauchy’s test lies in the fact that it allows 
us to speak of the limit of a sequence after considering the se- 
quence itself, without any further information about the limit. 

The converse of Cauchy’s test is very easy to prove. For 
if the sequence Ug, ... tends to the limit Z, then by the 
definition of convergence we have 

M— ««|.<| and \l--a„\<t, 

where e is a positive quantity as small as we please, provided 
only that m and n are both large enough; therefore 

I “r. — I = i — (f — «n) I ^ I ^ i + I i! — I < e. 

Since € can be chosen as small as we please, this inequality ex- 
presses our statement. 

Cauchy’s test itself becomes intuitively obvious if we think 
of the numbers as represented on the number axis. It then states 
that a sequence certainly has a limit if after a certain point N 
ail the terms of the sequence are restricted to an interval 
which can be made arbitrarily small by choosing W large enough. 

In the appendix we shall show how Cauchy’s test can be 
proved by purely analytical methods. For the time being we 
accept it as a postulate. 

3. Monotonic Sequences. 

The question whether a given sequence converges to a limit 
is particularly easy to answer when the sequence is a so-called 
monotonic sequence; that is, if either every number of the sequence 
is larger than the preceding number (monotonic increasing se- 
quence) or else every number is smaller than the preceding 
number (monotonic decreasing sequence). We have the following 
theorem: 
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Every monotonic increasing sequence whose terms are hoimdei 
above {that is, lie below a fixed number) possesses a limit; simi- 
larly, every monotonic decreasing sequence whose terms never fall 
below a certain fixed hound possesses a limit. For tie present 
we sEall regard these results as obvious, merely referring the 
student to the rigorous proof in the appendix (p. 61 ). A con- 
vergent monotonic increasing sequence must, of course, tend 
to a limit which is greater than any term of the sequence, while 
in the case of a convergent monotonic decreasing sequence the 
numbers tend to a limit which is smaller than any number of the 
sequence. Thus, for example, the numbers Ijn form a mono- 
tonic decreasing sequence with the limit 0, while the numbers 
1 — Ijn form a monotonic increasing sequence with the limit 1. 

In many cases it is convenient to replace the condition 
that a sequence shall increase monotonically by the weaker 
condition that the terms of the sequence shall never decrease; 
in other words, to allow successive terms of the sequence to 
be equal to one another. We then speak of a monotonic non- 
decreasing sequence, or of a monotonic increasing sequence in the 
wider sense. Our theorem on limits remains true for such 
sequences, and also for sequences which are monotonic non- 
increasing or monotonic decreasing in the ivider sense, 

4. Operations with Limits. 

We conclude with a remark concerning calculations with 
limits. From the definition of limit it follows almost at once 
that we can perform the elementary operations of addition, 
multiplication, subtraction, and division according to the follow- 
ing rules: 

If <353, ... is a sequence with the limit a and h^, b^^, . . . is 
a sequence with the limit b, then the sequence of numbers 
-j- bn also has a linoit, and 

lim = a + 6. 

n — 00 

The sequence of numbers Cn == ajbn likewise converges, and 

hm Cn = cth, 

n->co 

Similarly, the sequence c„ = converges, and 

lim Cn^ a — b. 
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Provided the limit b differs from 0, the numbers ^ also 
converge, and have the Imut “ 

lim c„ = ? 

n-^oo 0 

In words: we can interchange the rational operations of calcu- 
lation with the process of forming the limit; that, is, we obtain 
the same result whether we first perform a passage to the limit 
and then a rational operation or vice versa. 

For the proof of these simple rules it is sufficient to give one 
example; using this for a model, the reader can establish the 
other statements for himself. We consider e.g. the multipli- 
cation of limits. The relations and & amount to 

the following: if we choose any positive number e, we need 
only take n greater than N, where N — N{€) is a sufficiently 
large number depending on 6, in order to have both 

< e > — 6^ I < €. 

If we write ah — = h{a — + <^nQ> — ^n) and recall that 

there is a positive bound M, independent of n, such that | | < M, 

we obtain 

\ah < 2 ^ 671 1 ^ I 6 I I a — 1 “f“ 1 I I ^ I ( i ^ | "H 

Since the quantity ( | 6 | + M ) € can be made arbitrarily small 
by choosing e small enough, we see that the diffierence between 
ah and actually becomes as small as we please for all suffi- 
ciently large values of n, which is precisely the statement made 
in the equation 

ah = lim a^h^. 


By means of these rules many limits can be evaluated very easily; 
for example, we have « 

l-i 

lim ;; = ]mi = 1, 

^ 

n 


since in the second expression the passages to the limit in numerator and 
denominator can be made directly. 

Another simple and obvious rule is worth stating. If 
lim a^j == a and lim = b, and if in addition a,^ ^ bj^ for every n, 
them a ^ b. However, we are by no means entitled to expect 
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that in general a will be greater than &, as is shown bj the 
case of the sequences = Ijn, for which a = 0 = 6. 


5. The Number e. 

As a first example of the generation of a number, which can- 
not be stated in advance, as the limit of a sequence of known 
numbers, we consider the sums 




11 


2! ^ ^ wf 


We assert that as n increases these numbers >S„ tend to a definite 
limit. 

In order to prove the existence of the limit “we observe that 
as n increases the numbers increase monotonically. For all 
values of n we also have 2. 

-V<3. 


+ l + ^ + = 1 -f 


1 


1 — . 


The numbers therefore have the upper bound 3 and, being 
a monotonic increasing sequence, they possess a limit, which we 
denote by e: 

e = lim Sn- 

n—^co 

Further, we assert that the number e defined as the above 
limit is also the limit of the sequence 




The proof is simple and at the same time an instructive 
example of operations with limits. According to the binomial 
theorem, which we shall here assume, 


I n(n—l) 1 , w(ji— !)(«.— 2)... 1 1 
^ + 1 + 10-0 + - 
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From tliis we see at once (1) tliat and (2) tliat the 

also form a monotonic increasing sequence,^ whence the 
existence of tlie limit lim = T follows. In order to prove that 

n — > CO 

f = e, we observe that 


T^>l + l 





provided that m> n. If we now keep n fixed and let m increase 
beyond all bounds, we obtain on the leffc the number T and on 
the right the expression B^, so that T ^ B^^ We have thus estab- 
lished the relationship T^, for every value of n. We 

can now let n increase, so that tends to T; from the double 
inequality it follows that T = lim — e. This was the state- 
ment to be proved. 

We shall later (Chapter III, § 6, p. 172) reach this number e 
again from still another point of view. 


6. The Number as a Limit. 

A limiting process which in essence goes back to classical 
antiquity (Archimedes) is that by which the number tt is defined. 
CTeometrically tt means the area of the circle of radius 1. We 
therefore accept the existence of this number rr as intuitive, 
regarding it as obvious that this area can be expressed by a 
(rational or irrational) number, which we then simply denote 
by TT. However, this definition is not of much help to us if we 
wish to calculate the number with any accuracy. We have then 
no choice but to represent the number by means of a limiting 
process, namely, as the limit of a sequence of known and 
easily calculated numbers. Archimedes himself used this process 
in his method of exhaustions, where he . steadily approximated 
to the circle by means of regular polygons with an increasing 
number of sides fitting it more and more closely. If we denote 
the area of the regular m-gon (polygon of m sides) inscribed in 


* We obtain from Tn by replacing tbe factors 1 — Ifn, 1.- 2/w, . . . 

by tbe larger factors 1 - 1 “ • and finally adding a positive 

term. n -r x ti-t-l cjt 
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the circle by /^, tbe area of the inscribed 2??z-gon is given by tbe 
formula (proved by elementary geometry) 

We now let m run, not tbrougb tbe sequence of ail positive integers, 
but through the sequence of powers of 2, that is, m = 2"^; in 
other words, we form those regular polygons whose vertices are 
obtained by repeated bisection of the circumference. The area 
of the circle is then given by the limit 

Tt = lim / 2 «. 

n— >«o 

This representation of tt as a limit actually serves as a basis for numeri- 
cal computations; for, starting Mth the value = 2, we can calculate 
in order the terms of our sequence tending to tt. An estimate of the ac- 
curacy with which any term/g” represents tt can be obtained by construct- 
ing the lines touching the circle and parallel to the sides of the inscribed 
2^-gon. These lines form a circumscribed polygon similar to the inscribed 

2”-gon, and having dimensions greater in the ratio 1 : cos —IL . Hence 
the area ^ 2 ” of the circumscribed polygon is given by ^ 



Since tbe area of the circumscribed polygon is evidently greater than that 
of the circle, we have 

< TT < Fg" — 

These are matters with which the reader will be more or less 
familiar. What we wish to point out here is that the calculation 
of areas by means of exhaustion by rectilinear figures whose 
areas can be calculated easily forms the basis for the concept of 
integral, which will be introduced in the next chapter (p. 76). 

Examples 

1.* (a) Replace the statement “the sequence is not absolutely 
* bounded ” by an equivalent statement not involving any form of the 
words “ bounded ” or “ unbounded 

(b) Replace the statement “ the sequence is divergent ” by an 
equivalent statement not involving any form of the words “ convergent ” 
or “ divergent 
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2.* Let aj and Sj be any two positive numbers, and let < bi. Let 

and 62 be de:^ed by tbe equations 

— w 7. % + 

— V a^pi, 62 9 * 


Similarly, let 


ffg — ^ 2 ^ 2 ? ^3 ' 


and in general = V *= 




Prove (a) that tbe sequence a^, ct^, . . • , converges, (6) that the sequence 
62? • • • 9 converges, (c) that the two sequences have the same limit. 
(This limit is called the arithmetic-geomeirio mean of flj and \.) 


3. * Prove that if lim — ?, then liih cy„ = ?, where cr„ is the arith- 

71 ^ CO 

metic mean (a^, -f Ug + • * • d" 

4. If lim show that the arithmetic means of the arithmetic 


n— 

means tend towards 

5. Find the error involved in using jS„ = 


1 “1 “}“••< 

I! 


4* — as an 
n\ 


approximation to e. Calculate e accurately to 5 decimal places. 


7, The Concept of Limit where the Variable 
IS Continuous 

Hitherfeo we have considered limits of sequences, that is, . of 
functions of an integral variable n. The notion of limit, however, 
frequently occurs in connexion with the concepts of a continuous 
variable x and of a function /(a;). 

We say that the value of the function /(a?) tends to a limit 
i as ic tends to or in symbols 

limf(x)== I, 

if all values of the function f{x) for which x lies near enough to 
I difier arbitrarily little from Z. Expressed more precisely, the 
condition is as follows: 

If an arbitrarily small ^positive quantity e is assigned, we, can 
mark off about i an interval \ x— i \ cS so small that for every 
point X in this interval different from ^ itself the inequality 
I f(x) ~ Z I < € holds. 

Here we expressly exclude the equality of x and This is 
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done purely for reasons of espediency, so as to iave tlie definition 
in a form more convenient for application, e.g. in the case where 
the function/(ir) is undefined at the point i, although it is defined 
for all other points in a neighbourhood (p. 159) of 

If our fun ction is defined or considered in a given interval 
only, e.g. Vl — in — we shall restrict the 
values of x to this interval. Thus if ^ denotes an end-point 
of the interval, x is made to approach | by values on one side 
of ^ only (limit from the interior of the interval or one-sided 
limit). 

As an immediate consequence of this definition, we have the 
following fact: if lim f(x) = I, and x^, 2 : 3 , . . . is a 

as— 

sequence of numbers all difierent from | but approaching ^ 
as a limit, then lim /{x^) = 1. 

72--> 00 

For let € be any positive number; we wish to show that for 
all values of n greater than a certain % the inequality 

1 fi^n) — Z I < e 


holds. By definition, there exists a 8 > 0 such that whenever 
1 a; — 1 1 < 8 the inequality 

\f{x)~l\<e 


is true. Since Xn -> i, the relation | — 1 1 < S is satisfied 

for all sufficiently large values of n; and for such values it follows 
that I / {Xr) — Z I < €, as was to be proved. 


We shall now attempt to clarify this abstract definition by means of 
simple examples. Let us first consider the function 


/(«) = 


sma; 

X ’ 


defined for a; 0. We state that 


sinx 

liTn 

»->o ^ 


= 1 . 


We cannot prove this statement simply by carrying out the passage to 
the limit in numerator and denominator separately, for the numerator 
and denominator vanish when x= 0, and the symbol 0/0 has no meaning. 
We arrive at the proof in the following way. 
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From fig. 18 we find by comparing the areas of the triangles OAB and 
OAC and the sector OAB that if 0 < a; < 77/2 


sin a; < a; < tan x. 


From this it follows that if 0 < | a? 1 < w/2. 


1 < — < . 

S3n X cos X 


_ // Hence the quotient lies between the 

^ X 

^ numbers 1 and cos x. We know that cos x 
/ H f to 1 as a; -> 0 , and from this it follows 

I \\ the quotient can differ only arbit- 

\l ^ 

rarily little from 1 , provided that x is near 

^ Fig 18 enough to 0. This is exactly what is meant by 

the equation which was to be proved. 

From the result just proved it follows that 

tana; sma; 1 

lim lim = 1 , 

* — ^0 ^ a— ^0 ^ X — ^0 cos a; 


and also 


1 — cos a; 

lun : 0. 

i-^O 


This last follows from the formula, valid f or 0 < | rr | < -, 

2 


1 — cos rr _ (1 — cos ic) (1 + cos x) 
a;(l + cosic) 


«(! -h cos a;) 


X * 1 4- cos a; * 


As a; 0 the first factor on the right tends to 1, the second to J and the 
third to 0; the product therefore tends to 0, as was stated. 

From the same formula, dividing by x, we obtain 

1 — cosir /sinirV 1 

V a; / 1 + cos 


whence 


1 — cos a; 

liTn 


yT Finally, let us consider the function Vx\ defined for aU values of x. 
This function is never negative; it is equal to a; f or £c ^ 0 and to -ic for 
« / ^ ^ words, Va^ = | x\. Consequently the function Vx^jx, 

' ^ which is defined for all non-zero values of a:, has the value +1 when 
.y ' a: > Oand --1 when a; < 0. It is therefore impossible for the limit 
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lim V x^jx to exist, since arbitrarily near to 0 we can find values of x 

X — ^ 0 

for which the quotient is -fl and other values for which it is —1. 

In concluding this discussion on limits in connexion with continuous 
variables we remark that it is of course possible to consider limiting pro- 
cesses in which the continuous variable x increases beyond all bounds. 
For example, the meaning of the equation 


lim 


-f 1 
— I 



1 


is clear without further discussion. It signifies that the function on the 
left differs arbitrarily little from 1, provided only that x is sufficiently large. 


In these examples we have proceeded as if operations with 
limits obeyed the same laws in the case of continuous variables 
as in the case of sequences. That this is actually true the reader 
can verify for himself; the proofs are essentially the same as for 
limits of sequences. 


Examples 

1. Find the following limits, giving at each step the theorem on limits 
which justifies it: 

{a) lim Zx. (c) lim ^ 


(6) lim 4x + 3. 

z— >3 


(d) lim Vo 4- <2.1:^ 


2. Prove that 

x'^ ~~ 1 sin a; , , v sin 

(a) lim r ~ n; (b) lun = 1; (c) lim == 0. 

X ^ 1 2? — 1 X — >-7r 77 ““ x — 0 2? 

3. Find whether or not the following limits exist, and if they do exist 
find their values: 


(a) lim 


/LN r + * /XT y'l~\-x—Vl~x 
(b) lim (c) hm 


8. The Concept of Continuity 

1. Definitions. 

We have already illustrated the notion of continuity in § 2 
(p. 19) by means of examples. Now, with the help of the idea 
of a limit, we are in a position to make the concept of continuity 
precise. 

(e798) 


5 
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We thought of the graph of a function which is continuous in an 
interval as a curve consisting of one unbroken piece; we also stated 
that the change in the function y must remain arbitrarily small 
provided only that the change of the .independent variable x 
is restricted to a sufficiently small interval. This state of 
afiaks is usually formulated as follows, with greater prolixity 
but increased precision. A function f{x) is said to be continuous 
at the point ^ if it possesses the following property: at the point 
^ the value of the function /(^) is approximated to within an 
arbitrary pre-assigned degree of accuracy e by all functional 

values /(a?) for which x is 
near enough to In other 
words, / {x) is continuous 
at ^ if for every positive 
number e, no matter how 
small, there can be de- 
termined another positive 
number 8 = 8(€) such 



n that I f{x) - /(^) I < e 

Fig. 19 (cf. fig. 19) for all points 

. ^ ^ a? for which | a? — 1 1 < 8. 

Or again: the condition of continuity requires that for the 
point ^ the limit equation 


/(^) ==/(!) 


shall be true. The value of the function at the point i is the 
same as the limit of the functional values for any arbitrary 
sequence x^ of numbers converging to 

It IS important to observe that our condition involves two 
different things: (1) the existence of the limit lim f{x), and 

(2) tte coincidence of this limit with /(|), theTalue of the 
function at the point 


Having now defined continuity of a funotion/te) at a point ^ 
we proceed to state what we mean by the cmtimiity of a 
funa^ f X) m an mterval. This may be defined simply 
m the foUo^ way: the function /(*) is continuous in an 

1- point of that interval. 

Stated fully, tim requires that if a positive number e be 
assigned, then for each point x of the interval there is a 
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positive number 8, depending as a rule on e and on x, sucli tbat 
\f{x)—f{x)\<€ if 1^ — 23 1 <8, 

and X lies in tbe interval a^x'^h. 

Closely related to tMs is another concept, that of uniform 
continuity. The function f(x) is uniformly continuous in the 
interval a ^ aj ^ 6 if for every positive number € there is a 
corresponding positive number S such that for every pair of 
points Xi, x^ in the interval whose distance apart, \x-^ — ^ 2 ^ 2 1, is 
less than S the inequality \f{x^) —f{xf) [ < € holds. This differs 
from the definition stated above in that the 8 in the definition 
of uniform continuity does not depend on x, but is equally effec- 
tive for all values of x — Whence the name uniform continuity. 

It is quite obvious that a uniformly continuous function is 
necessarily continuous. Conversely, it can be shown that every 
function f{x) which is continuous in a closed interval a ^ 

is also uniformly continuous. The proof of this we leave for the 
appendix (p. 64). Even though the reader may not desire to read 
the proof at present he will find it helpful to study the examples 
given at the beginning of Appendix I, § 2, No. 2 (p. 65). But 
until the student has worked through this proof he may assume 
that whenever a function is said to be continuous in a closed 
interval uniform continuity is meant. 

2. Points of Discontinuity. 

We can understand the concept of contmuity better if we 
study its opposite, the concept of discontinuity. The simplest 
type of discontinuity occurs at those points at which the function 
makes a jump; that is, at which the function has a definite 
limit as x tends to the point from the right and a definite limit 
as X tends to the point from the left, but these two limits are 
different. Whether or how the function is defined at the point 
of discontinuity itself does not matter. 

For example, the function f{x) defined by the equations 

f(x) == 0 for 0 ^ > 1, f{x) =1 for re* < 1, f(x) = | for = 1 

bas discontinuities at the points 5=1 and 5 = —1. The limits on 
approaching these points from the right and from the left differ by 1, and 
the values of the function at these points agree with neither limit, but 
are equal to the arithmetic mean of the two limits. 
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It may be noted in passing that our function can be represented, using 
the idea of a limit, by the expression 


f{x) = lim 

n-^co 


1 


For, if < 1, that is, if as lies in the interval — 1 < x c 1, the numbers 
will have the limit 0, and the function will have the value 1. If,* how- 





o 

i ° 


0 

X 


Fig. zo 


ever, > 1, as w increases will increase beyond all bounds; our function 
will then have the value 0. Finally for = 1, that is, f or a; = +1 and 
a: = — 1, the value of the function is plainly J (cf. fig. 20). 

Other curves with jumps are sketched in figs. 21a and 216; they 
represent functions having obvious discontinuities. 

In the case of discontinuities of this kind the limit from the right and 
the limit :froin the left both exist. We now pass on to the consideration 
of discontinuities in which this is not the case. The most important of 
such discontinuities are the infinite discontinnities or infinities. These 


y 



0 

X 



Fig. aic 



Me discontmuities such as are exhibited by the funotions 1/ic or l/a:= at 
e point I _ Oj as a: -4- 5 the absolute value | S(x) | of the function in- 
creases beyond all bounds. In the case of Ijx the function increases 
™cany beyo^ ^11 bounds through positive and throug“a! 
from^h^TelT^^n approaches the origin from the right and 

function l/a:2 has for a; = a an 
inflmte discontmuity at wHoh the value of the function becomes posi- 
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tively infinite from both sides (of. fig. 6, p. 18, and fig. 12, p. 22). The 
1 

function y = — — - shown in fig. 22, has infinite discontinuities both at 
^ = 1 and at a; = — 1. 

Tinally, we shall illustrate by an example another type of discon- 
tinuity in which no limit from the right or from the left exists. We con- 
sider the function ^ 

2/ = sin 

X 

defined for all non-zero values of x. This function takes all values 



Fig. 22. — Function with infinite Fig. 23. — Oscillating function with 

discontinuities discontinuity* 


between — 1 and -}- 1 when the number 1 Jx runs through the values from 
(2n — -1)77 to {2n -f i)Tr, no matter what value the integer n has. At the 
2 " 

points X == the function will have the value — 1, at the points 

{4:71 — 1)77 

2 

X = — it will have the value -f 1. Trom this we see that the func- 

{4n + l)w 

tion swings backwards and forwards more and more rapidly between the 
values +1 and — 1-as a; approaches nearer and nearer to the point x= 0, 
and that in the immediate neighbourhood of the point cc = 0 an infinite 
number of such oscillations occur (cf. fig. 23). 

It is interesting to observe that in contrast to the above example the 
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fuBction «/= a; sin Ijx (cf. fig. 24) remains continuous at the point a; — 0 if 
we assign to It t^^^ value 0 at that point f ' TMs continuity is due to the 
fact that as the origin is approached the factor x damps the oscillations of 
the sine. Yet in the neighbourhood of the origin the function y = re sin 1 /a; 
does not change from monotonic increasing to monotonic decreasing a 
finite number of times. On the contrary, it oscillates backwards and 
forwards an infinite number of times, the magnitude of these oscillations 
becoming as small as we please as the origin is approached. This example 
shows us that even the simple idea of continuity permits of all sorts of 

remarkable possibilities foreign to 
our naive intuitions. 

There is one important fact 
which must be taken into 
consideration if we are to give 
our ideas greater precision. 
It may happen that at a certain 
point a fmiction is not defined 
by the original law, as for 
example at the point cc = 0 in 
the last two examples dis- 
cussed. We have then the right 
to extend the definition of the 
function by assigning to it any 
desired value at such a point. 
In the last example, however, 
we can extend the definition 
in such a way that the fmiction remains continuous at that 
point also, namely, by putting y = 0 when x=0. This can 
be done whenever the limits from the left and from the right 
both exist and are equal to one another; then we need only 
make the value of the function at the point in question equal to 
these limits in order to make the function continuous there. In 
the case of the function y— miljx this is not possible. 

3. Theorems on Continuous Functions. 

In conclusion we quote the following important general 
theorems, whose proofs follow immediately from the remarks on 
operations with limits (p. 41): 

The SUM, difference, and 'product of two continuous functions are 
themselves continuous. The quotient of t'wo continuous functions is 
continuous at every paint at which the denominator does not vanish, 
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In particular, it follows that all pol^momials and all rational 
functions are continuous except at the points where the denomi- 
nator vanishes. The fact that the other elementary functions, 
such as the trigonometric functions, are continuous will follow 
naturally from later considerations (cf. pp. 69, 97). 


Examples 


1. Prove that 


lim 


' = 0. 


a;_>0 sma: 

2. Prove that 

, ^ sin (x~ oc) I 

(c) lim cos l/x= 1. 


X -r cos X 

ic 4- 1 


3. (a) Let f(z) he defined by the equation y ~ 6x. Find a S, depend- 
ing on so small that | f{x) “ /(?) | < s whenever | a; — 5 [ < 3, where 
(1) s = (2) e = (3) e = io\)o* 

Do the same for (6) f{x) ~ x^ — 2x; 

(c) f(x) = -f — 7; 

{d) fix) = Vx,x^ 0; 

(e) fix) = VxK 


4. (a) Let f(x) = 6a; in the interval 0 ^ a; ^ 10. Find a S so small 
that I f(x-i) — /(r^a) \ < e whenever | % — Jr .2 | < B, where (1) € = 

(2) s is arbitrary, > 0. 

Do the same for (&) fix) ~ x^ — 2xj —I ^ x ^ 1; 

ic) fix) = -f - 7, 2 ^ a; ^ 4; 

id) fix) == Vx,0^x^ 4; 

(e) fix) = Vx\ -2 ^ a; ^ 2. 


5. Determine which of the following functions are continuous. For 
those which are discontinuous, find the points of discontmuity. 


ia) x^ sinic. 
(b) xam^ix^). 




1 . 

- smic. 

X 


(d) 


sin a; 

V 


— 6a; + 8 

m ^+3x+7 . 

^ a;2 _ 6^ ^ 9* 

a;2 6a; 4- lO’ 

(h) tana;. 


(0 


1 

sin a; 

(j) cot a;. 

(k) J_. 


cos a; 

(Z) X cot a;. 

(m) (tc — a:) tana;. 
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Appendix I to Chapter I 

Prelimustary Remarks 

In Greek mathematics we find an extensive working-out of 
the principle that all theorems are to be proved in a logically 
coherent way by reducing them to a system of axioms, as few 
in number as possible and not themselves to be proved. This 
axiomatic method of presentation, which at the same time served 
as a test for the accuracy of the investigation, was at the be- 
ginning of the modern era regarded as a model for other branches 
of knowledge. Ror example, in philosophy such men as Descartes 
and Spinoza believed that they had made their investigations 
more convincing by presenting them axiomatically, or, as they 
called it, “ geometrically 

But it was a difierent matter with modern mathematics, 
which began to develop at about the same time as the new philo- 
sophy. In mathematics the principle of reduction of the material 
to axioms was frequently abandoned. Intuitive evidence in 
each separate case became a favourite method of proof. Even 
in the case of scientists of the first rank we find operations with 
the new concepts based chiefly on a feeling for the right result 
and not always free from mystical associations — particularly 
in the case of the ominous infinitely small quantities ” or 
infinitesimals Blind faith in the omnipotence of the new 
methods carried the investigator away along paths which he 
could never have travelled if subject to the limitations of complete 
rigour. It is no wonder that only the sure instinct of a great 
master could guard against gross errors. 

It is fortunate that this was so, and that the critical counter- 
currents which sprang up in the eighteenth century and rose 
to their full strength in the nineteenth century did not come 
in time to check the development of modern mathematics, but 
only in time to establish and extend its results. But the need 
for critical investigation and consolidation of the advances 
made gradually mcreased to such an extent that its satisfaction 
is rightly regarded as one of the most important mathematical 
achievements of the nineteenth century. 
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In the difierential and integral calculus tEe critical work of 
CaucEy is particularly important. By formulating tke funda- 
mental concepts in a clear and satisfactory way, Caucky in many 
directions rounded off tke work, begun in the eighteenth century, 
of presenting higher analysis in an intelligible manner, free from 
the vagueness due to the use of infinitesimals. 

The principal thing which remained to be done was to re- 
place intuitive considerations in proofs and discussions by con- 
siderations of pure analysis, depending only on numbers and on 
the operations which can be performed with numbers — as we 
say, to '' arithmetize ’’ analysis. As a matter of fact, the criti- 
cally-trained mind feels there is something unsatisfactory about 
appeals to intuition in proofs in analysis. We need not go 
into the question of the accuracy or inaccuracy of intuition or 
of the existence of a “ pure a priori intuition ’’ in Kant’s sense 
in order to recognize that naive intuitive thinking includes much 
vagueness which hinders the approach to completely rigorous proofs 
in analysis. In the following chapters this will strike us more 
and more clearly. Even here we may mention, for example, that 
the concept of a‘ continuous curve is very difficult to grasp in- 
tuitively. A continuous curve need not by any means possess a 
definite direction at every point. In fact, there actually exist 
continuous curves which at no point possess a direction, and 
continuous curves to which no length can be assigned. In 
the face of such facts, even the beginner will admit the need for 
arithmetizing analysis.* 

Yet we must not allow ourselves to forget that a century 
of brilliant and fruitful development of mathematics was possible 
before these requirements were fulfilled. In spite of all its 
defects intuition still remains the most important driving force 
for mathematical discovery, and intuition alone can bridge the 
gap between theory and apphcation. 

We shall now follow Bolzano and Weierstrass in developing 
those lines of thought which yield the rigorous and complete 
proofs of the theorems which we formulated by intuitive means 
in the first chapter. 


♦ Bigoroiis mattiematical concepts are always very bighly idealized forms 
of the ideas wMoh arise intuitively. Hence it is absolutely impossible to dispose 
of problems relating to the ultimate foundations of mathematics by appealing 
to nMve intuition. 
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1. The PRmoiPLE of the Point of Accumulation and its 
Applications 

1. The Principle of the Point of Accumulation. 

In the rigorous discussion of the fundamentals of analysis the 
leading part is played by Weierstrass’s 'principle of the point of 
accimulation. From the intuitive point of view this principle is 
merely the statement of a triviality; but just because it 
summarizes a state of affairs which occurs frequently it is as 
useful as small change is in daily life. The principle is as follows: 

If infinitely many numbers are given in a finite interval, these 
numbers possess at least one point of accumulation; that is, there is 
at least one point ^ such that in every interval, no matter how small, 
about the point ^ there lie infinitely many of the given numbers. 

In order to prove the principle of the point of accumulation 
arithmetically, we assume to begin with that the given interval is 
the interval from 0 to 1. We now divide this into ten equal parts 
by means of the points OT, O'S, . . . , 0*9. At least one of these 
sub-intervals must contain infinitely many points. Let us sup- 
pose that the interval beginning with the number O^a^ is that 
interval (or one of those intervals if there are several). We now 
subdivide this interval into ten parts by means of the points of 
division 0-a^9. Again, it is true that at least one 

of these sub-intervals must contain infinitely many points; let 
it be the sub-interval beginning with the number O-aiag- We 
again subdivide into ten parts — ^notice that one of these parts 
must contain infinitely many points — and continue the process. 
We thus arrive at a sequence of digits, %, a^, ag, . , . , each having 
one of the values 0, 1, 2, . . . , 9. We now consider the decimal 

S = O-Oja^a^ .... 

It is clear that this is a point of accumulation of our set of num- 
bers. For every interval, no matter how small, in whose interior 
the point | lies, contains the sub-intervals of our system of sub- 
division from a certain degree of fineness onward, and these 
sub-intervals contain infinitely many numbers of the set. 

If the interval under consideration, instead of being the interval from 
0 to 1, is, say, the interval from ct to a A, nothing essential in the above 
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argiament is changed. The point of accumulation is then represented 
simply by a number of the form 

a -f A X .... 


2. Limits of Sequences. 

Tbe considerations above throw new light upon the concept 
of the linait of an infinite sequence of numbers a^, a^, ao, , 
a^, ... . We first consider the exceptional case in which 
infinitely many numbers of the sequence are equal to one 
another, and extend our definition by applying the name 
“ point of accumulation ’’ to this point (or these points) also. 
If there are infinitely many different numbers in the sequence, 
and if we assume that the numbers of this sequence are 
‘‘ bounded ”, i.e. that there is a number M such that the in- 
equality | [ < ilf holds for all values of n, the numbers of 

the sequence form an infinite set of numbers in a finite interval, 
since they all lie between — M and M. They must, therefore, 
possess at least one point of accumulation (i). If there is only 
one point of accumulation, it is easy to show that the sequence 
converges, and that its limit is the number For let us mark 
off any small interval about the point i. If infinitely many 
points of the sequence were outside this mterval, they would 
have a limit point other than contrary to hypothesis. Hence 
only a finite number of the numbers of the sequence are exterior 
to the interval, and thus by defibiition the sequence approaches 
If, on the other hand, there are several pomts of accumulation, the 
sequence approaches no limit. The existence of a limit and the 
uniqueness of the point of accumulation of a bounded sequence 
of numbers are therefore equivalent ideas. 

The case of the non-existence of a limit is to he regarded as the rule 
rather than the exception. For example, the sequence with the terms 

— 1 jn, a^n-i = 1 — l/n (% = 1, 2, . . .) has the two points of accumu- 
lation 0 and 1. 

The aggregate of the positive rational numbers may be re- 
garded as a sequence of numbers, in which the ordering by magni- 
tude is, of course, completely destroyed. We arrive most easily 
at such an arrangement in a sequence if we first write down the 
rational numbers as shown on p. 60 and then run through this 
array as shown by the arrows, disregarding those numbers which 
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have already been encountered (such as 2/4). The system of 
rational numbers obviously has all rational and irrational 
points as points of accumulation. It therefore forms a simple 
example of a sequence with an infinite number of points of 
accumulation. 

By means of the concept of convergence we can state the 
principle of the point of accumulation in a remarkable form 

which is often convenient 



for applications. 

From every bounded 
infinite set of numbers it 
is possible to choose an 
infinite sequence a^, a2, 
ag, . . . which converges to 
a definite limit For 
this purpose we have 
only to take a point of 


accumulation f of the 


given set of numbers, then to select a number of the set 
whose distance from ^ is less than 1/10, then a second number 


Ug of the set whose distance from i is less than 1/100, then a 
third number whose distance fcom i is less than 1/1000, 
and so on. We see at once that this sequence actually con- 
verges to the limit 


3. Proof of Cauchy’s Convergence Test. 

Let us now return to convergent sequences, i.e. to bounded 
sequences with only one point of accumulation. Cauchy’s con- 
vergence test, stated in § 6 (p. 40), now reduces almost to a 
triviality. For let us assume that j | is arbitrarily small 

when m and n are sufficiently large. Then the numbers all 
lie in a fimte interval, and therefore possess at least one point 
of accumulation If now there were a second point of accumu- 
lation the distance of this point from | would be | ^ = a, 
a positive quantity. Within an arbitrarily small distance from * 
say within a distance less than a/3 from there must be infinitely 
many numbers and hence, in particular, infinitely many 
numbers for which n > W, however large N is chosen. Simi- 
larly , wit hin an arbitrarily small distance from the point p, say 
within a distance less than a/3 from 77, there are infinitely many 
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numbers of tbe sequence; in particular, infinitelv many 
numbers for which m > N. For these values and 
it is true that \a^ — | > a/3, and this relation is incom- 

patible with the hypothesis that for sufficiently large values 
of N the difference | ~ i is arbitrarily small provided that 

n and m are both greater than N, Consequently there are not 
two distinct points of accumulation, and Cauchy's test is 
proved. 

4. The Existence of Limits of Bounded Monotonic Sequences. 

It is equally easy to see that a hounded monotonic increasing 
or monotonic decreasing sequence of numbers must possess a limit. 
For suppose that the sequence is monotonic increasing, and let 
^ be a point of accumulation of the sequence; such a point 
of accumulation must certainly exist. Then $ must be greater 
than any number of the sequence. For if a number of the 
sequence were equal to or greater than every number 
for which I 1 would satisfy the inequality 
> ^ Hence all numbers of the sequence, except the ffist 

(Z + 1 ) at most, would lie outside the interval of length 
2 (az+i — f) whose mid-point is at the point f . This, however, 
contradicts the assumption that | is a point of accumulation. 
Hence no numbers of the sequence, and a fortiori no points of 
accumulation, lie above So if another point of accumulation 
Tj exists we must have rj C. But if we repeat the above 
argument with p in place of f we obtain f < 17 , which is a 
contradiction. Hence only one point of accumulation can exist, 
and the convergence is proved. An argument exactly analogous 
to this of course applies to monotonic decreasing sequences. 

As on p. 41, we can extend our statements about monotonic sequences 
by including the limiting case in which successive numbers of the sequence 
are equal to one another. It is in this case better to speak of monotonic 
non-decreasing and monotonic non-increasing sequences respectivety. 
The theorem about the existence of a limit remains valid for such 
sequences. 

5. Upper and Lower Points of Accumulation; Upper and Lower 

Bounds of a Set of Numbers. 

In the construction on p. 58 which led ns to a point of 
accumulation i we had at each step to make the choice of a sub- 
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interval containiiig infinitely many points of the set- Had we 
always chosen the last snb-interval which contained an infinite 
number of points, we should have been led to a certain definite 
point of accumulation This point of ticcumulation ^ is called 
the upper point of accumulation or upper limit of the set of num- 
bers, and is designated by the abbreviation lim. , It is that point 
of accumulation of the sequence which lies farthest to the right; 
i.e, it is quite possible that an infinite number of points of the 
sequence lie above but no matter how small the positive 
number € may be, there are not an infinite number above ^ 

If, in the construction on p. 58, we had always chosen the 
first of the intervals containing an infinite number of points of the 
set, we should again have arrived at a certain definite point of 
accumulation a. This point a is called the lower point of 
accumulation or lower limit of the set, and is denoted by lim. 
There may be infinitely many numbers of the set below a, but 
no matter how small the positive number € may be there are 
only a finite number below a — e. The proofs of these facts 
can be left to the reader. 

Neither the upper limit ^ nor the lower limit a need belong 
to the set. For example, for the set of numbers a 2 „ = 1/n, 
these limits are respectively a = 0 and ^ = 2, 
but the numbers 0 and 2 do not themselves occur in the set. 

In this example there is no number of the set above ^ = 2. 
In this case we say that jS = 2 is also the upper bound M of the 
set, according to the followmg definition: M is called the least 
upper hound, or simply the upper bound, of a set of numbers 
if (1) there is no number of the set greater than M, but (2) 
for every positive number e there is a number of the set greater 
than M — €. The upper bound may coincide with the upper 
limit, as the above example shows. But the set = 1 -j- 1/n 
(^^ == 1, 2, . . .) shows that this is not necessarily the case. Here 
M = 2 and jS = 1. 

Every bounded set of numbers has a least upper bound. For 
let ^ be the upper limit of the set. Either there are no numbers 
of the set greater than or there are such numbers. In the fixst 
case ^ is the least upper bound, since no numbers are above ^ 
and there are numbers arbitrarily close to ^ below it. In the 
second case let a be a number of the set greater than There 
are only a finite number of numbers of the set equal to or greater 
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than a, since otherwise there would be an accumulation point 
above which is impossible. We therefore need only choose 
the greatest of these numbers; it will be the upper bound of 
the set. 

We see that in any case ilf ^ jS, and we recognize the 
followdng fact: 

If the upper hound of the set does not coincide with the upper 
limits it must belong to the set, and is an isolated ” point of the 
set. 

Corresponding statements hold for the lower bound m: it is 
always equal to or less than a, and if m and a do not coincide, m 
belongs to the set and is an isolated point of the set. 

2. Theorems on Continuous Functions 

1. Greatest and Least Values of Continuous Functions. 

A bounded infinite set of numbers must possess a least upper 
bound M and a greatest lower bound m. But, as we have seen, 
these numbers M and m do not necessarily belong to the set; 
as we say, the set does not necessarily have a greatest or a 
least value. 

In view of this fact the following theorem on continuous 
functions is by no means so obvious as it appears to simple 
intuition: 

Every function f(x) which is continuous in a closed interval 
a ^ X ^ b assumes a greatest value at least once and a least value 
at least once, or, as we say, it possesses a greatest and a least value. 

This may easily be proved in the following way. The values 
assumed by the continuous function f{x) in the interval 
a-^x^h form a bounded set of numbers and therefore possess 
a least upper bound M, For otherwise a sequence of numbers 

^2? • • • > ^715 • • . in our interval would exist for which 
increases beyond all bounds. This sequence would have at 
least one point of accumulation | in the interval. Then arbi- 
trarily near to i there would always be numbers 
sequence for which the expression i/(|)*— /(In)] exceeds 1 
(and in fact is arbitrarily large): that is, the function would be 
discontinuous at the point Thus a least upper bound M 
exists and hence either there is a point | such that /(^) = M, 
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whicli would prove the statement, or there is a sequence of 
numbers cci, Kg, in the interval for which 

lim/(a:„) = M. 

n — ^ no 

According to the principle of the point of accumulation as fonnu- 
lated on p. 60 we can select a sub-sequence of the numbers x^, 
which converges to a limit Let us call this sub-sequence 
fi, ^2, . . ■ , L, ■ ■ ■ tJint 

lim in = i. 

«->0C3 

It is then certain that 

lim f{i„) = M. 

«— > 00 

On the other hand, the function has been assumed continuous 
in the interval, and hence, in particular, at so that 

lim /(f„)=/(f). 

n — y 00 

Hence /(f) = ilf. The value M is therefore assumed by the 
function at a delSnite point f in the interior or on the boundary 
of the interval, as was stated. An exactly similar discussion 
applies to the least value. 

The theorem about the greatest and least values of con- 
tinuous functions does not remain true in general unless we 
expressly assume the interval to be closed, that is, unless we 
make the hypothesis of continuity refer to the end-points also. 
For example, the function y= Ijx is continuous in the open 
interval 0 <cr <co . It has, however, no greatest value, but 
has arbitrarily large values near x — 0. Similarly, it has no 
least value, but becomes arbitrarily near 0 for sufficiently large 
values of x, without ever assuming the value 0. 

2. The Uniformity of Continuity. 

As we have already seen (cf. p. 54), and as we shall further 
see, the continuity of a function f{x) in a closed interval 
leaves room for a variety of possibilities which do 
not suggest themselves intuitively. For this reason we shall 
give logically rigorous proofs of certain consequences of the idea 
of continuity which from a naive point of view seem quite 
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obvious. The definitioa of continuity simply states that from the 
relation lim ^ the relation lim/(a;„) =fiS) follows. We 

n— > CO 

can also express this in the following way: for each point ^ 
there corresponds to every c > 0 a number S > 0 such that 
|/(^) “■/(^) 1 < ^ whenever | a; — ^ | < S, provided that all the 
numbers x considered lie in the interval 

For example, in the case of the function y — cx (where c === 0) such a 
number S is given by the relation S = s/I c |. For the fimction y ^ x- we 
can find such a number in the following way. We assume that a = 0 
and 6=1, and ask ourselves how near to ^ the number x must lie in order 
that the expression j j may be less than s. For this purpose we 

VTite 1 — ^2 I ^ I aj _ ^ I I 3. _l_ q ^ I ^ ^ I ^ therefore, 

we choose S ^ e/(l + we can be sure that | — - c2 | ^ ^ ^3^ 

this example that the number S found in this way depends not only on s, 
but also on the point of the interval at which we are investigating the 
continuity of the function. But if we give up the attempt to make the 
best possible choice of S for each we can eliminate this dependence of 
S on For we need only replace ^ on the right by the number 1, thus 
obtaining for S the expression s/2, which is smaller than the previous 
expression for S but serves equally well for aU points 

The question now arises whether something similar does not 
hold for every fimction which is continuous in a closed interval. 
That is, we inquire whether it may not be possible to determine 
for each € a 8 = 8(e) depending on e only and not on such that 
the inequality 

is true, provided | a? — <8, for all values of i at the same 

time (or, better expressed, uniformly with respect to As a 
matter of fact, this is possible merely as a consequence of the 
genera] definition of continuity, without any additional hypo- 
theses. This fact, which first attracted attention late in the 
nineteenth century, is called the theorem of the uniforrn contmuity 
of continuous functions. 

We shall prove the theorem indirectly. That is, we shall 
show that the assumption that a function /(a') exists which in a 
closed interval a^x^h is continuous and yet not uniformly 
continuous leads us to a contradiction. Uniform continuity 
means that if we wish to make the dijfierence \f(u) — f(v) | less 
than an arbitrarily chosen positive number €, the numbers u 
and V being chosen in the closed interval a ^ x we need 

<e 798) 6 
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only choose u and v near enongh to one another, namely, at a 
distance apart less than S == S(e); it is immaterial where in the 
interval the pair of numbers u, v is chosen. Now, iif{x) were not 
nniformly continuous, there would exist a positive (perhaps very 
small) number a with the following property: to every number 
of an arbitrary sequence S^, Sg, . . . of positive numbers tending 
to zero there corresponds a pair of values of the interval 

for which \un — and \f{u^) —fM 1 > ct. Accord- 

ing to the principle of the point of accumulation the numbers 
must have a point of accumulation and so the numbers 
must have the same point of accumulation. If we mark off an 
arbitrarily small interval ] ic — ^ [ < 8 about this point 
an infinite number of the pairs Vn will lie in this interval. 
But this contradicts the assumed continuity of f{x) at the point 
i; for that requires, by Cauchy’s convergence test, that for 
points and near enough to ^ 

l/(aa) — /(®2) I < «• 

The uniformity of the continuity is thus proved. 

In our proof we have made essential use of the fact that the 
interval is closed."^ In fact, the theorem of the uniformity of 
continuity does not hold for intervals which are not closed. 

For example, the function l/rc is continuous in the half-open interval 
0 < a; ^ 1, but it is not uniformly continuous. For no matter how small 
the length S (< 1) of an interval is chosen, the function will take values 
differing by any fixed number, say 1, in the interval, if only the interval 
lies near enough to the origin, say S/2 ^ a; ^ 3 S/2. The non-uniformity 
of continuity is of course due to the fact that in the closed interval 
0 ^ a; ^ 1 the function possesses a discontinuity at the origin. If 
we had considered the example ^ = re® in the whole (open) interval 
— CO < a; < oo instead of in a closed interval, it would not have been 
uniformly continuous. 

3. The Intermediate Value Theorem, 

Another theorem which constantly recurs in analysis is the 
following: 

A function f(x), continuous in a closed interval a ^ x ^ b, 
which is negative for x = a and jgositive for x == b, {or conversely), 
assumes the value 0 at least once in the interval, 

* Otherwise the point of accumulation ^ need not belong to the interval. 
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Geometrically this, theorem is trivial, since it merely states 
that a curve which begins below the aj-axis and ends above it 
must cut the axis somewhere in between. Analjrtically the 
theorem is very easily proved. In the interval there are an 
infinite number of points for which f{x) < 0; on account of the 
continuity of the function, in fact, this is true for a whole interval 
beginning at the point a. The set consisting of those points x 
for which /(») < 0 has a least upper bound which is greater 
than a. Since in every neighbourhood of | there are points x 
for which /(a;) < 0, we must have/(^) ^ 0 (whence in particular 
f =t= &). It is impossible, however, that f{^) < 0, for then f{x) 
would be negative in a sufficiently small neighbourhood of 
including values x greater than in contradiction to the hypo- 
thesis that ^ is the upper bound of the values x for which/{r) < 0. 
Therefore /(f) = 0, and our assertion is proved. 

A slight generalization of our theorem is; 

If we assume that f(a) = a and f(b) = j8, and if fx is any value 
between a and the continuous function f(x) assumes the value /x 
at least once in the interval. For the continuous function 

will have different signs at the two ends of the interval, and will 
therefore assume the value 0 somewhere in the interval. 

4. The Inverse of a Continuous Monotonie Function. 

If the continuous function y—f{x) is monotonic in the 
interval a ^ a? ^ 6, it will assume each value /x. between f{a) and 
/(6) once and only once; hence if y describes the closed interval 
between the values a = f{a) and ^ =/(6), to each value of y 
there will correspond exactly one value of x. We can therefore 
t hink of as a single-valued function of y in this interval; that 
is, the function y=f{x) has a unique inverse. We assert that 
this inverse function x= (f){y) is also a continuous monotonie 
function of y, as y varies within the mterval between a and 

The monotonie character of the inverse function x = <f>{y) 
is obvious. In order to prove its continuity we observe that 
from the monotonie character oif{x) it follows that 

l/fe) -/(ai) I = — 2/1 i > 0 , 
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provided tliat % and are distinct numbers of the interval. 
If A is a positive number less than h — a, the function 

|/(a;+ A)— /(a:)| 

is continuous in tte closed interval a^x^h—h. At a point | 
it therefore has a least value |/(^+ h) — f{^) | — aQi), which 
by our preceding remark is not zero.* From this we conclude that 
if and are two points in the interval for which \x^ — *,1 '^h, 
then \f{xj} — /(a^a) | ^ a{h). But this implies the- continuity of 
the inverse function. For if | — i/a I falls below the positive 

number a{h), then we must have | % — *2 | < A; and hence if 
a positive number e is given, we need only choose § equal to 
a(€) in order to ensure that for all values y for which 1 2/i — y j < 8 
it is also true that | \ < e. 

We have therefore established the following theorem: If the 
function j = f(x) is continuous and monotonic in the interval 
a ^ X ^ b, and f(a) = a, f(b) = then it has a single-valued 
inverse function x = and this inverse function 

is also continuous and monotonic. 


5. Further Theorems on Continuous Functions. 

We leave it to the reader to prove the following almost trivial 
fact: a continuous function of a continuous function is itself 
continuous. That is, if <j>{x) is a function continuous in the interval 
a^x^b, and its functional values lie in the interval 
O' ^ ^ ^ A and if in addition f(<f>) is a continuous function of 
f in this last interval, then/(^(a:)) is a continuous function of 
a: in the interval a^x^b. (Theorem of the continirity of 
functions of continuous functions.) 

It has already been mentioned on p. 54 that the sum, differ- 
ence, and product of continuous functions a/re themsdves continuous, 
and that the quotient of continuous functions is co^ntinuous, xro- 
vided that the denominator remains different from zero. 


3. Some Remaeks on the Elementaey Functions 

In Chapter I we tacitly assumed that- the elementary func- 
tions are contmuous. The proof of this is very simple. First, 

^ On aooount of the continuity a(h) itself of course tends to 0 as A 
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the function f{x)~ x is continuous; therefore x ,x 3 S 

continuous, being the product of two continuous functions, and 
every power of x is likewise continuous. Thus every pohmomial 
is continuous, being the sum of continuous functions. Every 
rational fractional function, being a quotient of continuous 
functions, is likewise continuous in every interval in which the 
denominator does not vanish. 

The function is continuous and monotonic. Hence the 
?i-th root, being the inverse function of the n-th power, is con- 
tinuous. By the theorem of the continuity of functions of con- 
tinuous functions, the ^i-th root of a rational function is con- 
tinuous (except where the denominator vanishes). 

The continuity of the trigonometric functions, with which 
the reader is familiar from elementary mathematics, could now 
readily be proved, using the concepts developed above. The 
discussion is not given here, since in Chapter II, § 3 (p. 97), 
this continuity will be seen to follow naturally as a consequence 
of diferentiability. 

We shall merely make a few remarks about the definition 
and continuity of the exponential function the general power 
function and the logarithm. We assume, as in § 3, pp. 25-26, 
that a is a positive number, say greater than 1, and if r = f'q 
is a positive rational number (p and q being integers) we take 
as meaning the positive number whose q-th. power is 
If a is any irrational number and r^, rg, . . . , . . . is a 

sequence of rational numbers approaching a, we assert that 
lim exists; we then call this limit a°-. 

m — > 00 

In order to prove the existence of this limit, by Cauchy’s 
test we need only show that | | is arbitrarily small, 

provided that n and m are sufficiently large. We suppose for 
example that i.e. that — 3, where 8 > 0. Then 

— 1 ). 

Since remains boimded, we need only show that 
I -- 1 1 = a® -- 1 

is arbitrarily small when the values of n and m are sufficiently 
large. But S is a rational number, and certainly may be made 
as small as we please provided the values of n and m are suffi- 
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ciently large. Hence if I is an arbitrarily large positive integer, 
h<ljl if n and m are large enongb.. Now the relations 
8 < Ijl and a > 1 give * 

1 < 

and since tends to 1 as Z increases (cf. p. 31) our assertion 
follows i mm ediately. 

It may be left to the reader to show that the function 
extended to irrational values in this way is also continuous 
everywhere, and, moreover, that it is a monotonic function. For 
negative values of x this function is naturally defined by the 
equation 



As X runs from — 00 to + 00 , takes aU values between 0 and 
+ 00. Consequently it possesses a continuous and monotonic 
inverse function, which we call the logarithm to the base a. In 
like manner we can prove that the general power a?* is a con- 
tinuous function of x, where a is any fixed rational or irrational 
number and x varies over the interval 0 < a? < 00; also that 
af is monotonic if a 4= 0. 

The “ elementary ” discussion of the exponential function, 
the logarithm, and the power x°- outlined here will later (Chapter 
III, § 6, p. 167) be replaced by another discussion which is in 
principle much simpler. 


Examples 


1. Give the upper and lower bounds and upper and lower limits for the 
following seq[uences, and state which belong to the sequence: 

(a) — , w = 1, 2, . . . . 


nl 

n 2?i -j- 1 


(6) 0, n ■■ 

nl 


1 , 2 , 


n 


, TO — 1, 2, . . , . (d) 1 -f- 

n 

{«) -4 + 4. »= i, 2, . . 






I 


.71=1,2... 


statement follows from the fact that when a > 1 the power is 
greater than 1 if mfu is positive. This is clearly true. For if were less than 
1, then « (a^»)n would he a product of to factors all less than 1, and would 
^ to than 1. On the contrary, is the product of m factors all greater than 
1, and so is greater than 1. ^ 
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2. * Prove that i£/(£r) is continuous for a ^ x ^ hf then for every e > 0 
there exists a polygonal function 9(0;) (that is, a continuous function whose 
graph consists of a finite number of rectilinear segments meeting at comers) 
such that 1/(33) — 9(33) 1 < £ for every x in the interval, 

3. Prove that every polygonal function 9(3;) can be represented by a 

sum 9(33) = a 4- — where the 3?^-’s are the abscissae of 

the corners. 

Pind a formula of this kind for the function f{x) defined by the eq^uations: 

}(x) = 2a; - 1 (0 ^ a; ^ 2). 
f{x) = 5 — a; (2 ^ a; ^ 3). 
f(x) = a; - 1 (3 ^ a; ^ 5), 
f(x) = 4(5 ^x ^7). 

4. Por the following functions f(x) find as in § 1, No. 2, p. 65, a 

S(e) such that l/(a;i) — /(a;2) | < e whenever \ — x.y \ < B(z): 

(a) f(x)=^2a^,^l^x^l. 

(b) f(x) = a;”, —a ^x ^a. 

'*{0) fix) = {/l^. -1 ^ a: ^ 1. 

5. * The function ?/ = sinl/a; has no discontinuities in the interval 
0 < 33 < 1. Prove that it is not uniformly continuous in that open interval. 

6. A function f(x) is defined for all values of a; in the following manner: 

f{x) = 0 for all irrational values of x; 
fix) == 1/g for rational x — pjq, 

where is a fraction in its lowest terms; (thus for x = fix) = •^). 

Prove that f(x) is continuous for all irrational values of x and dis* 
continuous for all rational values of x. 


Appendix II to Chapter I 

1, PoLAK Co-ordinates 

In Ciiapter I we iave set the concept of function in the fore- 
ground and have represented functions geometrically by means 
of curves. It is, however, useful to recall * that analytical geo- 
metry follows the reverse procedure, beginning with a curve given 


♦ See also p. 16. 
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by some geometrical property and representing this curve by 
a function, for example, by a function which expresses one of the 

co-ordinates of a point of the curve 
in terms of the other co-ordinate. 
This point of view naturally leads 
us to consider, apart from the 
rectangular co-ordinates to which 
we restricted ourselves in Chapter I, 
other systems of co-ordinates which 
may be better suited for the repre- 
sentation of curves given geometri- 
cally. The most important example 
is that of polar co-ordinates r, 6, which are connected with tJie 
rectangular co-ordinates x, y of Oi. point P by the equations 



jr = r cos^, y = r sin 6, r^^ + tan d = 

x' 

and whose geometrical interpretation is made clear in fig. 25. 



Let us consider for example the lemniscate. This is geometrically de- 
fined as ^e locus of all points P for which the product of the distances 
r^^nd from the fixed points F ^ and F^ with the rectangular co-ordinates 
(cf. % 2^. si"' ^ ^ ^ ® tas the constant value a* 


— (a; — af -f ^2, = {x+ af -f y\ 

a simple calculation gives us the equation of the lemniscate in the form 

(a;2 4- y2)z _ 2d^{x^ — y^) 0. 

If we now introduce polar co-ordinates, we obtain 
r* — 2aV2(cos20 — sin^e) 0; 
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and if we divide by and use a simple trigonometrical formula this 

becomes o « o 

= 2a- cos 20. 


Tims we see tbat tbe ecjuation of tbe lemniscate is simpler in polar co- 
ordinates than in rectangular. 


2. Remarks on Complex Numbers 

Out studies will be based chiefly on the class of real numbers. 
Nevertheless, with a view to the discussions in Chapters Till, 
IX, and XI we would remind the reader that the problems of 
algebra have led to a still wider extension of the concept of 
number, namely, to the introduction of co7nplex numbers. The 
advance from the natural numbers to the class of all real numbers 
arose from the desire to eliminate exceptional phenomena and 
to make certain operations, such as subtraction, division, and 
correspondence between points and numbers, always possible. 
Similarly, we are compelled, by the requirement that eyery 
quadratic equation and in fact every algebraic equation shall 
have a solution, to introduce the complex numbers. If, for 
example, we wish the equation 

+ 1 = 0 

to have roots, we are obliged to introduce new symbols i and — i 
as the roots of this equation. (As is shown in algebra, this is 
sufficient to ensure that every algebraic equation shall have a 
solution.*) 

If a and h are ordinary real numbers, the complex Jiumber 
G = a + ib denotes a pair of numbers (a, b), calculations with 
such pairs of numbers being performed according to the follow- 
ing general rule: we add, multiply, and divide complex numbers 
(among which the real numbers are included as tbe special case 
b = 0), treating the symbol i as an undetermined quantity, and 
then simplify all expressions by using the equation to 

remove all powers of i higher than the first, thus leaving only an 
expression of the form a + ib. 

We may assume that the reader already has a certain degree 
of familiarity with these complex numbers. We shall neverthe- 

* That every algebraic equation possesses real or complex roots is the 
statement of the “ fundamental theorem ” of algebra. 
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less empliasize a paiticularly important relationship which we 
shall explain in connexion with the geometrical or trigonometrical 
representation of the complex numbers. If c == a; -4" such 
a number, we represent it in a rectangular co-ordinate system 
by the point P with co-ordinates x and y. By means of the equa- 
tions x=TCOsd, 2/=rsind, we now introduce the polar co- 
ordinates T and Q (cf. p. 72) instead of the rectangular co-ordinates 
X and y. Then r = is the distance of the point P from 

the origin, and 9 is the angle between the positive a;-axis and 
the segment OP. The complex number c is now represented in 
the form 

<5 = r (cos 9-1- i sin 9). 

The angle 9 is called the amplitvde of the complex number c, 
the quantity r its absolute value or modulus, for which we also 
write \c\. To the “ conjugate ” complex number c = a; — iy 
there obviously corresponds the same absolute value, but (except 
in the case of negative real values of c) the angle — 9, Clearly 

=z \c\^ ^ co= a;^ + 2/2. 

If we use this trigonometrical representation the multipli- 
cation of complex numbers takes a particularly simple form. 
Tor then 

c . c' = r{cos9+ i sm9) . /(cos0' + i sind') 

= rr' (cos 9 cos d' — sin d sin 6') 

+ i (cos d sin d' + sin d cos d'). 

If we recall the addition theorems for the trigonometric functions 
this becomes 

c . c' = r/(cos(d + d') + i sin(d + d') ), 

We therefore multiply complex numbers by multiplying their 
absolute values and adding their amplitudes. The remarkable 
formula 

(cosd 4- i sind) (cosd' -f* i sind') = cos(d + d') + i sm(d -f- 9^) 

is usually called De Moivre's theorem. It leads us at once to the 
relation 


(cos d 4“ i sin d)” = cosn9 4- i sin wd, 
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wLicli e.g. at once enables us to solve tiie equation a;” = 1 for 
positive integers n, the roots (tbe so-called roots of unity) being 

277 . . 277 „ 477 . . 477 

= € == COS {- ^ Sin — , 60 = 6^ = cos % sin — , 

n n n n 


■ cos 


{n ■ 


1)77 . . {n- 

+ ^ sin ' 


1)77 


1 . 


Moreover, if we imagine tbe expression on tbe left-band 
side of tbe equation (cos 0 + ^ sin^)” = cos?i^ -r ^ sinnd ex- 
panded by tbe binomial theorem, we need only separate real 
and imaginary parts in order to obtain expressions for cosnO 
and sinn^ in terms of powers and products of powers of sind 
and cos 9 . 

. Examples 


1. Plot the graphs of the foUowiiig functions: 
sin 9, 

9. 1 

. ^ ^ a constant, 

sm 69. cos (9 — a) 

2. Find the polar equation of 

(а) the cbcle of radius a with its centre at the origin; 

(б) the circle of radius a with centre (a, Oq); 

(c) the general straight line. 


r = 
r = 
r = 


3. Use De Moivre’s theorem to express cos 29 and sin 29 in terms of 
sin 9 and cos 9. Similarly, for cos 39, sin 39, cos 59, sin 59. 

Prove that cos 72,6 is a polynomial in cos0, and also that if 71 is odd 
sin TiG is a polynomial in sin 9. 


4. Work out the following expressions, and state the modulus and 
amplitude of each of the numbers involved and of the answers: 


(g) (1 + i)^i\ 


(а) -3.2i. 

(б) (4 + 4t)(i - i V3i). 
(c) (1 4 - i)(l - i)- 
{d) {Vs — i)2. 

(e) 

5.* Prove that if e = oos 
than. 1, 


(h) (3 - 3ifK 
{h) 

( 1 ) (16ir. 

27C 

4. i sin — , where 7^ is an integer greater 

I” 0 if 71 is not a factor of v, 
if 71 is a factor of v. 


2 tc 



CHAPTER II 


The Fundamental Ideas of the Integral 
and Differential Calculus 

Among the limi tiTig processes of analysis there are two 
which play an especially important part, not only because they 
arise in many difierent. connexions, but chiefly because of the 
very close reciprocal relation between them. Isolated examples 
of these two limiting processes, differentiation and integration, 
were considered even in classical times; but it is the 
recognition of their complementary nature and the resulting 
development of a new and methodical mathematical procedure 
that marks the beginning of the real systematic differential and 
integral calculus. The credit of initiating this development 
belongs equally to the two great geniuses of the seventeenth 
century, Newton and Leibnitz, who, as we know to-day, made 
their discoveries independently of one another. While Newton 
in his investigations may have succeeded in stating his concepts 
more clearly, Leibnitz’s notation and methods of calculation are 
more highly developed; even to-day these formal portions of 
Leibnitz’s work form an indispensable element in the theory. 

1, The Deeinite Integral 

We first encounter the integral in the problem of measuring the 
area of a plane region bounded by curved lines. More refined 
considerations then permit us to separate the notion of integral 
from the naive intuitive idea of area, and to express it analyti- 
cally in terms of the notion of number only. This analytical 
definition of the integral we shall find to be of great significance, 
not only because it alone enables us to attain complete clarity 

76 
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in OUT concepts, but also because its applications extend far 
beyond tbe calculation of areas. 

We begin by considering the matter intuitively. 

1. The Integral as an Area. 

Let us suppose that we are given a function f(x) which is 
continuous and positive in an interval, and that a and b {a < b) 
are two values in that interval. We think of the function as re- 
presented by a curve, and consider the area of the region which 
is bounded above by the curve, at the sides by the straight lines 
x = a and x= h, and below by the portion of the ir-axis be- 
tween the points a and h (fig. 1). 

That there is a definite meaning in speaking of the area 
of this region is an assumption inspired by intuition, which we 



Fig. I Fig. 2. — Upper sum and lower sum 


here state expressly as a hypothesis. We call this area Fa^ the 
definite integral of the function f(x) between the limits a and b. 
When we actually seek to assign a numerical value to this area, 
we find that we are in general unable to measure areas with 
curved boundaries; but we can measure polygons with straight 
sides by dividing them into rectangles and triangles. Such a 
subdivision of our area is usually impossible. It is, however, 
only a short step to conceive of the area as the limiting value 
of a sum of areas of rectangles, in the following manner. We 
subdivide the part of the aj-axis between a and h into n equal 
parts, and at each pomt of division we erect the ordinate up to 
the curve; the area is thus divided into n strips. We can no 
more calculate the area of such strips than we could that of the 
original surface; but if, as shown in fig. 2, we find first the least 
and then the greatest value of the function f{x) in each sub- 
interval, and then replace the corresponding strip (1) by a rectangle 
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whose heigM is equal to the least value of the function,, and (2) 
by a rectangle whose height is equal to the greatest value of the 
function, we obtain two step-shaped figures. (In fig. 2 the first 
of these is drawn with a solid line, the second being shown by 
dotted lines.) The first step-shaped figure obviously has an 
area which is at most equal to the area which we are trying 
to determine; the second has an area which is at least as large as 
If we denote the sum of the areas of the first set of rect- 
angles by (lower sum), and the sum of the areas of the 

second set by (upper sum), we have the relation 

If we now make the subdivision finer and finer, i.e. let n 
increase without lilnit, intuition tells us that the quantities 
Fn and F^ approach closer and closer to each other and tend 
to the same limit FJ^, We may therefore consider our integral 
as the limiting value 

Fa!" = lim Fn == lim 

• 00 W — ^00 

Intuition also shows us the possibility of an immediate 
generahzation. It is by no means necessary that the n sub- 
intervals should all be of the same length. They may, on the 
contrary, have difierent lengths, provided only that as n increases 
the length of the longest sub-interval tends to 0. 

2. The Analytical Definition of the Integral. 

In the above section we have considered the definite integral 
as a number given by an area, and hence to a certain extent 
pieviously known, and have subsequently represented it as a 
himtmg value. We shah now reverse the procedure. We no 
longer take the point of view that we know by intuition how an 
area can be assigned to the region under a continuous curve, 
or, indeed, that this is possible; we shall, on the contrary, begin 
with sums formed in a purely analytical way, like the upper 
and lower sums defined previously, and shall then prove that 
these sums tend to a definite limit. We take this limiting value 
as the definition of the integral and of the area. We are naturally 
led to adopt the formal symbols which have been used in the 
integral calculus since Leibnitz’s time. 
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Let f (x) he a function whicli is positive and continuous in 
tlie interval a ^ x ^ b (of length b — a). We think of the in- 
terval as divided by (n — 1) points X 2 ^ into n equal 

or unequal sub-intervals, and in addition we put Xq ~ a, Xn= h. 
In each interval we choose a perfectly arbitrary point, which 
may be within the interval or at either end; suppose that in the 
first interval we choose the point in the second the point 
Igj * . * 5 in the w-th the point Instead of the continuous 
function f{x) we now consider a discontinuous function (step- 
function) which has the constant value /(fi) in the first sub- 
interval, the constant value /(fa) ^ the second sub-interval, . . . , 



the constant value f{in) hi the ^-th sub-interval. As is shown in 
fig. 3, the graph of this step-function defines a series of rectangles, 
the sum of whose areas is given by the expression 

— (% — ^o)f{il) "b (^2 +•••”!“ (^n ^«-l)/(^n)- 

This expression is usually shortened by using the summation 
sign S: 

J'„ = S (x^ - 

v=l 

by introducing fche symbol 

Acc^ == iCy — 

we can abbreviate it still further: 
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(Hsig tiiiG svinbol A is 'yiot 81 factor, but dbnotcs diffcrGUCG 
Tbe whole "inseparable symbol by definition, means the 

length of the i/-th sub-interval.) Our basic assertion may now 
be stated as follows: 

If 'we let the number of points of division increase ivithout limit 
and at the same time let the length of the longest sub-interval tend 
to 0, then the above sum tends to a limit. This limit is independent 
of the particular manner in which the points of division X2, • . . j 
and the intermediate points ^1, • • • ? chosen. 

This limiting value we shall call the definite integral of the 
functiony*(ir), the integrand^ between the limits a and as we have 
already mentioned, we shall consider it as the definition of the 
area under the curve y=f{x), for a^x^b. Our basic 
assertion may then be re-worded thus: If fix) is continuous 
in a ^ a; ^ 6 its definite integral between the limits a and b exists. 

This theorem on the existence of the definite integral of a 
continuous function can be proved by purely analytical methods, 
without appealing to intuition. We shall nevertheless pass it 
over for the present and return to it in the Appendix to this 
chapter (p. 131), after the use of the concept of integral has 
stimulated the reader’s interest in constructing a firm foundation 
for it. For the moment we shall content ourselves with the fact 
that the intuitive considerations on pp. 77-78 have made the 
theorem appear extremely plausible. 

3. Extensions, Notation, Fundamental Rules. 

The above definition of the integral as the limit of a sum led 
Leibnitz to express the integral by the following symbol: 

f{x)dx. 

The integral sign is a modification of a summation sign which 
had the shape of a long S. The passage to the limit from a sub- 
division of the interval into finite portions Ax^ is suggested by 
the use of the letter d in place of A. We must, however, guard 
ourselves against thinking of dx as an infinitely small quan- 
tity ” or '' infinitesimal ”, or of the integral as the “ sum of 

* Of course we may also define the notion of area in a purely geometrical 
way, and then prove that such a definition is equivalent to the above limit- 
definition (cf. Chap. V, § 2, No. 1 (p. 268) ). 
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an infinite number of infinitely small quantities Such a con- 
ception would be devoid of any clear meaning; it is onlv a 
befogging of wEat we have previously carried out with precision. 

In the above figures we have assumed (1) that the function 
f{x) is positive throughout the interval, and (2) that b> a. The 
formula which defines the integral as the limit of a sum is, how- 
ever, independent of any such assumptions. For iif{x) is negative 
in all or part of our interval, the only efiect is to make the corre- 
sponding factors fd^,) in our sum negative instead of positive. 
To the region bounded by the part of the curve below the r-axis 
we shall naturally assign a negative area, which is in agreement 
with the familiar convention of sign in analjdical geometry. 
The total area bounded by a 
curve will thus in general be the 


sum of positive and negative 
terms, corresponding respectively 
to the portions of the curve above 
and below the cr-axis.‘'^ 

If we also omit the condition 
a <cb and assume that a > b, 
we can still retain our arithmetical 



definition of integral; the only change is that when we traverse 


the interval from a to 6 the difierences Ax^ are negative. We 


are thus led to the relation 


T fi^)dx= — T f{x)dx, 


which holds for all values of a and b (a b). In conformity with 

ra 

this we define / f{x)dx as eqnal to zero. 

a 

Our definition immediately gives the basic relation (see fig. 4); 

J f{x)dx -j- f(x)dx = J f{x)dx 

for a <.b <. G. By means of the preceding relations we at 
■once find that this equation is also true for any position of the 
points a, b, c relative to one another. 

We obtain a simple but important fundamental rule by 

- For the area of regions bounded by arbitrary closed curves see Chap. V, 
§ 2, p. 269. 
rETOS) 


7 
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considering the function where c is a constant. FroiB 

the definition of the integral we immediately obtain 

pb pb 

/ cf{x) dx=c f(x) dx. 

J a <2 


Further, we assert the following addition rule: If 
f{x) = <l>{x) + iff{x), 

then 

j pb ph 

’ f{x) dx== j (/>(x)dx-h ^ (^) dx. 

a Jo J a 

The proof is quite simple. 

We add a final remark, which is perfectly obvious, but very important 
in applications, about the “ yariable of integration We have written 


our integral in the form / f{x)dx. For evaluating the integral it does not 
J a 

matter whether we use the letter x or any other letter to denote the 
abscissie of the co-ordinate system, i.e. the independent variable. The 
particular symbol we use for the variable of integration is therefore a matter 

pb 

of complete indifference; instead of / f(x)dx we could equally well writ© 

nb ri *' a 


J nb f*b 

S{t)dt or / J 

a a 


f{u)du or any similar expression. 


2. Examples 

We are now in a position to carry out the limiting process 
prescribed by our definition of the integral, and thus actually 
to calculate the area in question in a number of special cases; this 
we shall do in a series of examples, where (except in No. 5, p. 86) 
we shall make use of the upper or lower sum alone.* 

1. Integration of a Linear Function. 

first consider the function /(a:) = a;”', where 7i is an integer greater 
than or equal to 0. For = 0, i.e. for f(x) = 1, the result is so obvious 
that we simply write it down: 

pb pb 

j 1 dx j dx ^ b — a. 

da J a 

For the function / {x) — x the integration is again a triviality from the 
geometrical point of view. The integral of the function f{pc) == x. 



* We leave it as a useful exercise for the reader to prove that in the follow- 
mg examples we actually do arrive at the same result, whether we use the- 
upper sum or the lower. 
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is simply the area of the trapezoid shown in fig. 5, which by an elemen- 
tary formula has the value 

(b ^ a) = - a^). 

We shall now verify that our limiting process leads to exactly the same 
result. In calculating the limit we can restrict ourselves to the discussion 
of upper sums or lower sums. We subdivide the interval from a to h into 
n equal parts by means of the points of division 

a^h, a 4-2^, 

where h = (b — a)jn. The integral must then be the limit of the follow- 
ing sum, which is an upper sum if h < a and a iow^er sum if 6 > a: 



Fig. 5 Fig. 6 

By an elementary formula we have 

l-f2-f... + (7i — 1)= ln{n — 1), 

and our expression may therefore be written in the form 

_ / _ — 1\ ,, . / b — a n — 1\ 

nh^a-^h — g— j = {b - a) [a — j. 

As n increases the right-hand side obviously tends to the limit 
(6 — a) {a 4 — a)} = 

which was to be proved. 

2. Integration of 

A problem not quite so simple is that of integrating the function 
f[x) = or, in geometrical language, of determining the area of the region 
bounded by a segment of a parabola, a segment of the ic-axis and two 
ordinates. We consider e.g. the integral 



where 6^0 (see fig. 6), and divide the interval 0 ^ a: ^ b into n equal 
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Since botli numerator and denominator are continuous in t this limit is 
at once determined if we substitute t =* 1. We thus arrive at the limit 
s 1 

=- ; and so for every positive rational value of a we obtain 

r ~ s a -r i' 
the integral formula 



1 

a-f 1 


(ja+i _ 


This formula remains valid for negative rational values of a, provided 
■we exclude the value a — —1 for which the formula used above for the 
sum of the geometric progression loses its meaning. We have now to 


„ 

investigate the limit of the expression — ^ j for negative values of a, 
say a — — rjs. To do this we put t; we obtain 


q = s= q ~~^^ — 


We accordingly seek to determine the limiting value of 

~ 1 1 — 

■[ 


We leave it to the reader to prove that this limit is again equal to 
— :j-; that is, that we have the integral formula 

f dz == — (6°-+^ — 

Ja a 4- I 

for the general case of rational values of a either positive or negative, 
with the exception of a — —1. 

The form of the right-hand side of this equation shows that the ex- 
pression is not valid for a == — 1, since both numerator and denominator 
would then be zero. 

It is natural to suppose that the range of validity of our last formula 
extends also to irrational values of a. "We shall actually establish this in 
§ 7 (p. 129) by a simple passage to the limit. 


5. Integration of sinx and oosx. 

As a last example we consider the function f{x) = sin^r. This too we 
shall treat by means of a special device. We express the integral 


/ 

''a 


sina; dz 


as the limit of the following sum: 

== li{sm{a 4- h) 4- sm(a 4- 4- ... 4- sin (a 4- nh)}, 

where li = We multiply the right-hand bracket by 2 sin and 
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recall the weU-known trigonometrical formula 

2 sinzt shxv = cos(w — v) — qos{u -f v); 

provided h is not a multiple of 27 t, we thus obtain the formula 
h 

' 2 sin ~ 

2 


cos ~ 

(a + |a) + cos (ffl 1 a) 

— cos (a + 1^) 

+ — + cos ^ 

2b — 1 , \ / 

Cl- -i- h ] — cos ( Cl 


< 2 / \ 

' 2 / 


2 sin 


^ fcos^a + 5) — cos^a + - I . 


I 


j 


Since a nh ~ h, the integral becomes the limit of 
h 


2 sin - I 

2 I 


f cos — cos (b -f [ as 0. 


Now we know from Chapter I (p. 47) that as h tends to 0, the expres- 
Ji h 

sion -/sin- approaches the. limit 1. The desired limit is then simply 
cos a — cos b, and we thus arrive at the integral formula 


/ 


sinaj dx = — (cos 6 — cos a). 


In the same way, as the reader may verify for himself, we obtain the 
formula 


/ 
^ a 


co^xdx= sin6— sin a. 


Almost every one of these examples has been attacked by means of 
some special method or particular device. The essential point of the 
systematic integral and differential calculus is the very fact that instead 
•of such special devices we utilize considerations of a general character 
which lead us directly to the desired result. In order to arrive at these 
methods we must now turn our attention to the other fundamental con* 
«cept of higher analysis, the derivative. 


Exaiviples 

1. Find the area bounded by the parabola y~ 2x^ + x 1, the 
ordinates x = I and a; = 3, and the rr-axis. 

2. Find the area bounded by the parabola y = -f- 1 and the straight 

line ?/ = 3 “}~ 32- 
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3. Find the area bounded by the parabola = 5x and the straight 

line 7j — 1 X. 

4. Find the area bounded by the parabola y = x- and the straight, 
line y = ax -F &• 

5. Using the methods in the text, evaluate the integrals 

rb 

(a) J {x-{-lYdx, (5) j sinccxdx, (c) J co& ax di\ 


where a is an arbitrary integer. 

6. Use the formulae obtained in Ex. 5, along with the identities 
sin2a;= cos 2a:, cos^.a:^ -J — i* cos 2a:, to prove that 


/ 
J a 


COS- xdx 


irxdx 



sin 2?? — sin2ix 


sin 26 — sin 2a 
_ 


7. By use of Ex. 1, p. 2S, evaluate / ofidx, using division into equal 

J a 

sub-intervals. 

8. Evaluate f (1 — xf^dx (where n is an integer) by expanding the 

•'o 

bracket. 


3. The Derivative 

The concept of tlie derivative, like that of the integral, is of 
intuitive origin. Its sources are (1) the problem of constructing 
the tangent to a given curve at a given point and (2) the problem 
of finding a precise definition for the velocity in an arbitrary- 
motion. 

1. The Derivative and the Tangent. 

We shall first take up the tangent problem. If P is a point 
on a given curve (see fig. 7), we shall, in conformity with naive 
intuition, define the tangent to the curve at the point P by means 
of the following geometrical limiting process. In addition to the 
point P, we consider a second point P^ on the curve. Through 
the two points P, we draw a straight line, a secant of the 
curve. If we now let the point move along the curve towards 
the point P, this secant will tend to a hmiting position which is 
independent of the side from which P^ approaches P. This 
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limiting position of the secant is tKe tangent, and the statement 
that such a limiting position of the secant exists is equivalent 
to the assumption that the curve has a delSjoite tangent or a 
definite direction at the point P. (We have used the word as- 
sumption ” because we have actually made one. The hypothesis 
that the tangent exists is valid for most simple curves, but is by 
no means true for all curves, or even for all continuous "curves. ) 

Once we have represented our curve by means of a function 
y = f{x) the problem arises of representing our geometrical 
limiting process analytically, 
using the function f{x). We 
take the angle which a straight 
line I makes with the oj-axis as 
being the angle through which 
the positive cc-axis must bo 
turned in the positive direction'-' 
in order to become for the first 
time parallel to the line 1. Let 
% be the angle which the 
secant PP^^ forms with the 
positive aj-axis (cf. fig. 7) and a the angle which the tangent 
forms with the positive a;-axis. Then if we disregard the case of 
a perpendicular tangent we obviously have 

lim tti — a, 







Fig. 7. — Chord and Tangent 


where the meaning of the symbols is perfectly clear. If x, y(~f{x)) 
and y^[=f{x-^)) are the co-ordinates of the points P and 
respectively, we immediately havef 

X-^ — X CCjL — X 

and thus our limiting process is represented by the equation 
l im = tan a. 

JCj— >3C X-y X 


* That is, in such a direction that a rotation of ‘ 7 r /2 brings it into coincidence 
■with the positive j^-asis; in other words, counter-clockwise. 

t In order that this equation may have a meamng, we must assume that 
0 < \ x — x^\ < 8, S being chosen sufficiently small. In what follows, corre- 
sponding assumptions will often be made tacitly in the steps leading up to 
limiting processes. 
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— X % — ^ 


we call the differeme quotient of the fanction y =/(»), since the 
sj-mbols A?/ and Aa; denote the differences of the function 
ij=f(x) and of the independent variable x. (Here, as on p. 79, 
the symbol A is an abbreviation for difference, and is not a factor.) 
The tangent of a, the direction angle of the curve,* is therefore 
equal to°the limit to which the difference quotient of our function 
tends when x-^ tends to x. 

We call this limit the derivative ^ of the function y=f{x) 
at the point x and, as Lagrange did, use the symbol y =f{x) to 

denote it, or, as Leibnitz did, the sjmibol 

On p. 100 we sba.1l discuss the meaning of Leibnitz’s notation in 
more detail; here we would point out that the notation f {x) 
espresses the fact that the derivative is itself a function of x, 
since it has a definite value for each value of x in the interval 
which we are considering. This fact is sometimes emphasized by 
the use of the terms derived function, derived curve (see p. 99). 
We again quote the definition of the derivative: 


f'(x)= lim 

Xi — >• 3 


/K)— /(a:) 


or 


W=/'(^) = lini ^ 

dx dx Xx — >■ X ^ 2 . ^ 0 AiS? 


h-^O k 


wliere in the last expression we have replaced x-^hj x li. 

It is impossible to find the derivative merely by putting 
= (T in the expression for the difierence quotient, for then the 
numerator and denominator would both be equal to 0 and we 


The slope or g.radient of the curve is given by tan a, and hence the term 
■.gradient is occasionally used for the derivative of the function represented by 

the curve. 

t The term differential coefficient is also used, particularly in the older text- 
books. 

t C’auchy’s notation DJ[x) is also occasionally found in the literature. | 
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sliould be led to tbe meaningless expression 0/0. On tbe con- 
trary, the actual performance of tbe passage to tbe limit in each 
individual case depends upon certain preliminary steps (trans- 
formation of tbe diberence quotient). 

For example, for tbe function /(a?) = we have* 

= ajj -T- 

X^~~ X ^1 — ^ 

This function -f- is not the same function as ^ , for the function 

+ a; is defined at one point where the quotient is undefined, 

Xi — X 

namely, the point — x. Tor all other values of the two functions 
are equal to one another; hence in the above passage to the limit, in 
which we specifically required that x^ =}= x, we obtain the same value 

X ^ 

for lim — as for lim {x-^ -f- x). But since the function x is de- 

Xi — ^ z Xj^ X Xi — X 

fined and continuous at the point Xj^ = x, we can do with it what we could 
not do with the quotient, namely, pass to the limit by simply putting ~ x. 
Tor the derivative we then obtain the expression 

dx 

Tbe carrying out of sucb a process, i.e. tbe actual formation of 
tbe derivative, is called tbe dijferentiation of tbe function /(x). 
We shall see later bow this process of diferentiation can 
actually be carried out in all important cases. 

Now tbe fact that tbe problem of differentiating a given 
function bas a definite meaning apart from tbe geometrical 
intuition of tbe tangent is of great significance. Tbe reader 
will recall tbat in tbe case of tbe integral we freed ourselves 
from tbe geometrical intuition of area, and on tbe contrary based 
tbe notion of area on tbe definition of tbe integral. Now, inde- 
pendently of tbe geometrical representation of a function 
y ~ f(x) by means of a curve, we shall define tbe derivative of 
the function y =f{x) as being tbe new function y' =/'(x) given 
by tbe equation above, provided always tbat tbe limit of tbe 
difference quotient exists. , If this limit exists we say tbat tbe 
function /(cc) is differentiable. From, now on we shall assume tbat 
vevery function dealt with is differentiable unless specific men- 


Cf . p. 89, second footnote. 
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tion is made to tlie contrary.^ It should be observed that if the 
function f(x) is to be dif erentiable at the point x the limit as 

oi the quotient /(^ + ^^rzJS? l must exist independently 

of the manner in which h tends to 0, whether it be through positive 
values or through negative values or without restriction as to 
sign. 

Once we have found the derivative /"(a;), we take the direction 
which makes an angle a with the positive a;-axis given by the 
equation tana=/'(a^) as the direction of the tangent to the 
curve at the point {x, y). We thus avoid the difficulties which 
arise out of the indefiniteness of the geometrical view, since we 



Fig. 8. — Tangents to graphs of increasing and decreasing functions 


base the geometrical definition on the analytical and not vice 
versa. 

Nevertheless, the visualization of the derivative as the tangent 
to the curve is an important aid to understanding, even in purely 
analytical discussions. Accordingly we shall at once accept the 
following statement based on geometrical intuition: 

If f (x) is positive and the curve is traversed in the direction of 
increasing x, then the tangent slants upwards, and therefore at the 
point in question the curve rises as x increases] if, on the other hand, 
f'(x) is negative, the tangent slants doimwards and the curve falls 
as X increases (see fig. 8). Aaalytically this follows from the 

remark that the hmit of cannot be positive 

h 

unless the function is increasing at the point x, by which we 

* Examples of cases in ■wMch. tMs assumption is not satisfied will be given 
later (see p. 97). 
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mean that for all values of h sufficiently close to 0 the value of 
f{x+h) is greater or smaller than f{x) according as h is positive 
or negative. We can, of course, make a corresponding statement 
for the case where f (x) is negative. 


2. The Derivative as a Velocity. 

Just as naive intuition led us to the notion of the direction 
of the tangent to a curve, so it causes us to assign a velocity to a 
motion. The definition of velocity leads us once again to exactly 
the same limiting process as we have abeady called differentia- 
tion. 

Let us consider, for example, the motion of a point on a 
straight line, the position of the point being determined by a 
single co-ordinate y. This co-ordinate y is the distance, with its 
proper sign, of our moving point from a fixed point on the line. 
The motion is given if we know y as a function of the time t, 
y =/(i{). If this function is a linear function /(^) = we call 

the motion a uniform motion with the velocity c, and for every pair 
of values t and which are not equal to one another we can write 


The velocity is therefore the difierence quotient of the function 
ct + and this difierence quotient is completely independent 
of the particular pab of instants which we fix upon. But what 
are we to understand by the velocity of motion at an instant t 
if the motion is no longer uniform? 

In order to arrive at this definition we consider the difierence 


~ which we shall call the average velocity in 

the time interval between and t. If now this average velocity 
tends to a definite limit when we let the instant come closer 
and closer to t, we shall naturally define this limit as the velocity 
at the time t. In other words: the velocity at the time t is the deri- 
^xxtive 


quotient 


/(^ 


f{t}= limtM — M. 

tl t 


From this new meaning of the derivative, which in itself has 
nothing to do with the tangent problem, we see that it really is 



94 


FUNDAMENTAL IDEAS 


[Chap^. 


appropriate to define tlie limiting process of differentiation as a 
purely analytical operation independent of geometrical intuitions. 
Here again the differentiability of the position-function is an 
assumption which we shall always tacitly make, and which, in 
fact, is absolutely necessary if the notion of velocity is to have 
any meaning. 

As a simple example of the connexion between motion and velocity 
we consider the case of a freely falling body. We begin with the experi- 
mentally established law that the distance traversed in time t by a freely 
falling body is proportional to and therefore can be represented by a 
function of the form 

y = /(<) = 


As on p. 91, we find immediately that the velocity is given by the ex- 
pression f'(t) = which shows us that the velocity of a freely falling 
body increases in proportion to the time. 


3. Examples. 

We now proceed to work out a number of examples of the actual dif- 
ferentiation of functions. We begin with the function y = f{x) = c, where 
c is a constant. It is then always true that f{x h) — f(^)= o — c = 0,. 
j~ 1%^ f 

so that lim ' =0; that is, the derivative of a constant is zero^ 

/i_>o h 

For a linear function y = f{x) = ca; -h we find that 


lim 

A ->0 


■ 


■ — /(a:) 

h 


ch 

■ lini ■- 
h 


c. 


Further, we shall differentiate the function 
y = S{x) = 

at first assuming that ex is a positive integer. Provided x^. =f= x, we have- 

/(^i) -- /(^) ^ 

ccj — ic cci — a; ’ 


the right-hand side of this equation is equal to -f -F . . . -f- 

as we see either by direct division or by using the formula for the sum of 
a geometric progression. The new expression for the right-hand side ot 
the equation is a continuous function, and so w^e can carry out the passage- 
to the limit {x^ -> x) by simply replacing aq everywhere by x. Each term" 
is then and since the number of terms is exactly a, we obtain, 


=m= 


d(x^) 

dx 
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We arrive at the same result if a is a negative integer — (3; we miistj* 
however, assume that z is not zero. We then find that 


Zj_ z 


I 1 

Z- Z^ — Zi^ 

— z X — 

-f- 1 a'l -r . . . -f- 

z/z^ 


Once again we can carry out the passage to the limit simply by replacing 
x-^ ever 3 nvhere by z. Then just as above we obtain for the limit the 
expression 


Hence for negative integral values of a the derivative is again given by 

y* ~ 

Tinally, we shall prove the same formula where z is positive and a any 
rational number. We suppose that a = p/g, where p and q are both in- 
tegers and, moreover, positive. (If one of them were negative no essential 
changes in the proof would be needed; for a = 0 the result is already 
known, since is then constant.) We now* have 

Zi — Z Zi — z 

If we now put z^^'^ ■ ^ and x^^^^ — we obtain 

f(^i) -f(^) __ ^ H- . . . -f 

After this last transformation we can immediately perform the passage 
to the limit {z^-^ z or, "what amounts to the same thing, ^), and thus 

obtain for the limiting value the expression 

v' = ? 

q q 

or finally 

which is formally the same result as before. We leave it for the reader to 
prove for himself that the same differentiation formula holds for negative 
rational indices also. We shall come back {p. 130) to the differentiation of 
powers once we have developed the theory in a more connected form. 

As a further example we finally consider the differentiation of the 
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trigonometric functions, sinx and cosit. We use the elementary trigono- 
metrical formula 

sin (a; + — sina: __ sin a: cosh -1- cos a: sin/i — sin a; 

_ ~ 

cosh — 1 , sin?i 

= sina; cosa; . 

h h 

Now from Chapter I, § 7 (pp. 47—48), we know that 

1 


sinh ^ cosh - 

lira = 1, iim 

/i — ^0 h h — ^0 h 


== 0. 


For the required derivative we thus immediately obtain 

, £?(sina;) 

y' = — i i = cosic. 

^ dx 

The function y — cos a: can be differentiated in exactly the same way. 
Starting with 

cos(a;4- h ) — cosaj cosh — 1 . sinh 

i — : — i = cosa; — sina; , 

h h h 


iand taking the limit as ^ 0, we at once obtain the derivative 

, d(cosa;) 

= — sma;. 

dx 


4. Some Fundamental Rules for Differentiation. 

Just as in the case of the integral, certain simple but funda- 
mental rules for forming the derivative follow immediately from 
the definition. If (f> (x) = f{x) + g (x), then (/>' (x) == f (x) -f g'(x); 
again, if ^(a;) = cf{x) (where c is a constant), then if;'{x) = cf'{x). 
For we have 

4>{X + ^) — 4>(x ) li) —fix) g{x +h) — gix) 

h h h 

and 

7- ^ W __ 

h h 

and OUT statements follow directly by passage to the limit. 

According to these rules, for example, the derivative of the 
fonction (f>{x) =/(a;) + aa; + 6 (where a and h are constants) is 
given by the equation 

(aj) = f' (a;) fit. 
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o. Biffereatiability and Continuity of Functions, 


It is useful to ‘aote that if we know that a function can 
be differentiated we need not give any special proof of its 
continuity. 

If a function is differentiable, then it is necessarily continmius. 

For if the difference quotient ^ ~ approaches a 

-definite limit as h tends to zero, the numerator of the fraction, 
that is, f{x + h) —fix), must tend to zero with h; and this fact 
•expresses the continuity of 
the function fix) at the 
point X. 

The converse of this, 
however, is absolutely false; 
it is not true that every con- 
tinuous function has a de- 
rivative at every point. The 
simplest example disprov- 
ing this assumption is the 
function fix) —\x\, i.e. fix) = —x for ^ 0 and fix) = x for 
x ^ 0; its graph is shown in fig. 9. At the point a; = 0 this 
function is continuous, but has no derivative. The limit of 

-I — is equal to 1 if A tends to 0 through positive 

values, and is equal to — 1 if A tends to zero through negative 
values; if we do not restrict the sign of A, no limit exists. We 
say that our function has different right-hand and left-hand 
derivatives at the point x, where by right-hand derivative and 
left-hand derivative we mean respectively the limiting values of 



fix + A) —fix) 
A 


as A approaches 0 through positive values only 


and negative values only. The differentiability of a function thus 
requires not merely that the right-hand and left-hand derivatives 
•exist, but that they are equal. Geometrically the inequality 
of the two derivatives means that the curve has a sharp 


corner. 

As further examples of points where a continuous function is 
not diherentiable we consider the points where the derivative 
becomes infinite, i.e. the points at which there exists neither a 

(e798) 8 
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right-hand nor a left-hand derivative, the difference quotient 

f{x — /Q increasing beyond all bounds as A ->■ 0. For 

h ^ 

example, tlie function y — f{x) = is defined and con- 

tinuous for all values of x. For all non-zero values of x its deri- 
vative is given (p. 95) by tbe formula «/' == J At the point 

« = 0 we bave /(^ /(?,) — \_=, and we see at once 

h h 

tbat as ^ 0 tbe expression bas no limiting value, but, on tbe 

contrary, tends to oo. This state of affairs is often briefly de- 
scribed by saying that tbe function possesses an infinite deri- 



vative, or tbe derivative oo, at the point in question; we should 
remember, however, that this merely means that as h tends to 0 
tbe difierence quotient increases beyond all bounds, and tbat the 
derivative in tbe sense in which we have defined it really does 
not exist. The geometrical meaning of an infinite derivative is 
tbat tbe tangent to the curve is vertical (cf. fig. 10). 

The function y = f{x) — 's/ x, which is defined and con- 
tinuous for 0 / ^ 0, is also non-diferentiable at tbe point a? = 0. 
Since y is undefined for negative values of x, we here consider 

the right-hand derivative only. The equation = JL 

h 

shows us tbat this derivative is infinite; tbe curve touches the 
^-axis at tbe origin (fig. 11). 

Finally, in the function y=^^x^ = x^ we have a case in 
which the right-hand derivative at the point cc = 0 is positive 
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and infinite, while the left-hand derivative is negative and 
infinite, as follows from the relation 


h i/h' 

As a matter of fact, the 
continuous curve y = 
the so-called semi-cuhical 
'parabola or NeiVs para- 
bola, has at the origin a 
cusp perpendicular to the 
cc-axis (of. fig. 12). 



6. Higher Derivatives and their Significance. 

The derivative f(x) of a function is itself a function of 
the graph of which we call the derived curve of the given curve. 
For example the derived curve of the parabola y = is a 



straight line, represented by the function y = 2x, The derived 
curve of the sine curve y = sina? is the cosine cxirve y = cosx; 
similarly, the derived curve of the curve y~ cosx is the curve 
y = — sin a;. (Any of these latter curves can be obtained from 
the others by translation in the direction of the cc-axis, as is 
shown in fig. 13.) 
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It is now quite a natural step to form the derived curves 
of the derived curves, i.e. to form the derivative of the function 
f{x) = This derivative 


^'{x) ~ lira 

A ->0 




h 


provided that it really exists, we shall call the second derivative 
of the function /(a;), and we shall denote it by f"{x). 

Similarly, we may attempt to form the derivative 
the so-called third derivative of /(a?), which we then denote by 
f''{x). In the case of most functions of importance there is noth- 
ing to hinder us from imagining this process repeated as many 
times as we like, and from thus defining an w-th derivative 
Occasionally it will be convenient to call the function f{x) its 
own 0-th derivative.* 

If the independent variable is interpreted as the time t and 
the motion of a point is represented by means of the function 
f{t), the ^physical meaning of the second derivative is found to 
be the velocity with which the velocity f{t) changes, or, as it is 
usually called, the acceleration. Later (pp. 158-159) we shall 
discuss the geometrical interpretation of the second derivative in 
detail. Here, however, we may note the following facts: at a 
point where f\x) is positive, f{x) increases as x increases; if, on 
the other hand, f\x) is negative, f{x) decreases as x increases. 


7. The Derivative and the Difference Quotient. 


The fact that in the limiting process which defines the deri- 
vative the difference Acc tends to 0 is sometimes expressed by 
saying that the quantity Acc becomes infinitely small. This expres- 
sion indicates that the passage to the limit is regarded as a pro- 
cess during which the quantity A.x is never zero, yet approaches 
zero as closely as we please. In Leibnitz’s notation the passage 
to the limit in the process of differentiation is symbolically ex- 
pressed by replaciug the symbol A by the symbol d, so that we 
can define Leibnitz’s symbol for the derivative by the equation 




dx 


►-oAa; 


* The terms second, third, . . . , n~th differential coefficient are also used; cf. 
■second footnote, p. 90. 
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If, however, we wish to obtain a clear grasp of the meaning of 
the differential calculus we must beware of regarding the deri- 
vative as the quotient of two quantities which are actually 

infinitely small The difference quotient absolutely must 

Ax 

be formed with difierences Ax which are not equal to 0 . After 
the forming of this difierence quotient we must imagine the 
passage to the limit carried out by means of a transformation or 
some other device. We have no right to suppose that first Ax 
goes through something like a limiting process and reaches a 
value which is infinitesimally small but still not 0, so that Ax 
and Ay are replaced by ‘‘ infinitely small quantities ’’ or '’'in- 
finitesimals ” dx and dy, and that the quotient of these quanti- 
ties is then formed. Such a conception of the derivative is in- 
compatible with the clarity of ideas demanded in mathematics; 
in fact, it is entirely meaningless. Eor a great many simple- 
minded people it undoubtedly has a certain charm, the charm of 
mystery which is always associated with the word “ infinite 
and in the early days of the difierential calculus even Leibnitz 
himself was capable of combining these vague mystical ideas 
with a thoroughly clear understanding of the limiting process. 
It is true that this fog which hung round the foundations of the 
new science did not prevent Leibnitz or his great successors 
from finding the right path. But this does not release us from 
the duty of avoiding every such hazy idea in our building-up 
of the diferential and integral calculus. 

The notation of Leibnitz, however, is not merely attractive 
in itself, but is actually of great flexibility and the utmost 
usefulness. The reason is that in many calculations and formal 
transformations we can deal with the symbols dy mid dx 
in exactly the same way as if they were ordinary numbers. They 
enable us to give neater expression to many calculations which 
can be carried out without their use. In the folloAving pages 
we shall see this fact verified over and over again, and shall 
find ourselves justified in making free and repeated use of it, 
provided we do not lose sight of the symbolical character of 
the signs dy and dm. 

Eor the second and higher derivatives also Leibnitz has 
devised a notation of great suggestiveness and practical utility. 
He thinks of the second derivative as the limit of the “ second 
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diifference quotient ’’ in the following manner. In addition to 
the variable x we consider = x + h and iCg = a; + 2k. We 
then take the second difference quotient as meaning the first 
difference quotient of the first difference quotient, i.e. the ex- 
pression 


1 A 1 — 2/1 

h 




where y=f(x), yi=f(Xj), and ^ 2 =/^)- K also write 
k = Ax and — Ay^, y^^ — y= Ay, we may appropriately 
call the expression in the last bracket the difference of the differ- 
ence of y or the second difference of y and write symbolically * 

+ r= ^Vi — Ay == A{Ay) =: A2y. 


In this symbolic notation the second difference quotient is then 
A^y 

written — where the denominator is really the square of Aa;, 
( Ax) ' ’ 


wlile in the numerator the number 2 symbolicallj denotes the 
repetition of the difference process. This symbolism for the 
difference quotient f led Leibnitz to introduce the notation 


2/"=/"(^) = 


dx^’ 


y"'=r"{x) 


d^ 

dx?' 


&c.. 


for the second and higher derivatives, and we shall find that this 
notation also stands the test of use. 


8. The Mean Value Theorem. 


Between the derivative ^ =/'(a;) and the difference quotient 

there emsts a simple relation which is important for many 
purposes. This relation is known as the mean value theorem. 


differ^Te-'^o^ “ MeUoe ^ “ difference of: 

t We must emp^size that the statement that the second derivative mav be 
represented as the limit of the second difieienee quotient req “res prooT For 
second derivative, not in this v&y, but as the limit 
s <hfierence_ quotient of the first derivative. In actual fact the 
^ «l™yalent, provided the second derivative is continuous; the 
proof, however, is not given, as we have no particular need of it here. 
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and is obtained in tlie following way. We consider tbe diference 
quotient 

/fa) — /fe) _ A/ 

of a function f(x), and assume that the derivative exists every- 
where in the interval cca, so that the graph of the curve 

has a tangent everywhere. The 
difference quotient will be re- 
presented by the direction of the 
secant (see fig. 14); it is, in fact, 
the tangent of the angle a shown 
in the figure. Let us imagine 
this secant shifted parallel to 
itself. At least once it will reach 
a position in which it is a tangent 
to the curve at a point between 

and X2, namely, at the point 14.— To ilWat^the mean value 

of the curve which is at the 

greatest distance from the secant. Hence there will be an inter- 
mediate value i such that 

f (^1) f (^2) f'{^) 

x^ — 

This statement is called the mean value theorem of the differential 
calculus. We can also express it somewhat difierently by noticing 
that the number i may be written in the form 

f d{x2 — aq), 

where ^ is a certain number between 0 and 1. In applications of 
the mean value theorem we shall often find that 6 cannot be 
more accurately determined than this, but it will usually turn 
out that a more accurate value is not needed. Wben accurately 
formulated, then, the mean value theorem runs as follows: 

If f(x) is continuous in the closed interval ^ x ^ X2 and 
differentiable at every 'point of the open interval < x -< X25 then 
there is at least one value 9 , where 0 < ^ < 1, such that 

/fa) - /fa ) + e{x^ - x^)}. 

0)2 — aq 
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If we replace by cc and a ?2 by a: + we can express tbe 
mean value tbeorem by the formula 

f{x+h) —f{x) =/'(* + 6h), x< ^ <x+h. 


We wish to emphasize that while it is essential that f(x) 
should be continuous for all points of the interval, including the 
end-points, we need not assume that the derivative exists at 
the end-points. This apparently trivial remark is actually useful 
in many applications. 

If at any point in the interior of the interval the derivative 
fails to exist, the mean value theorem is not necessarily true. 



This is shown by ^the example 
f(x}=\x\, p. 97. 

We can complete our intuitive 
argument by the following con- 
siderations. There is at least one 
point P on the curve which has 
the greatest possible distance from 
the chord joining the points on the 


Fig. 15— To illustrate the mean cuxve whose abscissae are X-, and 

value theorem n a ^ 

X 2 (see ng. 15). At this point the- 
curve by hypothesis has a definite tangent. We shall now 


prove that this tangent must be parallel to the chord. By 
definition the tangent is the limiting position of the secant 
and is obtained by joining P to a point Q on the curve 


and letting the point Q move towards P. Since by hypothesis 
Q is not farther from the chord than P, the line PQ produced 
in the direction P to ^ must either cut the chord or run parallel 
to it; and this must be the case, no matter on which side of P 


the point Q Kes. This, however, is only possible if the limiting 
position is parallel to the chord. If we denote the abscissa of the- 


point P by the letter the slope f'{i) of the tangent at P is then 
equal to the slope of the chord, Fence for the number 

X-y^ ~ X^ 

^ in the theorem we may simply take the abscissa of P. 

The rigorous proof of the mean value theorem is usually 
developed in the following way. We fixst establish Rollers 
theorem^ which is a special case of the mean value theorem: 

If a function is continuous in the closed interval ^ ^ x ^ 
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and differentiable in the open interval < x < Xg, and if in 
addition = 0 and = 0, then there exists at least one 

point I in the interior of the interval at which = 0. 

In fact, there must be at least one point interior to the 
interval, at which the function (f>{x) takes on its greatest or its 
least value (cf. Chap. I, Appendix I, § 2, p. 63); to be specific, 
we assume that ^ is a point where is a maximum, so that 

for every x in the interval (l>{x) ^ Then for everv number 

h whose absolute value j A | is small enough it is certainly true 
that — <j>(i h) ^0. If A is positive, 

^ 0 ; 

h 


we now let h tend to zero through positive values and 
obtain ^ 0. If, on the other hand, h is negative, 

^ ^ 0, and thus by letting h tend to zero 

through negative values we obtain (f>'{^) ^ 0; comparing this 
with the preceding inequality, we see that ff{^) = 0, which 
establishes our theorem. 

We now apply Rollers theorem to the function 


<j>{x) = fix) — /(%) — ^ {/(a;,) —/(%)}. 

This function obviously satisfies the condition ~ ^(^2) — lb 
and is of the form (/> (x) — f (x) ax b with constant coefficients 

a = — /(^i) gy 90^ finow that 


==/'(aj) Th a, 

and thus by Eolle’s theorem we have 

for a suitably chosen intermediate value hence 






and the mean value theorem is proved. 


* TMs function, apart from a factor independent of x, is the distance of the 
point (a;, f(x)) of the curve from the secant; the reader can easily verify tins’ 
for himself- 
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As the first of many applications of the mean value theorem we shall 
prove the following. Let the f unction f(x) be continuous in the closed interval 
a ^ X ^ b and have a derivative f'(x) at every foint of the open interval 
a < X < b. Then if i'(x) is positive everyiohere a < x < b, the function 
f(x) is monotonic increasing in the interval a^x^b; and lilceivise if 
f^(x) is negative in a < x < b, then f(x) is monotonic decreasing. 

We shall prove the first statement; the second can be proved in 
a similar way. Suppose that f{x) > 0, and let ajj and be any two 

values of a: in the closed interval. Then by the mean value theorem 

- fM = — ®i)/'(5), 

where < ^ < cco. Since both factors on the right are positive, this 
proves that flx^) > f{Xi); hence f{x) is monotonic increasing. 

9. The Approximate Representation of Arbitrary Functions by 
Linear Functions. Differentials. 

The equation — £i^=zf'[x) defining the deri- 

h-^p ft 

vative is equivalent to the equations 

f{x+h)-^f{x)=hf'{x)^eh 
or 2 / + A?/ = /(a; + Aa?) = f{x) + f'{x) Aaa + € Aa?, 

where € is a quantity which tends to xero with h == Lx. II 
for the moment we think of the point x as fixed and the incre- 
ment Lx as variable, then by this formula the increment of the 
function, that is, the quantity Ly^ consists of two terms, namely, 
■a part hf\x) which is proportional to h, and an “ error ” which 
can be made as small as we please relative to h by making A 
itself small enough. Thus the smaller the interval about the 
point X which we consider, the more accurately is the function 
/(a; + A) (which is a function of A) represented by its linear part 
/(x) 4- A/"(a;). This approximate representation of the function 
/(x + A) by a linear function of A is expressed geometrically by 
the substitution for the curve of its tangent at the point x. Later, 
in Chapter YII, we shall consider the practical application of 
these ideas to the performance of approximate calculations. 

^ Here we merely remark in passing that it is possible to use 
tMs approxiinate representation of the increment Ly by the 
linear expression hf'{x) to construct a logically satisfactory 
definition of the notion of a ‘‘ difiEerential ”, as was done by 
Cauchy in particular. 
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Wlule tlie idea of tlie differential as an inffniteiy small quan- 
tity has no meaning, and it is accordingly futile to define the 
derivative as the quotient of two such quantities, we may still 
try to assign a sense to the equation /’^(cc) = dyjdx in such a way 
that the expression dyjdx need not be thought of as purely 
symbolic, but as the actual quotient of two quantities dy and dx. 
For this purpose we first define the derivative /(r) by our limit- 
ing process, then think of x as fixed and consider the increment 
h == Aa? as the independent variable. This quantity h we call 
the dijferential of x, and write h == dx. We now define the ex- 
pression dy == y'dx = hf'ix) as the differential of the function y; 
dy is therefore a number which has nothing to do with infinitely 
small quantities. So the derivative 
y' = f{x) is now really the quotient 
of the differentials dy and dx] but 
in this statement there is nothing 
remarkable; it is, in fact, merely 
a tautology, a restatement of the 
verbal definition. The differential 
dy is accordingly the linear part of 
the increment Ay (see fig. 16 ). 

We shall not make any im- 
mediate use of these differentials. 

Nevertheless, it may be pointed out for the sake of completeness 
that we may also form second and higher differentials. For if 
we think of h as chosen in any manner, but always the same 
for every value of x, then dy = hf'{x) is a function of x, of which 
we can again form the differential. The result will be called 
the second differential of y, and will be denoted by the s}'mbol 
d^y = df(x). The increment of hf'(x) being h{^f'{x d- h) — 
the second differential is obtained by replacing the quantity in 
brackets by its linear part hf"{x), so that d-y = We 

may naturally proceed further along the same lines, obtaining 
third, fourth, . . . differentials of y, &c., which can be defined 
by the expressions h^f"'{x), and so on. 

10. Remarks on Applications to the Natural Sciences. 

In the applications of mathematics to natural phenomena 
we never have to deal with sharply defined quantities. Whether 
a length is exactly a me^re is a question which cannot be decided 



Fig. r6. — The differential dy 
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by anv experimeiit and wkich. conseq^iiently has no physical! 
meaning Again, there is no immediate physical meaning in say- 
ing that the length of a material rod is rational or irrational; we 
can always measure it with any desired degree of accuracy in 
rational numbers, and the real matter of interest is whether or 
not we can manage to perform such a measurement using rational 
numbers with relatively small denominators. Just as the ques- 
tion of rationality or irrationality in the rigorous sense of exact 
mathematics ’’ has no physical meaning, so the actual carrying 
out of limiting processes in applications will usually be nothing 
more than a mathematical idealization. 

The practical significance of such idealizations lies chiefly 
in the fact that if they are used all analytical expressions 
become essentially simpler and more manageable. Por example, 
it is vastly simpler and more convenient to work with the 
notion of instantaneous velocity, which is a function of only 
one definite time-instant, than with the notion of average 
velocity between two difierent instants. Without such idealiza- 
tion every rational investigation of nature would be condemned 
to hopeless complications and would break down at the very 
outset. 

We do not intend, however, to enter into a discussion of the 
relationship of mathematics to reality. We merely wish to 
emphasize, for the sake of our better understanding of the theory, 
that in applications we have the right to replace a derivative 
by a difierence quotient and vice versa, provided only that the 
differences are small enough to guarantee a suflS.ciently close 
approximation. The physicist, the biologist, the engineer, or 
anyone else who has to deal with these ideas in practice, will 
therefore have the right to identify the difierence quotient 
with the derivative within his limits of accuracy. The smaller 
the increment Ji= dx of the independent variable, the more 
accurately can he represent the increment At/— /(a?-)- h) — f{x) 
by the difierential dy = hf'{x). So long as he keeps within the 
limits of accuracy required by the problem, he is accustomed 
to speak of the quantities dx=h and dy = }if\x) as “ infinitesi- 
mals These “ physically infinitesimal ” quantities have a 
precise meaning. They are finite quantities, not equal to zero, 
which are chosen small enough for the given investigation, 
e.g. smaller than a fractional part of a wave-length or smaller 
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smaller than the degree of accuracy required. 


Examples 


1. * Replace the statement “ At the point a: = 5 the function f{x) is 
not differentiable ” by an equivalent statement not using any form of 
the word “ differentiable 

2. Differentiate the following functions directly by usins the de- 
finition of the derivative: 


(a) - 


1 


a; -f 1 
(e) sin 3a;. 


( 6 ) - 

rr2 + 2 

(/) cosua;. 


(c) 


2x- -f 1 

(g) sin^a:. 


id) 


1 


sma; 

(h) QOS~X. 


3. Find the intermediate value ^ of the mean value theorem for the 
following functions, and illustrate graphically: 

(a) 2a;. (6) xK (c) 5x^ + 2a;. (d) l/(x^ + 1). (e) x^'^ 

4. Show that the mean value theorem fails for the following functions 
when the two points are taken with opposite signs, e.g. cCi = — 1, a:., ~ 1: 

(a) 1/a;. {b)\x\. (c) 


Illustrate graphically, and compare with the previous example. 


4. The Indefinite Integeal, the Peimitive Function, and 
THE Fundamental Theoeems of the Differential and 
Integeal Calculus. 

As we have already mentioned above, the connexion between 
the problem of integration and the problem of differentiation is 
the corner-stone of the differential and integral calculus. This 
connexion we will now study. 

1. The Integral as a Function of the Upper Limit. 

The value of the definite integral of a function /(a?) depends on 
the choice of the two limits of integration a and b. It is a func- 
tion of the lower limit a as well as of the upper Ihnit h. In order 
to study this dependence more closely we imagine the lower 
limit a to be a definite fixed number, denote the variable of in- 
tegration no longer by x but by u (cf. p. 82), and denote the upper 
limit by x instead of 6 in order to suggest that we shall let the 
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upper limit vary and that we wish to investigate the value of 
the integral as a function of the upper limit. Accordingly, we 
write 


f f(u)d‘u 

•J a 


We call this function <I>(a;) an indefinite integral of the function 

f{x). When we speak of an and 
'' not of the indefinite integral, we 

suggest that instead of the lower 
limit a any other could be chosen, 
in which case we should ordi- 
^ narily obtain a difierent value 

for the integral. Geometrically 
^ ^ the indefinite integral for each 

> J value of X will be given by the 

0^ x: ^ (shown by shading in fig. 17) 

Fig. 17 under the curve y = f{u) and 

bounded by the ordinates u = a 
and u= X, the sign being determined by rules given earlier 

(p. 81). 

If we choose another lower limit a in place of the lower limit 
ct, we obtain the indefinite integral 

= f f{u)du. 

The difierence T(a;) — €>(a;) will obviously be given by 

/ fWdu, 


which is a constant, since a and a are each taken as fixed given 
numbers. Therefore 

T(a;) = O (x) + const.; 

Different indefinite integrals of the same function differ only 
hy an additive constant. 

We may likewise regard the integral as a function of the lower 
limit, and introduce the function 

= f f{u)du, 

in wMch 6 is a fixed number. Here again two such in- 
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tegrals with different upper limits h and ^ differ only by an 
additive constant J f{u)du, 

2. The Derivative of the Indefinite Integral. 

We will now difierentiate the indefinite integral O (cc) with 
respect to the variable x. The result is the following theorem: 
The indefinite integral 

® (*)=/" S{u)du 

''a 

of a continuous function f(x) always possesses a derivative {x.)^ 
and, moreover, 

that is, differentiation of the indefinite integral of a given con- 
tinuous function always gives us hack that same function. 

y 


0 

Fig. 1 8. — Diffarentiation of the indefinite integral 

This is the root idea of the whole of the differential and integral 
calculus. The proof follows extremely simply from the inter- 
pretation of the integral as an area. We form the difierence 
quotient 

h) — O {x) 
h ' 

and observe that the numerator 

px-\-h fX f*x-Th 

<^{x+ h) — ^{x)— f(u)du— f{u) du= f(u) du 

is the area between the ordinate corresponding to au and the 
ordinate corresponding to cc + A. 

ISTow let Xq be a point in the interval between x and a; + A at 
which the function /(a?) takes its greatest value, and % a point 
at which it takes its least value in that interval (cf. fig. 18). 
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Then the area in question will lie between the values hfix^) and 
which represent the areas of rectangles with the interval 
from a: to a; 4- ^ as base and /(a:,,) and f{x^) respectively as alti- 
tudes. Expressed analytically. 


/(^o) ^ 




TMs can also be proved directly from the definition of the in- 
tegral without appealing to the geometrical interpretation. *** 
To do this we write 


f f(u)du=lim. ZfiuJjAu^, 

*' ^ -— i .. .,^1 


where Wq = £Cj -Wg, . . . , = a; + A are points of division of 

the interval from a; to x h, and the greatest of the absolute 
values of the difierences tends to zero as n 

increases. Then is certainly positive, no matter whether 

h is positive or negative. Since we know that /( cCq) ^ f{x^ 

and since the sum of the quantities Att^ is equal to h, it follow^s 
that 


and thus if we let n tend to infinity we obtain the inequalities 
stated above for 


1 

1 



h) — <I> {x) 


If Ti now tends to zero, hot]if{x^ and/(cci) must tend to the 
limit /(a?), owing to the continuity of the function. We therefore 
see at once that 

A— > 0 ht 

as stated by our theorem. 

Owing to the difierentiability of we have the following 
theorem, by § 3, No. 5, p. 97: 

The integral of a continuous function f(x) is itself a continuous 
function of the u]oper limit. 

* Compare also the later discussion on p. 127. 
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For tEo sake of completeriess we would poin'fe out tkat if we 
regard tke definite integral not as a function of its upper liniit 
but as a function of its lower limit, tiie derivative is not equal 
to f(x)f but is instead equal to — f{x). In symbols: if we put 

then == — /(^)- 

Tbe proof follows immediately from the remark that 

J f{u) du = f{u) du, 

3. The Primitive Function; General Definition of the Indefinite 
Integral. 

The theorem which we have just proved shows us that the 
indefinite integral 0(a;) at once gives the solution of the follow- 
ing problem: given a function f(x), to determine a function F(x) 
such that 

r{x) =f{x). 

This problem requires us to reverse the process of differentiation. 
It is a typical inverse problem such as occurs in many parts of 
mathematics and such as we have already found to be a fruitful 
mathematical method for generating new functions. (For ex- 
ample, the first extension of the idea of natural numbers was 
made under the pressure of the necessity for reversing certain 
elementary processes of calculation. The formation of inverse 
functions has led and will lead us to new kinds of functions.) 

A function F{x) such that F\x)~f{x) is called a primitive 
function of f{x), or simply a primitive of f{x)\ this terminology 
suggests that the function /(a:) arises from F{x) by differentiation. 

This problem of the inversion of differentiation or of the 
finding of a primitive function is at first sight of quite a different 
character from the problem of integration- From p. Ill, however, 
we know that: 

Every indefinite integral <I>(x) of the function f(x) is a primitive 

Yet this result does not completely solve the problem of find- 
ing primitive functions. For we do not yet know if we have 
found all the solutions of the problem. The question about the 

Ce798) 9 
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group of all primitive functions is answered by tbe following 
tleorem, sometimes referred to as tbe fundamental theorem of 
tbe differential and integral calculus; 

The difference of two primitives Fi(x) and of the same func- 

tion f(s) is always a constant: 

Ffx) — Ifx) = e. 

Thus from any one primitive function F(a;) we can obtain all the 

Others in the form 

F{x) -f c 

by suitable choice of the constant c. Conversely, for every value of 
ike constant c the expression Fi(a;) == F(x) + c represents a primi- 
live function o/*f(x). 

It is clear that for any value of tbe constant c tbe function 
■F{x) + e is a primitive, provided that F{x) itself is one. For 
(cf. p. 96) we bave 

{F{x + A) -}- e} _ ( j(a;) + c} _ F{x -\-h) — F(x) 

A h ’ 

and since by bypotbesis tbe rigbt-band side tends tof(x) ash->0 
so does tbe left-band side, and therefore ’ 

^{n^) + c}=f(x)=.F'(x). 


Thus to complete tbe proof of our theorem it only remains 
to show that tbe difference of two primitive functions Ffx) and 

IS always a constant. For this purpose we consider tbe 
difference 

ri(^) - Ff,x) = G{x) 
and form tbe derivative 


G'{x) = lim 



wf/f T the rigbt-band side, by bypotbesis, bave 

ISl!' ® \*“°rion whose derivative is everywhere zero 
M have a graph whose tangent is everywhere parallel to tbe 
®-axis, i.e. must be a constant; and therefore we have G(x) = c 
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as we stated above. We can prove tiiis last fact without relying 
upon intuition, by using the mean value theorem. Applying the 
mean value theorem to G{x)y we have 

G{x^) — G{x^) = (aJa — aiy)G'(^y, 

But we have seen that the derivative 0 '{x) is equal to 0 for every 
value of X, and hence in particular for the value f ; hence it follows 
immediately that G{x^ = Since % and x^ are arbitrary 

values of 05 in the given interval, 6^(05) must be a constant. 

Combining the theorem just proved with the result of No. 2 
(p. 111)5 we can now make the following statement: 

Every 'primitive fu'nctioYb F(x) of a given function f(x) ca7i he 
represented in the form 

F{x) = c + = J f{u)du. 


where c and a are constants, and conversely , for any constant values 
of a and c chosen arbitrarily this expression akvays represents a 
primitive function. 

It may readily be guessed that the constant c can as a rule 
be omitted, since by changing the lower limit a we change the 
primitive function by an additive constant. In many cases, 
however, we should not obtain all the primitive functions if 
we omitted the c, as the example f{x) = 0 shows. For this 
function the indefinite integral of No. 1 (p. 110) is always 0, inde- 
pendently of the lower limit; yet any arbitrary constant is a 
primitive function of f{x) = 0 . A second example is the func- 
tion f{x) = 'y/x, which is defined for non-negative values of x 
only. The indefinite integral is 


and we see that no matter how we choose the lower limit a the 
indefinite integral <&(ir) is always obtained from | {xf^^ by addition 
of a constant which is less than or equal to zero, namely, the con- 
stant — yet such a function as ^x^^^ + 1 is also a primi- 
tive function for '^/x. Thus in the general expression for the 
priooitive function we cannot dispense with the additive constant. 
The relationship which we have found suggests an extension 
of the idea of the indefinite integral. We shall henceforth call 

every expression of the form c + O (a?) == c -f J f{u)du an inde- 
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finite integral off{x). In other words, we shall no longer make any 
distinction between the primitive function and the indefinite in- 
tegral. ISTevertlieless, if the reader is to have a proper under- 
standing of the interrelations of these concepts it is absolutely 
necessary that he should clearly bear in mind that in the first 
instance integration and inversion of difierentiation are two 
entirely difierent things, and that it is only the knowledge of 
the relationship between them that gives us the right to apply 
the term indefinite integral ” to the primitive function also. 

It is customary to represent the indefinite integral by a 
notation which in itself is perhaps not perfectly clear. We write 

F{x) = c-{- J^f(u)du= J’f(x)dx; 

that is, we omit the upper limit x and the lower limit a and also 
the additive constant c and use the letter x for the variable of 
integration. It would really be more consistent to avoid this 
last change, in order to prevent confusion with the upper limit x 
which is the independent variable in F(x). In using the notation 

J f{x)dx we must never lose sight of the indeterminacy con- 
nected with it, i.e. the fact that that symbol always denotes an 
indefinite integral only. 


4. The Use of the Primitive Function in the Evaluation of 
Definite Integrals. 

Suppose that we know any one primitive function F{x) = 
Jf(x) dx for the fimction f{x) and that we wish to evaluate the 
definite integral / f{u) du. We know that the indefinite integral 

yet 

^{x)= f f{u)du, 

Ja 


being also a primitive of /(a;), can only difer from F{x) by an 
additive constant. Consequently 

(^{x) = F{x)-\-c, 

and the additive constant c is at once determined if we recollect 

that the indefinite integral 0{x) = T f{u)du must take the 

Ja 

value 0 when x=a. We thus obtain 0 = <1> (a) = ^’(a) -f c, 



II] THE DEFINITE INTEGRAL 117 

whence C = —F{a) and <1> {x) = F{x) — F{a). In particular, 
for the value a; = 6 we have 

f‘’f{u)du = F{b) — F{a), 

''a 

wiiicli gives us the important rule: 

If F(x) is any primitive of the function i{x) whatsoever^ 
the definite integral o/f(x) between the limits a and b is equal to the 
difference F(b) — F(a). 

If we use the relation F{x) =f{x) this maj be written 
in the form 

F{h) - F{a) = f F'{x)dx = [' dx. 

Ja dx 


This formula can easily be proved and understood directly. We 
divide the interval a^x^h into sub-intervals , Aa:„j 


and consider the sum 



On the one hand, this sum is 


simply S AF = F{b) ~ F(a), independently of the particular 
subdivision; hence its limit is ^(6) — F{a). On the other hand, 

rb 

its limit is also equal to / F\x) dx, as follows from the mean value 


theorem. For AFjAx^ — F\^f), where is a point intermediate 
between the ends x^^-^ and x^ of the interval Ax^. The sum is 
therefore equal to S Aa;^ F\^f)', and by the definition of integral 

this tends to the limit / F'{x)dx as the subdhdsion is made finer. 


which establishes our formula. 

In applying our rule we often use the symbol j to denote 
the difference F{b) — F(a); i.e. we write 


f'f{x)dx = F{b) - Fia) = F{x) 

a 


meaning by the vertical line that in the preceding expression 
first the value b, and then the value a, is to be substituted for x, 
and fi.nally the difference of the resulting numbers is to be found. 


5 . Examples. 

We are now in a position to illustrate by a series of simple 
examples the relationships between the definite integral, the 
indefinite integral, and the derivative, which we have just in- 
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vestigated. In virtue of the theorem on p. Ill, from each of 
the integration formula directly proved in § 2 (p. 82) we can 
derive a diferentiation formula. 


On p. 86 we obtained the integration formula 



a + 1 


for ereiy rational number a 4= 1 and all positive values of a and b; if we 
replace the variable of integration by u and the upper limit by x, this may 
be written 



OC ”1- 1 


From this it follows by the fundamental theorem that the right-hand side 
is a primitive function of the integrand, i.e. the differentiation formula 

A a;a-i-l ^ 
ax 


is valid for every rational value of a 4= — 1 and all positive values of a?. 
By direct substitution we find that this last formula is also true for 
a = — 1, if a; > 0. The result obtained exactly agrees with what we have 
already found (p. 95) by direct differentiation. Thus by using the fun- 
damental theorem after we had carried out the integration, we could have 
saved ourselves the trouble of that differentiation. 

Further, from the integration formula 


X 


cos udu^ sin a? — sin a 


given on p. 87 it follows that -- sin x = cos a;, in agreement with the 
result foxmd on p. 96. 

Conversely, however, we may regard every directly-proved differen- 
tiation formula F'{x) = f{x) as a connexion between a primitive function 
I{x) and a derived function /(a;), that is, we may regard it as a formula 
for indefinite integration and then obtain from it the definite integral of 
f{x) as on p. 117. This very method is frequently made use of, as we 
shall see in Chapter IV (p. 205). In particular, we may start from the 
results of § 3 (p. 94) and obtain the integral formulae of § 2, p. 82, in virtue 
of the fundamental theorem. For example, from p. 95 we know that 
d 

— (a -I- l)x^ . Therefore — — is a primitive function or indefinite 
ax oc d" 1 

integral of x\ provided that a 4= —1, and thus by p. 117 we again arrive 
at the integral formula above. 
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Examples 

1. From the differentiations performed in Examples 2, 3 on p. 109 , set 
up the corresponding integrations. 


2. Evaluate {a) f — ~ — . (6) 

' ' Jo -f- 1)2 ^ ^ Jo 4 


2xdx 


-f- 1)2‘ 

3 . Using Example 2, prove from the definition of the definite integral 
that 

(a) lim n f -{- 1 4- 4- _J_1 = i 

„^co L{n -h 1)2 ^ ^ 


^+ 2)2 


(h) lim 




.{n^ + 1)2 (%a 4. 22)2 


(2w)2j 

+ ...+ 


iJ= 


5. Simple Methods of Graphical Integration 

An indefinite integral or primitive function of f{x) is a func- 
tion y = F(x) widcli not only can be visualized as an area, but 
like any other function can be represented graphically by a 
curve. Our definition immediately suggests the possibility of 
constructing this curve approxi- 
mately and thus obtaining a graph 
of the integral function. To begin 
with we must remember that this 
last curve is not unique, but on 
account of the additive constant 
can be shifted parallel to itself 
in the direction of the ^/-axis. We 
can therefore require that the in- 
tegral curve shall pass through 
an arbitrarily selected point, e.g. if x=l belongs to the 
interval of definition of f{x), through the point with the 
co-ordinates x== 1, y = 0, The curve is thereafter determined 
by the requirement that for each value of x its direction is given 
by the corresponding value oif{x). To obtain an approximate 
construction of a curve which satisfies these conditions, we seek 
to construct not the curve y = F{x) itself, but a polygonal path 
(broken line) whose comers lie vertically above previously as- 
signed points of division of the a?-axis and whose segments have 
approximately the same direction as the portion of the integral 
curve between the same points of division. For this purpose we 
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divide our interval of the ic-axis by means of the points x = I, 
Xi, . into a certain number of parts, not necessarily all 



Fifif. 20. — Graphical integration of - 


of the same length, and at each point of division we erect the 
parallel to the ?/-axis. Then (fig. 19) we draw through the point 
a; = 1, y=0 the straight line whose slope is equal to /(I); 

through the intersection of 
this line with the line x= 
we draw the line with the 
slope through the in- 

tersection of this line with 
x=X 2 'we draw the line with 
slope /(a? 2 ), and so on. In 
the actual practical con- 
struction of these lines, we 
erect at each point ■ of divi- 
sion the ordinate to the 
curve y = f{x), and project 
these ordinates on to any 
parallel to the ^/“^siis; to 
Fig. 21.— Graphical integration of* be Specific, let US SUppOSe 

that they are pro j ected on, to 
the y-axis itself. We then obtain the direction of the integral 
curve by joining the point with co-ordinates x=0 and y ==f{x) 
to the point x = —1, y = 0 . By carrying over these directions 
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parallel to themselves we obtain a polygonal path whose corners 
lie vertically above the given points of division of the ar-axis and 
whose direction, agrees with the direction of the integral curve at 
the initial point of each interval. This polygonal path can be made 
to represent the integral curve with any desired degree of accuracy 
by making the subdivision of the interval fine enough. We can 
frequently improve the accuracy of the construction by choosing 
for the direction of each segment of the polygon that direction 
which belongs not to the beginning but to the mid-point of the 
corresponding interval (cf. figs. 20 and 21).* 

In fig. 21 the construction described above is carried out for the func- 
tion f(x) = X, By graphical integration we obtain an approximation to the 
integral curve, which is the parabola y = In addition, fig. 20 

shows an approximation to the integral function of the function f{x) — 1/a:. 
We shall study this iutegral later in greater detail — it will turn out to be 
the logarithmic function. Finally, the reader would be well advised to 
work out some other examples for himself, e.g. the graphical integration 
of the functions sin x and cos x. 

Examples 

■ 1 . By graphical integration with the interval h = construct the 
following integral curves: 

(o) rx^dx{0^x:£2). (6) r ^dx{l^x^2). 

Jq Ji x^ 

1 

In particular, evaluate / - — — dx. 

Jq \ Xj 

6. Furtheb Remakes on the Connexion between the 
Inteokal and the Derivative 

Before we begin to follow up the relationships found in § 4 
(p. 109) systematically we shall illustrate them from another 
point of view, which is closely related to the intuitive idea of 
density and to other physical concepts. 

* We may mention in passing that graphical mtegration (that is, the find- 
ing of the graph of a primitive F{x) of a function f{x) which is itself given by 
a graph) can also be performed by means of a mechanical device, the so-called 
integraph. In this mechanism, a pointer is moved along the given curve and 
a pen automatically traces one of the curves y — F{x) for which F'{x)=f{x). 
The indeterminacy of the constant of inte^ation is expressed by a certain arbi- 
trariness in the initial position of the instrument. For integrating devices 
generaUy see B. Williamson, Integrcd Calculus, pp. 214-217 (Longmans); Dic- 
tionary of Applied Physics, Vol. HI, pp- 450-457 (MacmiHan, 1923). 
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i. Mass Distribution and Density; Total Quantity and Specific 
Quantity. 

We suppose that any mass whatsoever is distributed along 
a straight line, the x-axis, the distribution being continuous but 
not necessarily uniform. We may, for example, think of a vertical 
column of air standing on a surface of area 1; as £c-axis we take 
a line pointing vertically upwards and as origin the point on 
the earth’s surface. The total mass between two abscissae 
and X 2 is then determined in the following way by means of 
a so-called sum-function F(x), We measure distance along the 
line from the initial point of the mass-distribution, x= 0, and 
by F(x) we mean the total mass between the abscissa 0 and 
the abscissa x. The increment of mass from the abscissa 2 ^ to 
the abscissa x^ is then given simply by 

F{x^ ■^(^)> 

a sign is thus assigned to the increment, and this sign changes 
if and x^ are interchanged. 

The average mass per unit length in the interval to x^ is 
F{x 2) ~ Fjx^) 

^2 ^ 

If we assume that the function F{x) is diferentiable, then as 
X 2 -> Xi this value tends to the derivative F'{x{). This quantity 
is precisely what is usually called the specific mass or density 
of the distribution at the point as a rule, of course, its value 
depends on the particular point chosen. Between the density 
f{x) and the sum-function F{x) there accordingly exists the 
relation 

F{x)=£f(u)du; f{x)r=r{x). 

The sum-function is a primitive function of the density^ or, 
what amounts to the same thing, the mass is the integral 
of the densityi conversely, the density is the derivative of the 
sum-function. 

Exactly the same relation is very frequently encountered 
in physics. For example, if by Q{t) we denote the total amount 
of heat needed to raise unit mass of a substance from tempera- 
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tuxe Iq to temperature t, tiien to raise the temperature from ^ 
to ^2 amount of heat equal to 

Q (^2) Q (^1) 

is needed. Between Sbud ^3 the average amount of heat used 
per unit increase in temperature is then 

Q (^2) Q fa) 

^2 h 

If we once again assume the differentiability of the function 
Q (t) we obtain in the limit a function 

qjt) = lim 

tx-^t t — 

which we call the specific heat of the substance. This specific 
heat is in general to be regarded as a function of the tem- 
perature. 

Here again, between specific heat and total quantity of heat 
there exists the characteristic relation of integral and derivative, 

f q{t)dt=Q{b)—Q(a). 

We shall meet with the same relations in all cases where 
total quantity and specific quantity are contrasted, e.g. 
electric charge as contrasted with density of charge, or the 
total force on a surface as contrasted with the force-density or 
pressure. 

In nature it usually happens that what we know directly is 
not the density or specific quantity, but the total quantity: thus 
it is the integral which is primary (as the name primitive ” 
suggests) and the specific quantity is only arrived at after a 
limiting process, namely, differentiation. 

'Incidentally it may be noted that ff the masses considered 
are by their nature positive, the sum-function l^[x) must be a 
monotonic increasing function of a?, and consequently the specific 
quantity, the density /(a?), must be non-negative. Nothing hinders 
us, however, from considering negative quantities also (e.g. 
negative electricity); then our sum-functions need no longer 
be monotonic. 
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2. The Question of Applications. 

The relation of the primitive sum-function to the density of 
distribution perhaps becomes clearer when it is realized that 
from the point of view of physical facts the limiting processes 
of integration and difierentiation represent an idealization, and 
that they do not express anything exact in nature. On the con- 
trary, in the realm of physical actuality we can form in place of 
the integral only a sum of very many small quantities and in 
place of the derivative only a difference quotient of very small 
quantities. The quantities Acc remain different from 0; the 
passage to the limit Aa? -> 0 is merely a mathematical simplifi- 
cation, in which the accuracy of the mathematical representation 
of the reality is not essentially impaired. 

As an example we return to the vertical column of air. Ac- 
cording to the atomic theory we find that we cannot think of 
the distribution of mass as a continuous function of x. On the 
contrary, we will assume (and this, too, is a simplifying ideali- 
zation) that the mass is distributed along the x-axis in the form 
of a large number of point-molecules lying very close to one 
another. Then the sum-function F(x) will not be a continuous 
function, but will have a constant value in the interval between 
two molecules and will take a sudden jump as the variable x 
passes the point occupied by a molecule. The amount of this 
jump will be equal to the mass of the molecule, while the average 
distance between molecules, according to results established it 
atomic theory, is of the order of 10~® cm. If now we are per- 
forming upon this air column some measurement in which masses 
of the order 10^ molecules are to be considered negligible, our 
function cannot be distinguished from a continuous function. 
For if we choose two vajues x and a; + Aa? whose difference Ax 
is less than cm., then the difference between F(x) and 
F(x-r Ax) will be the mass of the molecules in the interval; 
since the number of these molecules is of the order of 10^ the 
values of F(x) and F’(x -j- Ax) are, so far as our experiment is 
concerned, equal. As density of distribution we consider simply 

the difference quotient ^ ig 

Ax Ax 

important physical assumption that we do not obtain measurably 
different values for this quotient when Ax is allowed to vary 
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between certain bounds, say between 10“^ and cm. Now 
let us imagine that F{x) is measured and plotted for a large 
number of points about 10"^ cm. apart, and that tbe points thus 
found are joined by straight lines; we obtain a polygon, and 
by rounding off the corners we finally obtain a curve with a 
continuously turning tangent. This curve is the graph of some 
function, say This new function F^{x) cannot within the 

limits of experimental accuracy be distinguished from F{x)y 
and its derivative is within the same limits equal to AF/Ax; 
we thus have found a continuous differentiable function which 
for the purposes of physics is the function F(x). 

It is perhaps appropriate to discuss yet another example of 
the concepts of sum-function and density of distribution. In 
statistics, e.g. in the kinetic theory of matter or in statistical 
biology, these concepts frequently occur in a form in which the 
nature of the mathematical idealization is particularly clear. 
Let us consider e.g. the molecules of a gas confined in a vessel 
and observe their velocities at a given instant of time. Let the 
number of molecules be N, and let the number of those with 
velocities less than x be N^(x). Then<I>(r) denotes the ratio of 
the number of molecules moving with velocities between 0 and 
X to the total n um ber of molecules. This sum-function is, of 
course, not continuous, but is sectionally * constant and suddenly 
increases by 1/N when x as it increases passes a value which 
is equal to the velocity of some molecule. 

The idealization which we shall make here is that we shall 
think of the number N as increasing beyond all bounds. "W e 
assume that in this passage to the limit N -> co the sum-function 
^(r) tends to a definite continuous limit function F{x). That 
this is really the case (i.e. that we can with sufficient accuracy 
replace ^{x) by this continuous function F(x)) is obviously an 
important physical assumption; and it is another such assump- 
tion to suppose that this sum-function F{x) possesses a deri- 
vative F'(x)=f{x), which we then call the density of distri- 
bution. The sum-function is connected with the density of dis- 
tribution by the equations 

F{x) = : ■^(*) — = jf 


* G«r. stlickweise; cf. Chap. IX, § 3. 
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TMs density of distribution is occasionally referred to as the 
specific prohahility that a molecule possesses the velocity x. 
The idealization we have just carried out plays a great part in 
the kinetic theory of gases originated by Maxwell; in exactly 
the same mathematical form it appears in many problems of 
mathematical statistics. 


7. The Esthmation of Integrals and the Mean Value 
Theorem op the Integral Calculus 

We close this chapter with some considerations about a matter 
of general significance, the whole importance of which will not 
appear until somewhat later. The point in question is the 
estimation of integrals. 


1. The Mean Value Theorem of the Integral Calculus. 


The first and simplest of these estimation rules runs as fol- 


lows: if in an interval a^x’^h the continuous function fi(x) 
is everywhere non-negative (is either positive or zero), then the 
definite integral 



is also non-negative. Similarly, the integral is not positive if the 
function is positive nowhere in the interval. The proof of this 
theorem foUows directly from the definition of the integral. 
From this the following theorem arises: if 


everywhere in the interval a ^x^h, then 


f f(^)dx^ f g(x)dx 

*'a 


also. For by our first remark the integral of the difEerence 
— is non-negative and hy onr addition rule (cf. p. 82) 

(/(«) — ff(x))dx= fif(x)dx — g(x)dx. 

Let M be the greatest and m the least value of the function 
f{x) in the interval ah. The function AT — f{x) is non-negative 
in the interval, and the same is true for the function — w. 
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From tlie above remark we immediately obtain the double 
inequality 

J mdx ^ J f{x)dx ^ J Mdx. 

pb p-b 

But j^mdx—mj cZcc =m(6-- a) and likewise J Mdx=Mi})—a), 

whence m{h — a) j f{x)dx ^M(b— a). The integral under 

consideration can therefore be represented as the product of 
(6 — a) and some number fx between m and M: 

= fi(b — a), IX ^ M, 


As a rule there is no need to state the exact value of this mean 
value IX. We may, however, state that it will be assumed by the 
function at one point ^ of the interval a ^ ^ ^ 6 at least, since 
in its interval of definition a continuous function assumes all 
values between its greatest value and its least. As in the case 
of the mean value theorem of the difierential calculus, the exact 
statement of the value is in many cases unimportant. We may 
therefore put fx = f{i), where $ is an intermediate value of x, 
and we then have 

£ fix) dx^ib- a)f(i), 

This last formula is called the mean value theorem of the integral 
calculus. 

We can generalize the theorem somewhat by considering, 
instead of the integrand /(cc), an integrand of the form /(a;) p{x), 
where p (x) is an arbitrary non-negative function, which, like f(x), 
is to be assumed continuous. Since mp {x) ^f{x)p(x) ^ Mp{x), 
we immediately obtain the relation 

mj p{x)dx^ f{x)p{x)dx^Mj^ p(x)dx, 
or, in a single equation, 

f f(x)pix)dx = fi$) f pix)dx, 
where ^ is again a nurnher irderrmdiMe between a and b. 
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We liave ttus proved the following theorem: 

If f(x) and p(x) are continuom functions w a ^ x ^ b, and 
p(x) ^ 0, then ^ 

f^f{oo)l>[oc)dx = f{^)J^ p{x)dx, 

where a ^ I ^ b. 


2. Applications. The Integration of x'" for any Irrational Value 
of ot. 


The mean value theorem and the equivalent integral estimates 
immediately afEord us an insight into an intuitive and easily 

apprehended fact: the value 



Fig. 23. — To illustrate the continuity 
of an integral 


x^b we have | f{x) — g{x) 


of an integral changes very 
little if . the function itself is 
everywhere changed very little. 
In precise language: if in the 
whole interval a^x^h the 
absolute value of the difference 
of two functions f{x) and g{x) 
is less than a number e, then 
the difference of their inte- 
grals is in absolute value less 
than €(b — a). In symbols: 
if throughout the interval 
I < e, then 


j/ f{^)dx — g{x)dx < e(6 — a) 


or, otherwise expressed, 

fb pb pb 

— e(6-- a) + / g{x)dx < / f{x)dx < / g[x)dx + €(& a). 

Ja a •^a 


Kg. 22 illustrates this theorem very clearly. For the curve 
y = f(x) we draw the ''parallel curves’’ y = f{x)+6 and 
y = f{x) — €, By hypothesis the function g{x) keeps within the 
strip bounded by these “ parallel curves It is clear from this 
that the areas which are bounded by the curves f(x) and g{x) 
differ from one another by less than half the area of the strip, 
and the area of the strip is just 
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f {/(*) + e}cZa: — f {f{x) — e}dx= 2e(6 — a). 

No appeal to intuition is needed. Since 

— s + g(x) <f(x) < e + g(xy, 

it foUows, by considerations analogous to those on p. 126, that 

{—6 + 9{x)}dx <J^f(x)dx < J {g(x) + e}dx, 

which as the result of the fundamental rules of integration takes 
the form 

--€(6— a)+/ g(x)dx<f f{x)dx< f g{x)dx+ €(b — a); 

Ja 

here we have merely replaced the integral of a sum by the cor- 
responding sum of integrals, and have noticed that 

I €dx = €{b — a). 

As an indication of the importance of this theorem, we shall 
show that with its help we are able to integrate the function for any 
irrational value of a, or, more exactly, to calculate the definite integral 




x°- dx. Here we assume that 0 < a < 6. 

We represent the index a as the limit of a sequence of rational numbers 
aj, ag, . . • 9 a„, . . . , so that a == lima^; here we can assume that none 

n — >>01 

of the values c/.^ is equal to — 1, since a itself is different from — 1. For 
the power we then use the definition 

— lim 


and notice the following: no matter how small a positive number s we 
choose, we can always find an n so large that in the whole interval * 
a -^x we have | x°- — x^ | < e. 

* This can be proved quite simply as follows. (Cf. Appendix I, § 3, p. 69). 
Uemembering that a:® is monotonic, and putting Sh = an — a, we have 

I — ajon I = a:®- 1 1 — x^n | ^ {a^ + 6®) ( | 1 — a^n | -r | 1 — j ); 

for lies between a® and 6“, so that ^ ao- + 6®, and likewise 1 ~ xBn lies 
between 1 — aSn and 1 — so that | 1 — x^n ] ^ ( ) 1 ~ j + j 1 — 6Sn |). 
From lim ffSn «= lim 65n == 1, it follows that 

n — ^ os n — ae 

Hm j 1 — a^n I = lim | 1 — b^n | 0; 

n — ^00 n— 

so if is chosen large enough the right-hand side of the inequality is less than e. 
This gives us [ ««« — | < e simultaneously for all values of a; in the interval 

X ^ b, 

(E 798) 


10 
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Now we need only apply the relationship mentioned above to the 
functions f(x) = x°- and g{x) = x^, obtaining 

pb pb ph 

— £(& — a) -f x^dx < x^^dx < / x^-^dx + e(6 — a), 

J a da da 

The integrals on the right and on the left, however, may be evaluated in 
accordance with the result on p. 85, giving 


• — s(6 — a) + 


“«+ 1 


< j x^dx < 
da 


(S^n+i — 4- e(5 — a), 

a„-h 1 


If we now let the number s steadily decrease and tend to 0, the cor- 
responding values of n increase beyond all bounds; the numbers a„, 
and must then converge to a, a®, and 6® respectively, and we immediately 
obtain the result 



^ (Ja+l _ 

a 4- 1 


In other words, the integration formula that holds for rational values of a 
holds also for irrational values of a. 

Trom this it follows in virtue of the fundamental theorem of p. Ill 
that for positive values of x the differentiation formula 

d 

-- a;®+i = (a 4- l)a;® 
dx 

already obtained for rational values of a remains valid for irrational values 
of a also. 


Examples 


1. Eind the intermediate value ^ of the mean value theorem of the 
integral calculus for the following, and interpret geometrically: 



(c) 


/ 

•'a 


x^dx. 




2. Let /(a;) be continuous. Prove, from the mean value theorem of the 
integral calculus, that the derivative of the indefinite integral of /(«) is 
equal to / (x), 

3. (a) Evaluate j x^J^dx, What is lim Interpret geometri- 

do a n— >-00 

cally. {b) Bo the same for x'^dx. 
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4. * Let the function /(5) be continuous for all values of ?, and let 
f{x) be defined by the equation 

where 8 is an arbitrary positive number. Prove that: 

(a) the function F{x) possesses a continuous derivative for all values 
of x; 

(&) in any fi^ed interval a^x-^h we can make | F(x) — j{x) | < s, 
where e is an arbitrary pre-assigned positive number, by choosing 8 small 
enough. 

5. * Schwarz^ s inequality for integrals. 

Trove that for all continuous functions f{x), g(x) 

J {f(x))^dx j {g{x)fdx ^ f(x)g(x)dxj . 


Appendix to Chapter II 

1. The Existence oe the Definite Integbal op a 
Continuous Function 

We have still to give a proof of the fact that the definite 
integral of a continuous function between the l im its a and b 
(a ■< b) always exists. For this purpose we recall the notation 
of § 1 (p. 79), and consider the sum 

V=1 


It is certainly true that 

fivf) Ax^ ^ ^ S /K) Ax, = 

V = 1 v = 1 

where /(t;,) denotes the least and/(u,) the greatest value of the 
function in the v-th sub-interval. The problem is to prove that 
Fn tends to a definite limit independent of the particular manner 
of subdivision and of the particular choice of the quantities 
provided that as n increases the length of the longest sub-interval 
tends to zero. To establish this it is obviously necessary and 
sufficient to show that the two expressions ^ and F^ converge 
to one and the same limit. 
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No matter how small the positive number e is chosen, we 
know by the uniform continuity of f(x) that in every suffi- 
ciently small interval the “oscillation” |/(m„)— /(«J| is 
less than e; SO that if the subdivision is fine enough we cer- 
tainly must have 

0 ^ ^ = S hx,{f{uj) —f{v,)} < e{b — a). 

V « 1 

We therefore see that as n increases this diference must tend 
to zero, and so we can content ourselves with proving that one 
of the sums, say converges. This convergence will be proved 
as soon as we show that | — F^ | can be made as small as de- 

sired by requiring that the corresponding subdivisions (which 
we shall refer to as “ subdivision n ” and subdivision m ” 
respectively) go beyond a certain degree of fineness. This degree 
of fineness is characterized by the property that for both sub- 
divisions the oscillation of the function in each sub-interval is 
less than € (e > 0). We pass to a third subdivision whose points 
of division consist of all the points of subdivision n and of 
subdivision m taken together. This new subdivision, which has 
say I points of division, we denote by the sufiS:s: I, and we con- 
sider the corresponding upper sum Fi. We shall now estimate 
the value of | | by first obtaining estimates for the 

expressions \Fn — Fi \ and \ F^ — Fi\, We assert that the 
following two relationships hold: 

and 

The proof follows at once from the meaning of .our expressions. 
Let us consider say the v-th. sub-interval of the subdivision n. 
This sub-interval will consist of one or several sub-intervals of 
the subdivision 1; the terms corresponding to these intervals 
will each consist of two factors, one of which is a difierence Ax 
and the other of which is certainly not greater than f{u^) and 
not less than/('y,,). . The sum of the lengths Acc of those intervals 
of the subdivision I which lie in the v-th sub-interval of the 
coarser subdivision n is, however, exactly We therefore 
see that the corresponding contribution to the sum Fi must 
lie between the hmits / {u^)Ax^ and/(v^)Aa;^. If we now sum over 
all the n sub-intervals we obtain the &st of the above inequali- 
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ties; tlie second is obtained in exactly the same way if we con- 
sider the subdivision m instead of the subdivision n. 

We have already seen that F^ — < €{b ~ a); it is like- 
wise true that F^^ — < e(6 — a). From the inequalities for 

Fi proved above, it therefore follows that 

0 ^ Fn — Fi < €{b — a) and 0 ^ F^ — Fi < €(h — a). 
Thus it is also certain that 

I F^~F^\ = I ^ ^ I < 2e{b - a). 

Since € can be chosen as small as we please, this relation shows 
us by Cauchy’s convergence test (p. 40) that the sequence 
of numbers F^ actually converges. At the same time we see 
at once from our argument that the limiting value is completely 
independent of the manner of subdivision. 

The proof oi* the existence of the definite integral of a con- 
tinuous function is thus complete. 

Our method of proof teaches us still more. It shows us that 
in many cases we are also led to the integral by a somewhat 
more general limiting process. If, for example, f{x) = cj>(x)tlj (x) 
and the interval from a to 6 is subdivided into n parts by the 
points of division x^, we consider instead of the sum 
the more general sum 

where and are two not necessarily coincident points of 
the v-th sub-interval. This sum will also tend to the integral 

f f{x)dx= I (f>(x)ip{x)dx 

•fa 'fa 

as n increases, provided that the length of the longest sub-interval 
tends to zero. 

A corresponding statement holds for all sums formed in an 
analogous way; for example, the sum 

tends to the integral 
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TEe proof of these facts follows lines exactly similar to the above 
and hence need not be worked out in detail. 


*2. The Eelation between the Mean Value Theobem of 
THE Differential Calculus and the Mean Value 
Theorem of the Integral Calculus. 

Between the mean value theorem of the differential calculus 
and that of the integral calculus there exists a simple relation 
which is arrived at by way of the fundamental theorem (p. Ill) 
and which we give as an instructive example of the use of that 
theorem. We take the mean value theorem of the integral 
calculus in its more special form, 

J^f{cc)dx= {b—a)f(i). 

If we put Jf(x)dx~ F{x), so that f{x) — F\x), the theorem 
just written takes the form 

F{h)-^F{a)={h^a)F'{$) 

or = 

0 — a 

Here we can obviously choose for F{x) any function whose 
first derivative F'{x) —f{x) is continuous, and thus for such 
functions the mean value theorem of the diferential calculus is 
proved. 

If we consider the more general form of the mean value 
theorem of the integral calculus, 

J^f(x)li{x)dx=f{i) £ p{x)dx, 

where p (a?) is a function which in our interval is continuous and 
positive and f{x) is an arbitrary continuous function, we are 
led to a correspondingly more general mean value theorem of 
the differential calculus. We put 

/ /{^) pi^)dx = F(x), Le. f{x)^{x) = F'{x), 

fp{x)dx= G{x), i.e. p(x) = G'{x)-, 


and 
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the above mean value formula then takes the form 
F{h)-F{a) = {G{h)-G{a)}f{^), 

• f, s F'{x) 
or, smce/(a;) = — , 

F{h)-F[a)_F{^) 

G(b)~G{a) G'Hy 

where a =# 6, 

This formula, in which ^ once again denotes a number inter- 
mediate between a and b, is called the generalized mean value 
theorem of the differential calculus. For this to be valid it is 
obviously sufficient to assume that F{x) and G{x) are continuous 
functions with continuous ffist derivatives and that in addition 
G'[x) is everywhere positive (or everjrwhere negative). For with 
these assumptions the whole process can be reversed. 

Finally, it should be observed that in the present discussion 
of the mean value theorem of the differential calculus we have 
had to make assumptions more stringent than the theorems in 
themselves require. (Of. § 3, No. 8, p. 103, and later p. 203.) 

Example 

1. Show that if f{x) has a continuous derivative in the interval 
a then f{x) can be represented as the difference of two monotonic 

functions. 



CHAPTER III 


Differentiation and Integration of the 
Elementary Functions 

1. The Simplest Rules for Differentiation and 
THEIR Applications 

In higher analysis and its applications it is usually the case 
that the problems of integration are more important than those 
of difierentiation, but that differentiation offers less difficulty 
than integration. Consequently the natural method of building 
up the integral and differential calculus is first to learn to dif- 
ferentiate the widest possible classes of functions and then by 
virtue of the fundamental theorem (Chap. II, § 4, p. 116) to make 
the results thus obtained available for the solution of integration 
problems. In the following sections it will be our task to carry 
out this programme. To a certain extent we shall make a 
fresh start, since we shall work out the most important differen- 
tiations and integrations systematically without calling upon 
the results of last chapter. In this development of the subject 
certain rules for differentiation, with the first of which we are 
already acquainted (p.‘96), will play an important part. 

1. Rules for Differentiation. 

We assume that in the interval which we are considering the 
functions /(a;) and g{x) are differentiable; our rules then run as 
follows: 

Rule 1. Midtiplication by a constant. 

If c is a constant and ^{x) = c/(a;), then (j>{x) is differentiable, 
and 

f (a;) = cf{x). 

136 
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THs follows immediately from the relation 

4>{x + h) — <l){x) _ f{x + h) ~f{x) 

- c 

if we take tke limits as A 0. 

E-ule 2. Derivative of a sum. 

If <j){x) =:/(a;) + g{^)i then <f>{x) is diferentiable, and 
==/'W + 9'(x); 

that is, the processes of diferentiation and addition are inter- 
changeable. The same holds for the sum of any finite number (n) 
of terms 

4>{x)==±f^{x), 

ys=l 

for which we obtain 

4>'(x) = t.f,'{x). 

We may pass over the proof, which after Chap. II, § 3 (p. 88) is 
fairly obvious. 

Hule 3. Derivative of a product. 

If 4>{x) =f{x)g{x), then (f>{x) is difierentiable, and 

The proof follows from the equation 

<f>(.x+h)— (l>{x) _f(x+h)g{x+h)—f{x)g(x) 
h h 

_ f{x+'h)g{x+}i) —f(x +h)g jx) +f{x +h)g (x) —fjx) g jx) 

h 

n h 

In this last expression the passage to the limit can be 

directly carried out, yielding the formula stated. 

This formula takes a still more elegant form if we divide * 
throughout by <j>{x) = f{x)g{x). We then obtain 

<l>'{x)_f(x) fix) 

(f>{x) fix) g(xy 

■ * W© must, of course, assume tiiat is nowhere eijual to zero. 
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By repeated application of this product formula we obtain 
by induction for the derivative of a product of n factors an 
expression consisting of n terms, each of which consists of the 
derivative of one factor multiplied by all the other factors of 
the original product. In symbols: 




-=1 /.(») 


+ . . . +Mx)f4x) . . ./„'(*) 


or on division * by <j>{x) ■ - -Ux) 

fM + -L^) _ y fM 

Ux) ^ f^{xy 


Rule 4. Derivative of a quotient. 
For a quotient 


4,{x) = 


fix) 

Six>) 


tbe followmg rule holds; the function <f,{x) is differentiable at 
every point at which g{x) does not vanish, and 


6'(x) = 9ix)f'{x)-g'(x)f{x) 

{9ix)y 

If ^{x) =f= 0, this can be written 


__f'{x) _ g'{x) 

‘l>(x>) fix) g(x)‘ 

If we accept the differentiability of ^(x) as a hypothesis, we 
can apply the product rule to/(a:) = ,^{x)g(x) and conclude that 

fix) = <f,ix)g'{x) + gix)f{x). 

By substituting'^ for ,f,(x) on the right and solving for f(x) 
we obtain the rule stated above. In order to prove the differen- 
• We w.mt, of oonise, assume that ^(a:) is nowhere e^ual to zero. 
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tiability of cf>(x) as well as the rule we use the following method. 
We write 

f{x+h) f(x) 

,j,{x+h) — (l>{x)_g{x + h,) g{x) 

h h 

—fi^) __ 9i^ + A) — gi^) 
h 

g{x)g{x + h) 

If we now let h tend to 0, we arrive at the result stated; for by 
hypothesis the two terms obtained by performing the (ii\dsion 

on the right have definite limits, which are respectively 
a'(x) fix) 

^ \ \ This at once proves both the existence of the limit 

{9{^)y 

on the left-hand side and the difierentiation formula. 


2. Differentiation of the Rational Functions. 

To begin with, we shall again deduce the differentiation formula 

d 

dx 

for every positive integer n, basing the proof on the rule for 
differentiating a product. We think of x'^ as a product of n 
factors, = X , . . X, and thence obtain 

— a;” = 1 . a:"-i + 1 . a:"“i + . . . + 1 . x’^^ = na;"-b 
dx 

The second derivative of the function a?" results if we use 
the above formula and the first rule of differentiation; 

— aj” == nin — \ 

do? 

Continuing the process, we obtain 

— = n{n — 1) (w — 2)x” 

d:^ 


yin 

_a;"=1.2...Jl=: 

da;" 
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From tEe last of these it is clear that the (n+ l)-th derivative 
of a;” vanishes everjnvhere. 

In virtue of our first two rules, a knowledge of the difier- 
entiation of powers at once enables us to difierentiate any 
polynomial 

y=%+a^x+ + . . . + 

We have simply 

== «! + 2a^x + 2taopc^ + . . , + nanX'^'~‘\ 

and further ‘ 

y" = 2^2 + 3 . 2 a 3 ic + 4 .Za^x^ + . . . + n{n — 
and so on. 

The difierentiation of any rational function now follows 
with the help of the quotient rule. In particular, we shall 
again deduce the difierentiation formula for the function a?”, 
where — m is a negative integer. The application of the 

quotient rule, together with the fact that the derivative of a 
constant is equal to zero, gives us the result 

d ( l\ m 

dx \^/ 

or, if we take m == — n, 

cc” = 
dx 

which agrees formally with the result for positive values of n 
and with the results given earlier (p. 95). 

3. Difierentiation of the Trigonometric Functions. 

For the trigonometric functions since and coscc we have 
already (p. 96) obtained the difierentiation formulae 

d , j d 

y- smcc= cos a; and cosx= — since. 

ax dx 

The quotient rule now enables us to difierentiate the functions 

. since . , . coscc 

y = tance = and y = cotcc = — . 

cos a: sin x 
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According to the rule, the derivative of the first of these func- 
tions is 

cos^cc + sin^cc _ 1 

y — j 

COS"* a? cos^a; 


and we obtain the result 

d 1 

— tana? == — ~ = sec^a? = 1 + tan^x. 
ax cos- a? 

Similarly, we obtain 

cota; = — -J— = — cosec^cc = —(1 + cot^a:). 
dx sin"^aj 

2. The Corresponding Integral Formula 

1. General Rules for Integration. 

Tbe fundamental theorem of p. 116 and the definition of the 
indefinite integral reveal to us the possibility of writing down 
an integral formula corresponding to each differentiation formula. 
The following rules of integration (of which the first two have 
already been mentioned on p. 82) are completely equivalent to 
the first three rules of differentiation. 

Multiplication hy a constant: If c is a constant, then 

. J cf{x) dx = cj f{x) dx. 

Integration of a sum: It is always true that 

/ {/(a:) + g{x)}dx=j f{x)dx + f g(x)dx. 

To the third rule of differentiation corresponds the rule for 
the integration of a product, or, as it is usually called, the rule 
for integration hy parts. On integration the product rule gives 

/ {S{^)9i.^)Ydx = J f^)g'(x)dx + Jg{x)f(x)dx. 

The indefinite integral on the left is obviously f{x)g{x) (except 
possibly for an additive constant), and we can therefore VTite 
the rule for integration by parts in the following form: 

f f(x)g'(x)dx =f{x)g{x) —fg{x)f'{x)dx. 
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TEis last integration formula, the coimterpart of tEe rule for 
tEe diferentiation of a product, Eas been given Eere only for 
tEe sake of completeness; it will not ‘become important for us 
until tEe next cEapter (p. 218). 


2. Integration of tEe Simplest Functions. 


Corresponding to tEe differentiation formulae for special 
functions wEicE we Eave recently found, we now set down tEe 
equivalent integration formulae. TEe formula 





wEen expressed as an integration formula becomes 


fx^''^dx = 2-, w- 4= 0. 

J n 


For this formula merely means tEat tEe derivative of tEe rigEt- 
Eand side is equal to tEe expression -under tEe integral sign 
on tEe left. If we replace n by n + 1, we obtain tEe integral 
formula 

fx^dx= ^ 4 = —I* 

d ^+1 ^ 


TEis formula Eolds for every integral index n (wEere n <.0 
it of course Eolds only if cc 4 = 0 ) witE tEe exception of n== — 1 , 
for wEicE tEe denominator n + 1 would vanisE. Later (p. 167) 
this exceptional case will be studied in detail, 

TEe fundamental tEeorem of tEe integral calculus at once 
permits us to use our integral formulse for tEe determination of 
areas, tEat is, of definite integrals. By p. 117 we immediately 
obtain 

I X^dx = 0)n+l — — 1 , 

n-\- \ 

wEere is negative we assume tEat a and h are of tEe same 
sign, since otherwise the integrand would be discontinuous in 
the interval of integration. 

To tEe differen-tiation formulae for sin a, coscc, tan£c, and cot a; 
correspond the following integration formulae; 
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J cosxdx = sina?, J siaxdx = — cosx, 

dx = tana;, = —cotx, 

COS^X •/ sin2/y. 


From tEese formulae we obtain by way of tbe fundamental rule 
of Cbap. II, § 4 (p. 117) the value of the definite integral between 
any limits, the only restriction being that when the last two 
formulae are used the interval of integration must not contain 
any point of discontinuity of the integrand. For example, 

/ co&xdx = sina; = sin6 — sina. 

It scarcely needs to be emphasized that with the help of 
the first two rules of integration we are now in a position to 
integrate any polynomial in x, and, in fact, any linear combina- 
tion with arbitrary constant coefficients of the functions inte- 
grated here. The following point, however, should be noted. 
Rules of integration and rules of differentiation must according 
to the fundamental theorem be equivalent to one another; it 
is therefore possible first to prove the general integration rules 
of this section and then to read ofi the differentiation rules of 
the preceding section. The reader would be well advised to 
carry out this suggestion for himself. 


Examples 

1. Find the numerical values of all the derivatives of a;® — at a; = 1. 

2. What is the numerical value of the eleventh derivative of 
317a;9 — 202x’^ + 16 at a: = 13J? 

following functions and write down the correspond- 

. . ax^ -h 2bx + c 

(e) — —J ^ — . 

cxx^ 4- 2^x Y 

. (a:» — VSk* + 4){a:* + VSa* + 4) 

+ 16 

4, Let P(a;) == -|- a^x -}- + . . . + a^x'^K 

(а) Calculate the polynomial I’lx) from the equation jF{x) — F'{x) = P{x). 

(б) * Calculate F{x) from the equation cJF{x) -f c-iF'(x) -{- c^F"{x) = P(a:). 


3. Differentiate the 
ing integral formulae: 

(а) ax + h. 

(б) 25cx'^, 

(c) a + 2bx + cx^. 

(d) 

cx + d 
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5. Differentiate the following functions and write down the corre- 
sponding integral formulse: 

{a) 2 sin a; cos a;. (c) a; tan a?. , . sin a; 


1 + tan X 


sin X -h cos x 
sin a; — cos x 


Recalling that sec x — , cosec x = — , find the derivatives 

indicated in Ex. 6-9: ^ sin a; 


6. — sec a;. 

dx^ 

7. , — sec x tan x, 
d^ 


8. — cosec X, 
dx^ 

9. — tan X sin x, 
dx^ 


10. Find the limit as w oo of the absolute value of the ^ 2 -th deri- 

. 1 , . 

vative of - at the pomt a: — 2. 

X 

Evaluate: 

11. J(ax-f-h)dx. 15. 

12. J{a^ + 2bx + c)dx. 16. J (^a oos x + - ^ dx. 

13. f{Sx<‘+'7x<‘+5x^+3x^+l)dx. 17. f(3x+lsmx+- 

d A rc® cos^a;/ 

18. J sec X tan x dx. 


3. The Inveese Function and its Derivative 

1. The General Formula for Differentiation. 

We have seen earher (pp. 21 and 67) that a continuous func- 
tion y Fas a continuous inverse in every interval in which 

it is monotonic. More exactly: 

If a ^ X ^ b is an interval in which the continuous function 
y = f (x) is monotonic, and if t{s) = a and f (b) = then x is a 
function of y which in the interval between a and ^ is one-valued, 
continuous, and monotonic. 

As we have already shown on p. 92, the concept of the deri- 
vative gives us a simple means for recognizing that a function is 
monotonic and therefore has an inverse. For a differentiable 
function is certainly always monotonic increasing if f\x) is 
greater than zero throughout the correspond-ing interval, dnd 
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similarlj is monotonic decreasing if/'( 2 c) is everywhere less than 
zero in the interval. 

We shall now prove the following theorem: 

If in the interval a < x < b the function j = f(x) is differen- 
tiable, and in that interval either f'(x) > 0 everywhere or else 
f (x) < 0 everywhere, then the inverse function x = <f>{Y) also 
possesses a derivative at every point of its interval of definition, 
and between the derivative of the given function y = f (x) and that 
of the inverse function x = ^(y) there exists for corresponding 
values of x and y the relationship f'(x) . f'ij) == 1, which we can 
also write in the form 

^ = J- 

dx dx" 
dy 

In this last formula we again observe the flexibility 
of Leibnitz’s notation. It is just as if the symbols dy 
and dx were quantities which could be operated with like 
actual numbers. The proof of this formula is correspondingly 
simple if we regard the derivative as the limit of the diflerence 
quotient, 

y'=f'(x)= lim lim UlUJ, 

Ax— >0^3? Xi-~> X 

where x and y — f(x), and x^ and y^ — f{xf), respectively denote 
pairs of corresponding values. By hypothesis the first of these 
limiting values is not equal to zero. On account of the continuity 
of y=z.f{x) and a? = f{y) the equation limAa; = 0 is equivalent 
to lim Ky ~ 0, and consequently the relations y^-^y and x-^-^x 
are also equivalent. Therefore the limiting value 

^3^= lim 

y yi-^yVi y 

exists and is equal to ^ - . On the other hand, the limiting value 

f (^) 

is by definition the derivative <l>'{y) of the inverse function 4>{y), 
and thus our formula is proved. 

This formula has a simple geometrical meaning, wMcli is clearly shown 
in fig. 1. The tangent to the curve y = f{x) or a: = c^{y) forms with the 
(E798) 
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positive ir-axis an angle a, with the positive 2 /-axis an angle p, and from 
the geometrical meaning of the derivative 


yi 


y 


y 

/ I 

^ 0 

H 


Fig. 3. — Differentiation of the 
inverse fxonction 


f'{x) = tan a, = tan p. 

Since, however, the sum of the angles 
a and p is tzI2, tan oc tan p = 1, and 
this relationship is exactly equivalent to 
our difierentiation formula. 

We have hitherto expressly 
assumed that either f'(x) > 0 or 
f'{x) < 0, i.e. that f'{x) is never 
zero. What, then, happens if 
f'{x) = 0? If f'{x) = 0 every- 
where in an interval the function 


is constant there, and consequently has no inverse, since the 


same value of y must correspond to all values of x in the interval. 


If the equation f'{x) = 0 is 
true only at isolated points, 
and if for the sake of sim- 
plicity f{x) is assumed con- 
tinuous, then we must dis- 
tinguish whether on passing 
through these points f{x) 




Fig. a. — ^Parabola 


Fig. 3. — Cubical parabola 


changes sign or not. In the first case this point separates a point 
where the function is monotonic increasing from another where 
it is monotonic decreasing. In the neighbourhood of such a point 
there can be no single-valued inverse function. In the second 
case the vanishing of the derivative does not destroy the 
monotonic character of the function y == f{x\ so that a single- 
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valued inverse exists. But the inverse function will no longer 
be diferentiable at the corresponding point; in fact, its derivative 
will be infinite there. The functions y = and y = at the 
point x== 0 ofier examples of the two types. Figs. 2 and 3 
illustrate the behaviour of the two functions where they pass 
through the origin and at the same time show that one of the 
functions, namely y = has a single-valued inverse, but that 
the other function, y == x^, has not. 


2. The Inverse of the Power Function. 

The simplest example of an inverse function is offered by the 
functions y = for positive integers n and, as we at first assume, positive 
values of x. Under these conditions is always positive, so that for 
all positive values of y we can form a unique positive inverse function 

X = ^ 2 / = 

The derivative of this inverse function is imm ediately obtained in accor- 
dance with the above general rule by the following calculations: 

dx _ \ _ 1 _ 1 1 

dy dy dy nx^~‘^ n 2 /(”““i)/« n 
dx 

and if we now denote the independent variable by x, we may finally 
write 

1 ixVn) = I 
dx dx n 


which agrees with the result obtained directly on p. 94. 

The point x — 0 requires special consideration. J£ x approaches 0 
through positive values, d(x^l^)ldx, where n > 1, will obviously increase 
beyond all boxmds; this corresponds to the fact that for ?» > 1 the deri- 
vative of the n-th power f(x) — x^ vanishes at the origin. Geometrically 
this means that the curves y = x^l”, n> I, touch the y-axis at the origin 
(of. fig. 17, p. 34). 

For the sake of completeness it should he noted that for odd values of n 
the assumption that a; > 0 can be omitted and the function y = x” can be 
considered for all values of x without loss of its monotonic character or of 

df 1 

the uniqueness of its inverse. The differentiation formula 


dy ' 

still holds for negative values of y; for a; = 0, w > 1, we have 


d{x^) 

dx 


0 , 


which corresponds to an infinit e derivative {dxjdy) of the inverse function 
at the point y = 0* 
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3. The Inverse Trigonometric Functions. 

In order to form the inverses of the trigonometric functions 
we once again consider the graphs of sin a?, cos a;, tana;, and cot a;. 
We at once see from figs. 14 and 15, p. 25, that for each of these 
functions it is necessary to select a definite interval if we are 
to speak of a unique inverse; for the lines y = c parallel to the 
a;-axis cut the curves in an infinite number of points, if at all. 



For the function sina; the derivative y' = cos a; will e.g. 
be positive in the interval — 7r/2 <a;<7r/2. In this interval 
the sine accordingly has an inverse function; we write the in- 
verse function of the sine in the form * 

X = arc sin 2/ 

(read arc sine y\ this means the angle whose sine has the value y). 
This function runs monotonically from — 7 t/ 2 to -{-7rj2 as y tra- 
verses the interval — 1 to +1. If we especially wish to emphasize 
that we are considering the inverse function of the sine for this 
very iuterval, we speak of the principal value of the arc sine. 
If we form the inverse function for some other interval in which 
sin a; is monotonic, e.g. the interval -|-7t/2 < a? < 877/2, we 
obtain another branch ” of the arc sine; without the exact 
statement of the interval in which the values of the function 
must lie the arc sine is a multiple-valued function, and in fact 
has an infinite number of values. 

In general, the fact that arc sin 2^ is multiple- valued is 
expressed by the statement that to any one value y of the sine 
there corresponds not only the angle x but also the angle 
2^77 -f X, as well as the angle {2h -f 1)77 — x, where h is any 
integer (cf. fig. 4). 

* Tte notation x = is also used in EnglisK books. 
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The difierentiation of the fiirLction x = arc sin^ is performed 
in virtue of our general rule by the following short calcula- 
tion: 


dx \ 

dy y* cosa? + “ sin^a;) ± ^/(l — 


where the square root is to be taken as positive if we confine 
ourselves to the first interval mentioned.* 

If the independent variable is finally changed back from 
y to a?5 the difierentiation formula for the function arc since is 
obtained in the following form: 


d 

~ arc sin a? = 
dx 




Here it is assumed that the arc sine lies between — 7 t/2 and -f-7r/2, 
and the square root sign is chosen positive. 



For the inverse function of coscc, denoted by arc cos cc, 
we obtain the difierentiation formula 


d 

— arc coscc = 
dx 


— x^) 


in exactly the same way. Here we take the positive sign of the 
root if the value of arc cos a? is taken in the interval between 0 
and TT (not, as in the case of arc since, between — ■7r/2 and -{-77/2); 
cf. fig. 5. 

A word remains to be said about the end-points x== — 1 and 
05= 4-1. The derivatives become infinite on approaching these 
end-points, corresponding to the fact that the graphs of the 

* If instead of tins we had chosen the interval 7r/2 < a; < correspond- 

ing to the substitution ot x + tt for x, we should have had to use the negative 
square root, since cos x is negative in this interval. 
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inverse sine and inverse cosine must possess vertical tangents at 
tEese points. 

We can deal with the inverse functions of the tangent and 

The function 2/ = tancc, whose de- 
rivative 1 /cos^rc for 4 = + kir 

is everywhere positive, has a 
unique inverse in the interval 
— 7r/2 < a? < 7r/2. We call this 
inverse function x = arc tan?/ 
or (by interchange of the letters 
X and y)y= arc tana;. We see at 
once from fig. 6 that the original 
many- valuedness of the inverse 
— ^i.e. the many- valuedness which 
occurs if the interval of the 
values of the function is not 
fixed — ^is expressed by the fact 
that for each x we could have 
chosen instead of y any of the 
values y + Tctt (where h is an 
integer). For the function y = cot a; the inverse x = arc coty, or 
(by interchange of x and y) y=^ are cot a;, is uniquely determined 
if we require that its value shall lie in the interval from 0 to rr; 
the many- valuedness of arc cot a; is otherwise the same as for 
arc tana;. 

The difierentiation formulae may be found as foUows: 


cotangent in an analogous way. 



X = arc tan?/, 


dy dy 1 + tan^a; 1 + 

dx 


x= arc coty, 


dx 

dy 


== — sin^a? = — 


1 + cot^a; 


1 

1 +?’ 


or finally, if we denote the independent variable by x. 


d 

arc tana; = 
dx 


1 + ^ 
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4. The Corresponding Integral Formulae. 

Expressed in the language of the indefinite integral, the 
formulae which we have just derived read as follows: 


f — ^ dx = arc since, f 


f — 
•^1 + 




dx = arc tance, 


. / 


V(i ” 
1 


dx - 


-arc cosce, 


1 + 


dx ~ — arc cotce. 


Between the pair of formulae on the left and that on the right, 
which express each indefinite integral in the form of two functions 
which appear entirely difierent, no contradiction exists. We 
must remember that in the case of the indefinite integral an 
arbitrary additive constant remains at our disposal. If we choose 
these constants so that they difier by .7 t/ 2 and recall that 
7r/2 — arc cos a? = arc since and likewise 77/2 — arc cot ce = arc tanx 
this formal disagreement is immediately cleared up. The in- 
definiteness simply depends on the fact that the indefinite 
integral is not a single definite function, but a whole family of 
functions which difier from one another by arbitrary additive 
constants. The equation for an indefinite integral specifies not 
the value, but only a value, of it. As we have already remarked, 
it would be more correct to express this fact by always including 
the undetermined constant, thus writing, not 

Jf{x)dx= F(x), 

.but J f{x)dx= F{x) c. 

For convenience, however, it is usual to avoid this more detailed 
form; the reader should therefore be all the more careful to bear 
in mind the indefiniteness which is always associated with the 
shorter form (see also p. 116). 

From the formulae for indefinite integration there immedi- 
ately follow formulae for definite integration, as on p. 117. 
In particular, 

r dx 

. = arc tauap = arc tanfc — arc tana. 

1 + ^ ' 
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If we put a = 0, & = 1 and recall that tan 0 = 0 and tan7T/4 = 1, 
we obtain the remarkable formula 

!! = r — 1 dx. 

4 Jo \ 

The number tt, which originally arose from the consideration 
of the circle, is by this formula brought into a very simple relation- 



ship with the rational function ^ 
defined as shown in fig, 7. 


and is expressed by the area 


Examples 

1. If 2 / = y, ?/ = 16 corresponds to a; = 8. Find ^ for a; = 8; solve 

^ dx 

2 / = — for a; and find -- iat y = 16, and show that the values of these 
4 dy 

derivatives are consistent with the rule for inverse functions. 

2. Prove that (a) arc sina-f-arc sin P — arc sin(aV l — p V 1 — a^); 

(6) arc sin a + arc smps=arc cos(V4 --a2'V^i — p2— aP); 

(c) arc tana 4- arc tan p =» arc tan "h P _ 

1 ~ ap 


Differentiate the expressions in Ex. 3~10 and write down the corre- 
spondiug integral formulae: 


3. 

1 -f ^ 

4. Va; cos® a;. 


5 . 


1 4* v'a: 


7. arc sma!. axe cos a;. 

8. i 4“ 3<rc tana; 

1 — arc tana;* 


9. 


arc sin a; 
arc tana; 


10. 6 arc cot a; 4- ■ 

arc cosa; 
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2 on a large scale. By counting 


11. Using graph paper, plot y = , 

I 1 - 1-35 ^ 

squares, find j — ^ dxy thus obtaining an estimate for ~ (cf. Ex, 1, 

p . 121 ). -^0 1 + “= 4 


4. Diffebentiation of a Functio]^ of a Function 

1. The Chain Rule. 

The preceding rules for differentiation enable us to differen- 
tiate every function which can he expressed as a rational expres- 
sion whose terms are functions with known derivatives. We 
can, however, take yet another important step forward and 
differentiate all those functions obtained by compounding func- 
tions with known derivatives. Let ^{x) be a function which is 
differentiable in an interval a-^x-^h and assumes all values 
in the interval a ^ (f> ^ We now wish to consider a second 
differentiable function g{<p) of the independent variable in 
which the variable <f) ranges over the interval from a to We 
can now regard the function g{<l>) = g{<l>{x)} = f(x) as a function 
of a; in the interval a -^x-^b. The function f(x) ~ gy>{x)] 
will then be called a function of x compounded from the 
functions g and <j), or a function of a function. 

If, for example, 9(0;) = 1 — and = V 9, this compound func- 
tion is simply f{x) = V (1 — x^). For the interval a ^ a: ^ 6 we here take 
the interval 0 ^ a; ^ 1, The values of the function (^{x) exactly fill up the 
interval 0 ^ 9 ^ 1 ; the compound function f{x) = ■\/(l — x^) is there- 
fore defined in the interval 0 -^x ^1. 

Another example of the compounding of functions is the function 
f{x) = V(1 + x^), where the compounding process may be indicated by 
the equations 

9(ar)=l + a^, g(t?)=V<? 

and where the value of the function 9 ( 0 ;) runs through aU positive 
numbers ^ 1 , so that the function f{x) = can be formed for all 

values of x. 

In compounding functions in this way we must naturally be careful 
to restrict ourselves to intervals a ^ x for which the compound 
function is defined. For example, the compound function V(1 — x^) is 
defined only for values of a? in the region — 1 ^ x ^ 1, and not in the 
region 1 < a; ^ 2, for when jr is in this last interval the values of the 
function 9 ( 3 ;) consist of negative numbers, for which the function g((p) is 
not defined. 

Just as we can compound two functions with one another, we can and 
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must consider functions in wMch the compounding process is performed 
more than once. Such a function is 

V(1 -h arc tan 

which can he built up by the compounding process 

(^{x) = x^, 4(9) = 1 -{- arc tan 9, sr(4) == V4(9) =/(a;). 

For the dif erentiation of compound functions we have the 
following fundamental theorem, the chain rule of the differential 
calculus: 

The fwnction f(x) = g{^(3:)} is differentiable, 'and its derivative 
is given by the equation 

{<!>), 

or, in Leibnitz’s notation, 

dy dy dcf> 

dx d<f> * dx' 

In words: the derivative of the compound function is the 'product 
of the derivatives of the constituent functions. 

The proof of this formula follows very easily if we recall the 
meaning of the derivative. For any arbitrary ' Aa? 4= 0 and cor- 
responding values of and A^ there exist two q[uantities e 
and rj, tending to 0 with Ax, such that 

Ag = g'{<f))A^ + cA^ and A(f> = (j)\x)Ax + pAx', 

we have only to calculate iq from the second equation and, where 
4= 0, € from the first equation, while if A<j> == 0, we put 6=0. 
If in the first of these equations we now substitute the value of 
A<j> from the second equation, we obtain 

A^ = g'{^)<f}'{x)Ax + {r)g'{(f>) + €(^'{x) + €r]}Ax, 

or ^ + {r)g'{4,) + (a:) + 

In this equation, however, we can let Ax tend to 0, and at once 
obtain the result stated, since the bracket on the right tends to 
zero with Ax. Consequently the left-hand side of our equation 
has a limit f'{x), and this limit is equal to the first term on the 
right-hand side, as was stated.* 

* We could also have proved the rule by carrying out the passage to the 

limit Ax -»■ 0, and. consequently AS ->• 0, in the equation The 

Ax A<f> Ax 
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By successive application of our formula we can immediately 
extend it to functions wHcli arise from the compounding of more 
than two functions. If, for example, 

y = a{u), u = (f>{v), V = 


we can think of y 
given by the rule 

% 

dx 


~f{x) as a function of cc; its derivative is 


du dv 


dv 

dx 


The case of a function compounded of an arbitrary number of 
functions is essentially similar. The proof may be left to the reader. 


2. Examples. 

As a very simple example we consider the function y = where we 
put a = pjq, q being a positive integer and jp a positive or negative integer, 
so that a is an arbitrary positive or negative rational number. Let z be 
positive. By the chain rule with 

y = 5= a;i/c 

we have the formula 

2 9. 

so that for arbitrary rational values of a we obtain the differentiation 
formula ^ 

— fc® = 00;““^, 
dx 


in agreement with the result already foimd in another way in Chap. EL, 
§ 3 (p. 94). 

As a second example, we consider 

2 /=V( 1 --£c®) or 


where 9=1 — and — 1 < a; < 1. The chain rule gives us 


2 V 9 


z 

V(1 -x^) 


Further examples are given in the following brief calculations: 
1. y = arc sin VCl — 

dy 1 dV (1 — x^) 

dx V{1 - (1 — ^) } ■ ^ 


\xf V(l’-X^) 

method in the text is, however, to be preferred, since it avoids the necessity 
for considering the case ^ specially. 
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V(S)’ 

dy __ 1 — X 

_ V(1 - X) 

2V(1 + x}’ {1 — x)^ (1 -j- xyj^{l — a:)3/2’ 

The chain rule for differentiation can also be expressed in the form of 
an integration formula, in agreement with the fact that to each differen- 
tiation formula there coiresponds a completely equivalent integration 
formula. Nevertheless, we will pass over this formula for the present, 
since we have no immediate need of it here and, moreover, it is discussed 
m detail later (Chap. IV, § 2, p. 207). 


3. Further Eemarks on the Integration and Differentiation of 
when a is Irrational. 

In view of the elementary definition of the power by the equation 
of- == lim 

where the numbers form a sequence of rational numbers with the limit a, 
we might be tempted to effect the differentiation of x°- by direct passage 
to the limit in the differentiation formula 

d r 

We are not entitled to do this unless we have the right to conclude that 

d d 

from the relation -> there follows the relation — -s- 5- x<^. There 

dx dx 

is, however, a very serious objection 
to such a passage to the limit. For 
in any arbitrarily small neighbour- 
hood of a given curve other curves 
may be drawn whose direction at 
arbitrarily selected points differs 
from the direction of the original 
curve by any desired amount,* for 
example, we may approximate to 
a straight line by a wave lying ar- 
bitrarily near it, the angle between the wave and the line reaching a 
value as high as 45° (see fig. 8). In other words, the above example 
shows us that pom the fact that two functions differ only very little from 
one another^ we cannot immediately cor^lude that their derivatives also are 
everywhere nearly egiml to one another. This objection forbids us to 




Fig. 8. — ^Approximation to a straight line 
by wavv curves 
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perform the apparently obvious passage to the limit, in the absence of 
further justification. 

In this respect, however, the integral behaves quite differently from 
the derivative. We have already observed on p. 128 that if two functions 
differ by less than s throughout the interval from a to 6, their integrals 
must differ by less than s {& — a). We there used this result to establish 
the validity of the differentiation formula 


dx 


or, replacing a + 1 by a, 

d 

— 

dx 

In this indirect way, therefore, the relation — x^n ~ given above 
is verified. 

The above discussion is a characteristic example of the interrelations 
of the differential calculus and the integral calculus. Yet in principle it 
is preferable to replace (as we shall do on p. 173 et seq.) the elementary 
definition of by another, essentially simpler, definition which \nli lead 
us once more to the same result, and this time directly. 

Examples 

Differentiate the following functions: 


1. 

{* + 1)®. 

11. 

sin{o;2). 

2. 

(3a: + 5)K 

12. 

V(1 + sin^x). 

3. 

{x^ - 3a:« - ii?)K 

TO 

2 • 1 

4. 

1 

10. 

sm — -• 

x^ 


X 

14. 

1 T a: 
tan 

5. 

1 


1 — 0; 


1-0:2' 

15. 

sin(o;2 + 3x4- 2). 

6. 

(ao: + an integer). 

16. 

arc sin (3 + x®). 

7. 

1 

17. 

arc sin (cos x). 


0; 4- V (o:2 — 1)' 

18. 

sin (arc cos V (1 — x^) ) 

8. 

/ fax^ + 60; + c\ 

\ \lx^ + mx + n) 

19. 

V2 - 

9. 

( V(1 - xf‘^)\ 

20. 

[sin{x + 7) ] 

10. 

sin^a:. 

21. 

[arc sin (a cosx + b) T. 
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5 . Maxima and Minima 

Now tEat we Rave attained a certain mastery of the problem 
of diEerentiating the elementary functions and tbe functions 
compounded from them, we are in a position to make a variety 
of applications. Here we shall consider the simplest of these 
applications, the theory of maxima and minima of a function, 
in conjunction with a geometrical discussion of the second deri- 
vative, and then in the next section we shall again take up the 
thread of the general theory. 

1. Convexity or Concavity of Curves. 

By definition the derivative of a function f{x) gives 

CiX 

the slope of the curve y = /(3?). This slope can itself be repre- 


Fig. ga . — > 0 Fig. gb . — f'(x) < 0 

d 

sented by a curve y' = ^ f(x) =f{x), the derived curve of 

dx 

the given curve. The slope of this last curve will be given by the 
d 

derivative second derivative of 

f{x), and so on. If the second derivative f"{x) is positive at a 
point X — so that owing to continuity (which we here assume) it 
is positive in a certain neighbourhood of the point x — ^then the 
derivative /'(ic) must increase as it passes this point in the direc- 
tion of increasing values of x. Hence the curve y ==f(x) turns 
its convex side towards the direction of decreasing values of y. 
The opposite is true }£f"{x) is negative. In the first case, there- 
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fore, tlie curve in the neighbourhood of the point lies above the 
tangent, in the second case below the tangent (see figs, da and 6). 

Special consideration is required only in the case of points 
where /"'(a?) = 0. On passing through such a point the second 



derivative /''(a;) will, as a rule, change its sign. Such a point will 
then be a point of transition between the two cases indicated 
above; that is, the tangent will on one side be above the curve, 
and on the other side below it, so that besides touching the 
curve it will also cross it (see fig. 10). Such a point is called a 
point of inflection of the curve, and the corresponding tangenr 
is called an infiectional tangent. 

The simplest example is given by the fimction y = the cubical 
parabola, for which the ar-axis itself is an inflectional tangent at the point 
a: = 0. Another example is given by the function f{x) = sin x, for which 
f'(x) = d{mn.x)jdx == cosaj- and f'{x) = d^smx)ldx^ = — sin x. Conse- 
quently f'{0) = I and /''(O) = 0; since the sign of J"ix) changes at a: = 0, 
the sine curve has at the origin an inflectional tangent inclined at an 
angle of 45° to the cc-axis. 

It must,, however, be noted that points can exist where /"(x) = 0 
although the tangent does not cut the curve, but remains entirely on one 
side of it. For example, the curve y = x^ lies entirely above the a:-axis, 
although the second derivative f"{x) vanishes for a: = 0. 

2. Maxima and Minima. 

We say that a continuous function or a curve y =f{x) bas a 
maximum {minimum) at a point ^ if in at least some neighbour- 
hood of the point x = ^ the values of the function f{x) ioT i 
are all less than/(|^) (greater than/(|^)). By a neigJihourhood of 
a point we mean an interval P which contains the 
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point i in its interior. Geometrically speaking, such maxima 
and minima are respectively the wave-crests and wave-troughs of 
the curve. A glance at fig. 11 shows us that the value of the 

maximum at one point P5 
may very well be less than 
the value of the minimum 
at another point PgJ 
the concept of maximum 
and minimum is always to 
some extent relative, on 
Fig. II.— Maxima and minima aCCOUnt of the restriction tO 

a certain neighbourhood. 

If we wish to fix upon the actual greatest or least value of 
the function we must employ special means for deciding how 
this value is to be selected from among the maxima or minima. 

The point for us at present is to find the (relative) maxima 
or minima, or, to use a word that covers both maxima and 
minima, the relative extreme values {extrema) of a given func- 
tion or curve. This problem, which is very frequently en- 
countered in geometry, mechanics, and physics and which occurs 
in many other applications, formed one of the principal incentives 
for the development of the difierential and integral calculus in 
the seventeenth century. 

We see at once that if the function is assumed to be difieren- 
tiable, the tangent to the curve at an extreme value ^ must be 
horizontal. Hence the condition 

/'(O = 0 

is a necessary condition for an extreme value; by solving this 
equation for the unknown ^ we obtain the points at which an 
extreme value may possibly occur. Our condition, however, is 
by no means a sufficient condition for an extreme value; there 
may be points at which the derivative vanishes, i.e. at which 
the tangent is horizontal, although the curve has neither a maxi- 
mum nor a minimum there. This occurs if at the given point 
the curve has a horizontal inflectional tangent cutting it, as in 
the above example of the function y = a;® at the point a; = 0. 

The expressions turning value, turning point, are also used. On the other 
hand, the terms stationary value, stationary point, include inflections as well 
maxima and minima. 
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If, liowever, we have fouad a point at widcli f{x) vanishes, 
we may immediately conclude that the function has a mayimnm 
at that point if /"(i) < 0, a minimum if f'{i) > 0. For in the 
first case the curve in the neighbourhood of this point lies com- 
pletely below the tangent, in the second case completely above 
the tangent. 

Instead of basing the deduction of our necessary condition 
on intuition we could, of course, have given an easy proof by 
purely analytical methods (cf. the exactly analogous considera- 
tions for Eolle’s theorem, p. 105). If the function J{x) has a 
maximum at the point f , then for all sufficiently small values of 
h difierent from 0 the expression /( ^) — A) must be posi- 
tive. Therefore the quotient — ^ positive or 

negative, according as h is negative or positive. Thus if h tends 
to zero through negative values the limit of this quotient cannot 
be negative, while if h tends to zero through positive values the 
limit cannot be positive. But since we have assumed that the 
derivative exists these two limits must be equal to one another 
and, in fact, to f{^), which therefore can only have the value 
zero; we must have/'(|^) = 0. A similar proof holds for the case 
of a minimum. 

We can also formulate, and prove analytically, conditions 
which are necessary and sufficient for the occurrence of a maximum 
or a minimum, without involving the second derivative. We 
suppose that the function /(x) is continuous and has a continuous 
derivative f{x) which vanishes only at a finite number of 
points. 

Then f (x) has a maximum or a minimum at the point 's.— ^ if, 
and only if, the derivative f'(x) changes sign on passing through 
this point; in particular, the function has a minimum if the deri- 
vative is negative to the left of $ and positive to the right, while in 
the contrary case it has a maximum. 

We prove this by using the mean value theorem. First, we 
observe that to the left and right of f there exist intervals 
^ ^ i <^ < ^2 (extending to the nearest points 

at which f'(x) = 0) in each of which ft{x) has only one sign. If 
the signs of /'(a?) in these two intervals are different, then 
f(i + —fii) == M'ii + numeri- 

cally small values of h, whether h is positive or negative, so that 

(e798) 12 
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/(I) is an extreme value. If /(a?) Eas the same sign in both in- 
tervals, then hf'd + dh) changes sign when h does, so that 
is greater than/(|) on one side and less than/(|) on 
the other side, and there is no extreme value. Our theorem is 
thus proved. 

At the same time we see that the value /(^) is the greatest 
or least value of the function in every interval, containing the 
point in which the only change of sign of f(x) occurs at 
f itseh. 

The mean value theorem on which this proof is based can 
still be used even if f{x) is not differentiable at an end-point 
of the interval in which it is applied, provided that f{x) 
is differentiable at all the other points of the interval; for 
example, the above proof stiU holds if f'{x) does not exist 
at a? = 1^. This leads us to the following more general result; 
if the function /(ic) is continuous in an interval containing the 
point and everywhere in this interval, with the possible 
exception of | itself, has a derivative /'(a?) which vanishes at not 
more than a finite number of points, then /(x) has an extreme 
value at the point a? = | if, and only if, the point ^ separates 
two intervals in which f{x) has different signs. For example, 
the function y~\x\ has a minimum at a? == 0, since ^' > 0 
for a; > 0 and ?/' < 0 for a? < 0 (cf. fig. 9, p. 97). The function 
y = likewise has a minimum at the point a; = 0, even 

though its derivative is infinite there (cf. fig. 12, p. 99). 

In addition we make the following remark on the general 
theory of maxima and minima: the finding of maxima and 
minima is not directly equivalent to the finding of the greatest 
and least values of a function in a closed interval. In the case 
of a monotonic function these greatest and least values wiU be 
assumed at the ends of the interval and are therefore not maxima 
and minima in our sense; for this latter concept refers to a 
complete neighbourhood of the place in question. Thus for ex- 
ample the function f{x) == x m the interval 0 ^ a? ^ 1 assumes 
its greatest value at the point x= 1, and its least value at cc = 0, 
and a corresponding statement holds for every monotonic func- 
tion. The function y ~ arc tan x, whose derivative is 1/(1 + x^)^ 
is monotonic for — co < aj < + oo , and in that open interval 
possesses neither a maximum nor a minimum, nor a greatest 
or a least value. 
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If after finding the zeros of f' (x) we wish to make sure that 
we have thereby formd the points at which the function has its 
greatest or least values, we can often make use of the following 
criterion; 

A point § at which f'(x) vanishes gives the least or greatest 
value of the function f(x) in a whole interval, if throughout that 
interval f"(x) > 0 or f"(x) < 0 respectively. 

For if ^ and ^ h both belong to the interval 

m + h) + h) = hru + oh), 

by the mean value theorem. Hence at the point x~ i -r h the 
derivative/' (33) has the same sign as h or the opposite sign, accord- 
ing as f'{x) > 0 or f''{x) < 0; the statement then follows from 
the remark following the theorem at the top of p. 162. 

3. Examples of Maxima and Minima. 

Ex, 1. Of all rectangles of given area, to find that with the least peri 
meter. 

Let be the area of the rectangle and x the length of one side (here 
we must consider x as ranging over the interval 0 < a; < co ); then the 
length of the other side is a^jx, and half the perimeter is given by 

/(a:) = x+—. 

X 

9n^ 

We have f{x) = 1 - 

a;- x^ 

The equation /'(^) = 0 has the single positive root ^ — a. For this value 
f"(x) is positive (as it is for any positive value of x); it therefore gives the 
required least value, and we obtain the very plausible result that of ail 
rectangles of given area the square has the smallest perimeter. 

Ex, 2. Of all triangles with given base and given area, to find that 
with the least perimeter. 

To solve this problem, we take the cr-axis along the given base AB 
and the middle point of AB as the origin. If 0 is the vertex of the triangle, 
A its altitude (which is fixed), and {x, h) are the co-ordinates of the vertex, 
then the sum of the two sides of the triangle AC and BC which are to be 
determined will be given by 

/(a) = V{ (a + <i)“ + + V { (2 - a)2 + 

where 2a is the length of the base. From this we obtain 

£// \ X a , , X g 

^ ” ^{(x+af + h^ V{(a: - af -f 
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r'M - j- ^ H- 

^ ~ V{{x + af + V{(x + af+ h^} V {(x - a)" + h^fh- 

1/ {{x — a)^-\-h^} 

*1 . + 

V{(x + af + h^f V {(a: - af + h^Y 


We see at once (1) that /'(O) vanishes, (2) that f"{x) is always positive; 
hence at cc = 0 there is a least value. For since S"{x) > 0 the first 
derivative f(x) always increases and therefore cannot be equal to zero 
at any other point, so that the point a; = 0 must really give the least 
value of f{x). This least value is accordingly given by the isosceles triangle. 
Similarly, we find that of all triangles with given perimeter and given 

base the isosceles triangle has 
y i the greatest area. 

^ Ex. 3. To find a point on 

\ jB straight line such that 

\ ^/1 the sum of its distances from 

h \ h two given fixed points is 'a 

\ I * minimum. 

/aS^y^ 1 ^ Let there be given a straight 

0 ^ X -HP ^ ^ X line and two fixed points A 

and B on the same side of the 
line. We wish to find a point 

T ^ a . P on the straight line such 

Fig. 12. — ^Law of reflection j*. -n^i-o-n 

that the distance PA + PB 

has the least possible value. 

We take the given line as the a;-axis and use the notation of fig. 12. 
Then the distance in question is given by 

f(x) = V(a? + A3) + V{(a: - a)2 + JiY}, 

and we obtain 


Fig. 12 . — Law of reflection 


fix) : . 4 - ^ 

V(x^ + 1' V{{x - a)3 + A, 3}’ 

f"lx) - + 4 - —(a; — g)3 

V(a:3 + A3f' V{x^ +h^)^ V {(X - af + 

+ 1 

^{{x-af+hY} 

V(a:3 + ^ 2)8 V{(a: — af + Ai3}3' 

The equation/' (5)= 0 accordingly gives us 

5 _ a - ? 

V (§3 4 - hi) V{(,^ — af + hf}’ 

COS a “ cos (3, 
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wMch means that the two lines PA and PB must form eq[ual angles 
with the given line. The positive sign of f"(x) shows us that we really 
have a least value. 

The solution of this problem is closely connected with the optical law 
of reflection. By an important principle of optics, known as Fermat’s 
'principle of least time^ the path of a light ray is determined hj the property 
that the time that the light takes to go from a point J. to a point B under 
known conditions must be the least possible. If the condition is imposed 
that a ray of light shall on its way from A to B pass through some point 
on a given straight hne (say on a mirror), we see that the shortest time 
will be taken along the ray for which the “ angle of incidence ” is equal 
to the “ angle of reflection ”. 

Ex. 4. The Law of Refraction . — ^Let there be given two points A and 
B on opposite sides of the a;-axis. Which path from A to B corresponds to 
the shortest possible time if the velocity on one side of the a;-axis is Cj 
and on the other side Cg? 



It is clear that this shortest path must lie along two portions of straight 
lines meeting one another at a point P on the a;-axis. Using the notation 
of fig. 13, we obtain the two expressions V ijk^ + x^) and V 
for the lengths PA, PB respectively, and we find the time of passage along 
this path by dividing the lengths of the two segments by the corresponding 
velocities and adding. This gives us 

Hx) = - 'JQfi + a:®) + i V {*1^ + (a - xf}, 

for the time taken. 

By differentiation, we obtain 

f (a:) — - ^ V{Ji® + {a — xY}’ 

'■ +- 

As we readily see from the figure, the equation /'(a;) = 0, i.e- 

a — X 

^ ^ V -f. (a - xff 
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is equivaienfc to the condition — sin a — — sinp, or 

Cl ^2 

sin a Cl 

sin p C 2 

We leave it to the reader to prove that there is 'only one point which 
satisdes this condition and that this point actually yields the required 
least value. The physical meaning of our example is again given by 
the optical principle of least time. A ray of light travelling between two 
points describes the path of shortest time. If Cj and Cg are the velocities of 
li 2 :ht on either side of the boundary of Wo optical media, the path of the 
light vill be that given by our result, which accordingly gives Snell’s law 
of refraciion. 

Examples 


1. Find the maxima, minima, and points of inflection of the following 
functions. Graph them, and determine the regions of increase and de- 
crease, and of convexity and concavity: 

(a) 3^-6x-h2. (h) — x). (c) 2x/{l + x% 

(d) x^/(x^ -f !)• («) sin-.r. 


2. Determine the maxima, minima, and points of inflection of 
ajS 4- 3px ~ q. Discuss the nature of the roots of H- + g = 0. 

3. Which point of the hyperbola •— ^x^ = 1 is nearest to the 
point a; = 0, ^ = 3? 


4. Let P be a fixed point vith co-ordinates a^g, in the first quadrant 
of a rectangular co-ordinate system. Find the equation of the line through 
P such that the length intercepted between the axes is a minimum. 

o. A statue 12 ft. high stands on a pillar 15 ft. high. At what distance 
mast a man 6 ft. high stand in order that the statue may subtend the 
greatest possible angle at bis eye? 

6. Two sources of light, of intensities a and 5, are at a distance d apart. 
At which point of the line joining them is the illumination least? (Assume 
that the illumination is proportional to the intensity and inversely pro- 
portional to the square of the distance.) 

7, Of ail rectangles with a given area, find 

(a) the one with the smallest perimeter; 

(5) the one with the shortest diagonal. 


8. In the ellipse 




~ = 1 inscribe the rectangle of greatest area. 


9. Two sides of a triangle are a and h. Dete rmin e the third side so that 
the area is a maximum. 

10. A circle of radius r is divided into two segments by a line g at a 
distance h from the centre. In the smaller of these segments inscribe the 
rectangle of greatest possible area. 

11- Of all circular cylinders with a given volume, fin d the one with the 
least area. 
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12. Given the parabola = 2px, p > 0, and a point F{x ^ I, y ^ ri) 
within it ( 75 ^ <C 2 ^^), find the shortest path (consisting of two line seg- 
ments) leading from P to a point Q on the parabola and then to the focus 
Fix = ii?, 2 /^ = 0) of the parabola. Show that the angle FQP is bisected 
by the normal to the parabola, and that QP is parallel to the axis of the 
parabola. (Principle of the parabolic mirror.) 

13. * A prism deflects a beam of light travelling in a plane perpendicular 
to the edge of the prism. What must the relative position of prism and 
beam be for the deflection to be a minimum? 

14. Given n fixed numbers determine x so that S (a^ — xf 

is a minimum. * “ ^ 

15. Prove that if p > 1 and x > 0, — I <p{x — 1 ). 

16. Prove the inequality 1 i ^ 0 ^ a: ^ 

X 7t 2 


17. Prove that (a) tana; ^ a;, 0 a; ^ 

- - ~ 2 

( 6 ) cosa; ^ 1 . 

2 

18. * Given > 0, > 0, . . . , > 0, determine the minimum of 

-f- • • • -f- 0,n-l ^ 


a-ipL^ . . . CLn-i^ 

for a; > 0. Use the result to prove by mathematical induction that 
V ;; 


6. The Logarithm and the Exponential Function 

The systematic relations between the differential calculus 
and tbe integral calculus lead naturally to a convenient method 
of approach to the exponential function and the logarithm. 
Although we have already (pp. 25, 69) investigated these 
functions, we now define them afresh and develop their theory 
again without making any use of our previous definition and 
the results based on it. We begin with the logarithm, and then 
obtain the exponential function as its inverse, 

1. Definition of the Logarithm. The Differentiation Formula. 

We have seen that indefinite integration of the power a?” 
for integraP indices n in general leads to a power of x. The 
only exception is the function Ijx, which does not appear as the 
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derivative of any of the functions which we have dealt 
with so far. It is natural to suppose that the indefinite 
iiite,^al of the function Ijx represents a new sort of function; 
so, following up this idea, we will proceed to investigate the 
function 

for a: > 0. We call it the logarithm of x, or, more accurately, the 
natural logarithm of x, and write it ^ == logo? or y = nat loga;. 
We have denoted the variable of integration by § in order to 
avoid confusion with the upper limit x. 

The choice of the number 1 as lower linait is an arbitrary one, 
which, however, will soon prove its convenience. 

In the course of the following argument it will appear that 
the logarithm defined here is the same as the logarithm which we 

previously (p. 70) defined in an 
‘‘elementary way”. But, as we 
once more emphasize, the results 
of the following investigations are 
independent of those obtained 
earlier. 

Geometrically our logarithmic func- 
tion means the area shown shaded 
in fig. 14, which is bounded above by 
the rectangular hyperbola y= 1/^, 
below by the ^-axis, and at the sides by the lines ^ = 1 and ^ = cc. This 
area is to be reckoned positive if a; > 1, negative if a; < 1. For a; = 1 the 
area vanishes, and we therefore have log 1 == 0. 

According to the above definition the derivative of the 
logarithm is given by the formula 

d (logic) 1 

dx X 

Here let us expressly emphasize that we assume through- 
out that the argument x is positive; the logarithm of 0 or 
of any negative value cannot be formed in accordance with 
the formula above, for tbe integrand 1/^ becomes infinite 
when = 0. On the other hand, if we choose some negative 
number, say —1, for the lower limit, we can form the integral 
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■with a negati've upper limit x, i.e. we can consider the expres- 
sion 




(x < 0). 


Owing to the significance of the integral as the limit of a sum or 
as an area, we see that for x < 0 




rM^ 

A f 


= log I a; j. 


In conformity -with this we can in general write the formula for 
indefinite integration as 

The logarithm can, of course, 
be represented by means of a 
graph. This graph, the loga- 
rithmic curve, is shown in fig. 

15. We have already seen (p. 

119 seq,) how to construct it. 

2. The Addition Theorem. 

The logarithm defined as 
above obeys the following 
fundamental law; 

Fig. 15 

log(a&) = log a + log 6. 

The proof of this addition theorem follows directly from the 
difierentiation formula. For, writing 2: = log(aa;), and appljdng 
the chain rule, we have 

dz _ 1 ^ _ 1 
dx ax X 



But Alogrr = i; 

dx X 

and since the functions z and logic have the same derivative 
they differ only by a constant, so that z = log a; + c or 

logaa? = logo? + c. 



170 DIFFERENTIATION AND INTEGRATION [Chap, 

TMs being true for all positive values of x, we first put cc = 1 to 
find c; since log 1 = 0, tbds yields 

log a = c. 

Substituting this value for c, we have 

logax = logo; + log a, 

whence, for £C = 6, 

loga6 = log a + log 6, 
which was to be proved. 

For arbitrary positive numbers the equation 

log{aia2 . . . a^) == logo^ + logag + . . . + loga„ 

follows from the addition theorem for the logarithm. 

In particular, if all the numbers a^, . . . , are equal to 
one and the same number a, we have 

loga^ = n log a. 

Similarly, it follows that 

log a + log - = log 1 = 0, 
a 

so that log a =— log-. 

If, further, -we put -\/a= a it follows that loga = re log a, or 

log'\/a = logo?-'" = 1 log a. 

re 

From this by repeated use of the addition theorem we find 
that, when m is a positive integer, 

m j 

~ log a = log = log 

The equation log a** = r loga 

is thus proved for all positive rational values of r, and for r = 0 
It IS obviously correct. .For negative rational values of r it is 
also valid, for then 

loga^ = iog— = — log a''* = r log a. 
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3. Monotonic Character and Values of the Logarithm. 

The value of the logarithm obviously increases when x in- 
creases, and decreases when x decreases; the logarithm is there- 
fore a monotonic function. 

Since the derivative Ijx becomes smaller and smaller as x 
increases, the function increases more and more slowly as x 
increases. Nevertheless, as x increases beyond all bounds the 
function log a; does not tend to a positive limit, but becomes 
infinite; that is to say, for every positive number A, no matter 
how large, there are values of x for which log£c> A, This fact 
follows very readily from the addition theorem. For log 2"^ = 
n log 2, and since log 2 is a positive number, by taking a? = 2” 
with sufiiciently large values of n we can make logcr as large 
as we please. 

Since log (1/2^) = — w log2, we see that as x tends to zero 
through positive values logx is negative and increases numeri- 
cally beyond all bounds. 

Summing up these results: 

The function logic is a monotonic function which assumes 
all values between — 00 and cjo as the independent variable x 
ranges over the continuum of positive numbers. 

4. The Inverse Function of the Logarithm (the Exponential 

Function). 

Since the function y = logo? {x > 0) is a monotonic function 
of X which assumes all real values, its inverse function, which we 
shall at first denote hj x= E{y), must be a single- valued mono- 
tonic function defined for every real value of y; it is difierentiable, 
since logic itself is difEerentiable. We interchange the notation 
for the dependent and independent variables, and proceed to 
study the function E(x) in detail. In the first place, it must 
clearly be positive for every value of x. Further, we must have 

for this equation is equivalent to the statement that log 1 = 0. 

Secondly, from the addition theorem for the logarithm there 
immediately follows the multiplication theorem 

E{a)E{P)^E{a+ 
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To prove this we need only notice that the equations 
E[a) == a, EiP) = b, E{a + ^) = c 

are equivalent to 

a==loga, p=logb, a + ^ == logc. 

Since by the addition theorem for the logarithm a + ^ = loga&, 
it must be true that c == ab, which proves the multiplication 
theorem. • 

From this theorem we derive a fundamental property of the 
function y = E(x), which gives us the right to call our function 
the exponential function and to write it symbolically in the form 

y^ 

In order to obtain this property we observe that there must 
be a number — which we shall call * e — for which 

loge = 1. 

This is equivalent to the definition 

j&Cl) = e. 

Using the multiplication theorem for the function B{x), we have 

E{n) = 

and, in the same way, for positive integers m and 

which we could also have found directly from the addition 
theorem for the logarithm. 

The equation E{r) == e** thus proved for positive rational 
numbers r holds also for negative rational numbers in virtue of 
the equation 

B{T)E{—r) = E{Q) = 1. 

The function E{x) is therefore a function which is continuous 
for all values of and which for rational values of x coincides 
with e®. These facts give us the right to call our function e® for 

^ Its identity with the number e considered on p. 43 will be proved in No, 6 
Cp. 175). 
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arbitrary irrational values of x also * (It should be noticed that 
here the continuity of is an immediate consequence of its 
definition as the inverse function of a continuous monotonic 
function, while if the elementary definition is adopted the con- 
tinuity must be ^proved,) 

The exponential function is difierentiated, according to the 
formula 

A = e® or y* = y. 


This formula expresses the important fact that the derivative oj 
the exponential function is the 


function itself 

The proof is extremely 
simple. For we have x = logy^ 
whence, by the formula for the 
differentiation of the loga- 
rithm, we have ~ and 
dy y 

then by the rule for inverse 
functions 



as was stated. 



Fig. 1 6. — The exponential function 


The graph of the exponential function e“, the so-called exponential 
curve, is obtained by reflection of the logarithmic curve in the line which 
bisects the first quadrant. It is shown in fig. 16. 


5. The General Exponential Function a® and the General 
Power 

The exponential function a® for an arbitrary positive base a 
is now simply defined by the equation 

* If we anticipate the fact, which will be proved on p. 175, that our nmnber e 
is identical with the number so denoted previously, we have now proved that the 
definition given here yields the same exponential function with base e as was 
formerly defined by the process of raising to powers. For, according to that 
elementary definition, we defined the values of c® for irrational a;’s as the limit 
of the expressions e®«, where takes on a sequence of rational values with the 
limit X, 



174 DIFFERENTIATION AND INTEGRATION [Chap, 

wEicb. agrees with the earlier definition in virtue of the 
relation 

Using the chain rule we immediately obtain 

^ = A ^ ^loga ^ 

dx dx 

== log a. 

The inverse function of the exponential function is 

called the logarithm to the base a and is written 

^ == 

while the logarithmic function previously introduced, when a 
distinction is necessary, is spoken of as the natural logarithm, 
or logarithm to the base e. 

From the definition it follows immediately that 

hgy == X loga = loga^Z • 

which shows us that the logarithm of y to an arbitrary positive 
base a 4= 1 is obtained by multiplying the natural logarithm of 
y by the reciprocal of the natural logarithm of a, the modulus 
of the system of logarithms to the base * a. 

Instead of our previous definition of the general power 
x°- (x > 0) we shall now define this power by the equation 

The rule for difierentiating the power follows immediately 
from the definition, using the chain rule; for 

^ af = . - = a3f-\ 

dx X 

in agreement with our previous result (cf. p. 155). 


If we take a « 10 we obtain the ordinary “ Briggian ’’ logarithms, which 
have already been met with In elementary mathematics and which are advan- 
tageous for use in numerical calculations. 
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6. Tlie Exponential Function and tlie Logaritliin represented 
as Limits. 

We are now in a position to state important limiting relations 
referring to tlie quantities introduced above. We begin with the 
formula for differentiating the function /(£c) = logcr, 

= lira + = lim \og{<^+h)-logx 

/i->o h h-^o h 

= lim llog^I + -Y 
If we put i == this becomes 

X 

lim ~ log(l + zh) = z, 
h->on 


Since the function e® is continuous for all values of x, this implies 
that 

6* = lim = lim(l -{- . . (a) 

A->0 /»->o 


If in particular we give h the sequence of values 1 
we have 


1 1 
’ 2’ 3’ 


1 

n 


lim 

n—^cD 



= 


. . ih) 


If to ^ we assign the value 1, formula (a) gives the following 
important fact: 

As h tends to zero^ the exjpression (1 + h)^^^ tends to the 
number e: 

hm (1 + 

Formula (b) gives 

lim (l + ^y = e. 


which proves that the number e is the same as the number 
denoted by the symbol e on p. 43, 

From the differentiation formula for a®, 


qX+Ji 

a® loga = Hm 


a® 

— t 


h 
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it follows for a? = 0 that 

Qh I 

log a = lim — - — j 
k-^o n 

a formula wMch expresses the logarithm of a directly as a 
limit. 

To this equation we append the remark that by its means 
we can complete the relation 



established earlier. We have always been obliged to exclude 
the case a = — 1. Now, however, we can trace what happens 
when the number a tends to the limit —1. If we put a = 1 
the left-hand side wiU by our definition of the logarithm have 
the limit 

^ = log6; 

J-i X 

the right-hand side therefore has the same limit when a — 1, 
This fact, moreover, is in accordance with the formula 

log 6= lim 7 h 

h->0 h 

we need only write a + 1 = 

We have thus cleared up the exceptional case a = — 1 in 
the integration formula which we have so often used. The 
formula above is still meaningless when a = — 1, but as a limit 
formula it retains its significance as a — 1. 

7. Final Remarks. 

Here we briefly review the train of thought followed out in 
this section. We first defined the natural logarithm y -- logic 
for ic > 0 by means of an integral, whence we immediately 
deduced the difierentiation formula, the addition theorem, and 
the existence of an inverse. We then investigated the inverse 
function = e®, where the number e was seen to be the number 

* W€ have liere carried out the passage to the limit a — — 1 under the 
integral sign without further investigation; cf. the discussion on p. 128 et seq~ 
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wiiose logaritliin is 1, and we derived its dij$erentiation formnlaj 
as well as limit expressions for it and for the logarithm. The 
introduction of the functions y = af = and ^ = a® == 6® 
followed naturally. 

In the discussion given here, as contrasted with the “ elemen- 
tary treatment, the question of continuity causes no difficulty, 
since the logarithm is defined as an integral and therefore as a 
continuous and difierentiable function, whose inverse function 
is also continuous. 


Examples 


1. Sketch the function y — ~ (1 ^ cc ^2) on a large scale, using 
graph paper, and find log ^ 2 by counting squares. 

Differentiate the functions in Ex. 2-5; 


2 . ;c(loga: — 1 ). 4. log{a: -f V (1 -f a:^)}, 

3. log logo;. 5. log{ V (1 -h log a;) — sin a;}. 


^ I ^ 4- 1) 

6. Differentiate log —4 (a) by using the chain rule and the 

'y + x) 

quotient rule, without preliminary simplification; (b) first simplifying 
by means of the theorems on logarithms. 

7. (a) Differentiate y = ^ j;} 

(6) Differentiate the same function, first taking logarithms and sim- 
plifying. 

8. * Given hm e„ = 0, prove that lim { 1 -f- ) =1. 

«— >-00 K— 7 >“C 0 ' 

9. Show that the function y ~ {a gosx b smx) satisfies the 
equation 

y" -f~ 2ay' + (a? -f l)y = 0 
for all values of a and 6. 


10. * Show that ~ when a; =h 0, where PAx) is 

dx^ x^^ 

a polynomial of degree 2n — 2. Establish the “ recurrence formula ” 

P^+i(^) = (2 - ^nx^) Pni^) -f 

11. Find the maximum oi y=^ a;X“e~'^, where X and a are constants. 
Find the locus of this maximum when X is allowed to vary. 

12. Differentiate {a > 0). 

13. Differentiate 

(E 798> 


13 
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7. Some Applications of the Exponential Function 

In this section we shall consider some miscellaneous problems 
involving the exponential function, and we shall thus gain an 
insight into the fundamental importance of this function in all 
sorts of applications. 

1. Definition of the Exponential Function by Means of a Dif- 
ferential Eauation. 

We can define the exponential function by a simple theorem, 
whose use will save us many detailed investigations of particular 
cases. 

If a function y == f (x) satisfies an equation of the form 

y' = cLy 

U'here a is a constaiit other than zero, then j has the form 

y =/(^) = 

where c is also a constant', and conversely, every function of the form 
satisfies the equation j' = ay. The latter is usually briefly 
referred to as a differential equation, since it expresses a relation 
between the function and its derivative. 

In order to make the theorem clear, we notice first of all 
that in the simplest case a = 1 the above equation becomes 
z=z y. We know that y = e^ satisfies this equation, and it is 
clear that the same is also true of ^ = ce®, if c is an arbitrary 
constant. Conversely, we can easily see that no other function 
satisfies the difierential equation. For if y is such a function, we 
consider the function u = ye~^. We must then have 

u' = — ye~^ = e~^{y' — y). 

But the right-hand side vanishes, since we have assumed that 
y' = y; heuce u' = 0, so that by p. 114 et seq. u is a constant 
c and y = ce®, as we wished to prove. 

The case of any non-zero value of a can be treated in exactly 
the same way as the special case a = 1. If we introduce the 
function u == we obtain the equation 
Hence from the assnmed differential equation we find that 
u' = 0, so that = c and y = ce^. The converse is clear. 
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We will now apply tliis tiieorem to a mimber of examples 
and thus make it more intelligible. 


2. Interest Compounded Continuously. Eadioactive Disintegra- 
tion. 


A capital sum, or principal, wMch has its interest added to it at 


regular periods of time, increases by jumps at these interest periods in 
the following manner. If 100a is the rate of interest per cent, and if further 
the interest accrued is added to the principal at the end of each year, 
then after x years the accumulated amount of an original principal of 1 


will be 


(1 + af . 


If, however, the principal had the interest added to it not at the end 
of each year, but at the end of each w-th part of a year, then after x years 
the principal would amount to 



Taking a; — 1 for the sake of simplicity, i.e. reckoning the interest at 
100 a per cent for one year, we find that if the interest is computed in this 
latter way the principal 1 amounts after one year to 



If we now let n increase beyond all bounds, i.e. if we let the interest be 
calculated at shorter and shorter intervals, the limiting case will signify 
in a sense that the interest is compounded continuously, at each instant; 
and we see that the total amount after one year wiU be e® times the original 
principal. Similarly, if the interest is calculated in this manner, an original 
principal of 1 will have grown after x years to an amount here x may 
be any number, integral or otherwise. 

The discussion in No. 1 (p. 178) forms a framework within which 
examples of this type are readily understood. We consider a quantity, 
given by the number 2 /, which increases (or decreases) with the time. 
Let the rate at which this quantity increases or decreases be proportional 
to the total quantity. Then if we take the time as the independent variable 
X, we obtain a law of the form 3 /' = oct/ for the rate of increase, where a, 
the factor of proportionality, is positive or negative according as the 
quantity is increasing or decreasing. Then in accordance with No. 1 the 
quantity 3 / itself wiU be given by a formula 

y =: ce^. 


where the meaning of the constant c is immediately obvious if we con- 
sider the instant a; = 0. At that instant = 1, and we find that c = 3^0 
is the quantity at the beginning of the time considered, so that we may 


write 


y = 
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A characteristic example of the use of these ideas is the case of radio- 
active disintegration. The rate at which the total quantity y of the radio- 
active substance is diminishing at any instant is proportional to the total 
quantity present at that instant; this is a priori plausible, as each portion 
of the substance decreases as rapidly as every other portion. Therefore 
the quantity y of the substance expressed as a function of the time satis- 
fies a relation of the form y' ~ —hy, where h is to be taken as positive 
since we are dealing with a diminishing quantity. The quantity of sub- 
stance is thus expressed as a function of the time by y = where y^ 

is the amount of the substance at the beginning of the time considered 
(time X =0). 

After a certain time v the radioactive substance wiU have diminished 
to half its original quantity. This so-caUed half-value period is given by 
the equation “ iy,= 

whence we immediatelv obtain t = 

h 

3. Cooling or Heating of a Body by a Surrounding Medium. 

Another typical example of the occurrence of the exponential function 
is offered hy the cooling of a body, e.g. a metal plate, which is immersed in 
a very large bath of given temperature. In considering this cooling we 
assume that the surrounding hath is so large that its temperature is un- 
affected by the cooling process. We further assume that at each instant 
all parts of the immersed body are at the same temperature, and that the 
rate at which the temperature changes is proportional to the difference 
between the temperature of the body and that of the surrounding 
medium (Newton’s law of cooling). 

If we denote the time by x and the temperature difference hy y — y{oo), 
this law of cooling is expressed by the equation 

y' = 

where ib is a positive constant -whose value depends on the body itself. 
From this instantaneous relationship, which expresses the effect of the 
cooling process at a given instant, we now wish to derive an “ integral 
law ” which will allow us to find the temperature at an arbitrary time x 
from the temperature at an initial time x= 0. The theorem of No. 1 
(p. 178) immediately gives us this integral law in the form 

y == ce“^, 

where h is the above-mentioned constant depending on the body. This 
shows that the temperature decreases “ exponentially ” and tends to 
become equal to the external temperature. The rapidity -with which this 
happens is expr^sed by the number k. As before, we find the meaning 
of the constant c hy considering the instant a? = 0; this gives us yo = 
so that our law of cooling can finally be -written in the form 
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It is obvious that the same discussion wiU also apply to the heating 
of a body. The only difference is that the initial difference of temperature 
is in this case negative instead of positive. 

4. Variation of the Atmospheric Pressure with the Height above 
the Surface of the Earth. 

As a further example of the occurrence of the exponential formula we 
shall deduce the law according to which the atmospheric pressure varies 
with height. We here make use ( 1 ) of the physical fact that the atmospheric 
pressure is equal to the weight of the column of air vertically above a 
surface of area 1 , and ( 2 ) of Boyle’s law, according to which the pressure 
of the air (p) at a given constant temperature is proportional to the density 
of the air (c). Boyle’s law, expressed in symbols, is 5 ? = <2 a, where a is a 
constant which depends on a specific physical property of the air and in 
addition is proportional to the absolute temperature — here we are not 
concerned with this, as we shall assume that the temperature is constant. 
Our problem is to determine p — f(h) as & function of the height (h) above 
the surface of the earth. 

If by po we denote the atmospheric pressure at the surface of the earth, 
i.e. the total weight of the air column supported by a unit area, and by 
a(X) the density of the air at the height X above the earth, the weight of the 

rh 

column up to the height h will be given by the integral / The 

pressure at height h will therefore be ® 

P = /(^) = Po — f c(>.)dx. 

Jo 

By differentiation this yields the following relation between the pressure 
P = f{h) and the density (s{h): 


We now use Boyle’s law to elimmate the quantity a from this equation, 
thus obtaining an equation 

, 1 
P = — 

which involves the unknown pressure function only. From p. 178 it follows 
that 

p = J(h) = . 

If as above we denote the pressure at the earth’s surface, i.e. /(O), by Pq, 
it follows immediately that c = Pq, and consequently 

P = /(*) = 

Changing to logarithms, we obtain 

h = a log 
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These two formulse find frequent application. For example, if the constant 
a is kno-u-n they enable us to find the height of a place from the barometric 
pressure, or to "find the difference in height of tw^o places by measuring the 
atmospheric pressure at each place. Again, if the atmospheric pressure 
and the height h are knoum we can determine the constant a, which is of 
great importance in gas theory. 

5. Advance of a Chemical Reaction. 

We now consider an example from chemistry, namely, the so-caUed 
unimolecular rmciion. We suppose that a substance is dissolved in a rela- 
tively large amount of solvent, say a quantity of cane sugar in water. If a 
chemical reaction takes place, the chemical law of mass action in this 
simple case states that the rate of reaction is proportional to the quantity 
of reacting substance present. If we suppose that the cane sugar is being 
transformed by catalytic action into invert sugar, and if by u{x) we denote 
the quantity of cane sugar which at time x is still unchanged, the velocity 
of reaction will he —dujdx, and in accordance with the law of mass action 
an equation of the form 

du j 

— = -^icu 
dx 

holds, where is a constant depending on the substance reacting. From 
this instantaneous law w^e immediately obtain, as on p. 178, an integral 
law, which gives us the amount of cane sugar as a function of the time: 

u{x) = ae“^®. 

This formula clearly shows us how the chemical reaction tends asymptoti- 
cally to its final state u—0, that is, complete transformation of the re- 
acting substance. The constant a is obviously the quantity present at 
time a; = 0. 


6. Making and Breaking an Electric Circuit. 

As a final example we consider the growi:h of a (direct) electric current 
when a circuit is completed (or its decay when the circuit is broken). If 
R is the resistance of the circuit and E the impressed electromotive force 
(voltage), the current I will gradually increase JErom its original value 0 
to the steady final value EjB, We have therefore to consider J as a func- 
tion of the time. The growdsh of the current depends on the self-induction 
of the circuit; the circuit has a characteristic constant L, the coefficient 
of self-induction, of such a nature that as the current increases an electro- 
motive force of magnitude Ldljdx, opposed to the external electromotive 
force is developed. From Ohm’s law, according to which the product 
of the resistance and the current is at each instant equal to the actual 
effective voltage, we obtain the relation 
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Here we put 

JR 

we immediately find that f'{x) = — — f{x), so that by the theorem 

1j 

on p. 178 Recalling that /(O) = 0, we see that 

E 

jifi) = — and thus we obtain the expression 
M 

^ = /W + |=|{l-e-Wi) 

for the current as a function of the time. 

Rrom this expression we see that when the circuit is closed the current 
tends asymptotically to its steady value EjR. 

Examples 

1. The function f{x) satisfies the equation 

j{x + y) = f(x)f{y). 

(а) If f(x) is differentiable, either f(x) s 0 or else / (x) = 

(б) * If f(x) is continuous, either /(a:) = 0 or ehefix) = 

2. If a differentiable function f(x) satisfies the equation 

f(^) = f(^) + f(y), 

then f(x) = a logic. 

3. A quantity of radium weighs 1 gm. at time t = 0. At time t = 10 
(years) it has diminished to *997 gm. After what time will it have diminished 
to *5 gm.? 

4. Solve the following differential equations: 

(а) y' = «(?/ — P). (c) y' — (x.y — 

(б) 2 /' — ay = p. (d) y' — ccy Pe^^”. 

8. The Hyperbolic Fukctioxs 

1 . Analytical Definition. 

In many applications the exponential function does not enter 
alone, but in combinations of the form 

1 (e® + e“®) or 1 (e® — e~% 

It is convenient to introduce these and similar combinations as 
speciah functions; we denote them as follows: 
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siiiha; : 


cosh X = 


e 


tanha; = 


cothcc : 


6® -j- ^ * 


and we call them the hyperholie sine, Tiyferholic cosine, hyper- 
bolic tangent, and hyperbolic cotan- 
gent respectively. The functions 
sinha?, cosha?, and tanha; are de- 
fined for aU values of x, while in 
the case of cothcc the point x—O 
must be excluded. This notation 
is designed to express a certain 
analogy with the trigonometric 
functions; it is this analogy, which 
we are about to study in detail, 
that justifies special consideration 
of our new functions. In figs. 17, 
18, and 19 the graphs of the hy- 
perbolic functions are shown; the 
dotted lines in fig. 17 are the 
graphs of 2/ = and y = 

from which the graphs of sinhcr and cosh a? may easily be 
constructed. 




We see that cosh a; is an even function, i.e. a function which 
rem a ins unchanged when x is replaced by — x, while sinha: is an 
odd function, i.e. a function that changes sign when x is replaced 
by — (Cf. p. 20.) 
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The function ^ + 6"“® 

cos a; ^ 

is, by its definition, positive for all values of x. It has its least 
value when x — coshO == 1. 

Between cosh a; and sinhaj there exists the fundamental re- 
lation 

cosh^ic — sinh^rr = 1, 

which follows immediately 
from the definitions of these 
functions. If we now denote 
the independent variable by t 
instead of x and write 

X = eoshi, y = sinh^, 
we have 

^2 __ ^2 == 1. 

that is, the point with the co- 
ordinates X = cosh^, y == sinhi 
moves along the rectangular 
hyperbola ~ = 1 as t 

rtins through the whole scale 
of values from — 00 to +00. 

According to the defining equation, a? ^ 1 , and we may easily con- 
vince ourselves that y runs through the whole scale of values — co 
to + cxD as if does; for if t tends to infinity so does e*, while e“* tends 
to zero. We may therefore state more exactly that as t runs from 
— 00 to -f - 00 , the equations x — cosh^, y = smh^ give us one 
branch, namely, the right-hand one, of the rectangular hyperbola. 



2. Addition Theorems and Formulse for Differentiation. 

From the defiboitions of our functions there follow the formula, 
known as addition theorems: 

cosh (a + b) == cosh a coshb + sinha sinhb, 
sinh(a + 6) = sinha cosh 6 + cosh a sinhb. 


The proofs are obtained at once if we write 


cosh (a 4- 6) = 




, sinh (a -r b) = 




e 


2 


2 
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and in tEese equations put 

e® = cosEa + sinEa, = cosEa — sinha, 

e'’ = cosE6 + sinEfe, = cosh 6 — sinE&. 

TEe analogy between these formulae and the corresponding 
trigonometrical formulae is clear. TEe only difference in the 
addition theorems is one sign in the first formula. 

A corresponduig analogy holds for the differentiation for- 
mula. Eemembering that d{e^)ldx = e^, we readily find that * 

^ cosEa; = sinha:, ^ sinha; = cosEa:, 
ax dx 

^ tanha; = — A cotha; = — — — . 
dx cosh® a: dx sinE®x 

3. The Inverse Hyperbolic Functions. 

To the EyperboHo functions a;=cosEt, «/=sinEf, there 
correspond inverse functions, which we denote f by 

t== ax cosEa:, t = ar sinhy. 

Since the function sinEt is monotonio increasing throughout the 
interval — oo < < < -f oo , its inverse function is uniquely de- 
termined for aU values of y, on the other hand, we learn from a 
glance at the graph (cf. fig. 17, p. 184) that t = ar cosh a; is not 
umquely determined, but has an ambiguity of sign, for to a 
given value of x corresponds not only the number t but also 
the number —t. Since cosEt ^ 1 for all values of t, its inverse 
arcosEa; is defined only for a; ^ 1. 

We can express these inverse functions very easily in terms 
of the logarithm, by regarding the quantity e* = m in the de- 
finitions 



as unknown and solving these (quadratic) equations for u. Then 
- « = a: + ^/(x^ — 1), w = y + ^(2/2 -f- i); 

smce M = e‘ can have only positive values the square root in 
convenient to introduce the functions seoh* = l/cosh®, 
t The notation cosh-ia:, &o., is also used; of. footnote, p. 148. 



THE HYPERBOLIC FUNCTIONS 


III] 


187 


tlie second equation must be taken with the positive sign, while 
in the first either sign is possible. In the logarithmic form, 

t = log {x — 1)) = coshic, 

t ■= \og{y ^ ( 2^2 sinh?/. 

In the case of ax cosher the variable x is restricted to the interval 
I, while ar sinh^/ is defined for all values of y. 

The formula gives us two values, log{er -f 1)} and 

logger — — I)}’ ar cosher, corresponding to the two 
branches of ar cosher. Since 


{x + y'ix^— 1)} {x — I)} = 1 

the sum of these two values of ar cosher is zero, which agrees 
with a remark made above. 

The inverses of the hyperbolic tangent and hyperbolic co- 
tangent can be defined analogously, and can also be expressed 
in terms of logarithms. These functions we denote by ar tanhx 
and ar cothx; and, expressing the independent variable every- 
where by x, we readily obtain 


ar tanhiT = 


1 1 ^ 

log _L_ in the interval — 1 < a; < 
2 1 — a; 


1 , 


ar coth x 


1 

2 


log 


CC + 1 
X — 1 


in the intervals x < —I, x'> 1. 


The difierentiation of these inverse functions may be carried 
out by the reader himself; here he may make use of either the 
rule for differentiating an inverse function or the chain rule in 
conjimction with the above expressions for the inverse fimctions 
in terms of logarithms. If a? is the independent variable, the 
results are 


■— ar cosh a? = 


+ 




~ ar sinha? = 




— ar tanha; = 

dx 1 — x^ 


^ ar cotha; = - — - — 
dx 1 — 


The last two formulae do not contradict each other, since the 
first holds only for — 1 <,x <,1 and the second only for x a — 1 

and Kx. The two values of sir cosho?, expressed by the 

dx 



i88 


DIFFERENTIATION AND INTEGRATION [Chap. 

sign ± in the first formula, correspond to the two diiierent 
branches of the curve y= arcoshir= log {a: +y'(a;2— 1)}. 

4. Further Analogies. 

In the above representation of the rectangular hyperbola by the quan- 
tity t we did not attempt to bring out any geometrical meaning of the 
‘‘parameter” ^ itself. We shall now return to this matter, thus gaining still 
more insight into the analogy between the trigonometric functions and the 
hj^erbolic functions. If we represent the circle with equation y“ ~ 1 
by means of a parameter i in the form x — cos^, y == sini, we can interpret 
the quantity t as an angle or as a length of arc measured along the cir- 
cumference; we may, however, also regard t as twice the area of the cir- 
cular sector corresponding to that angle, the area being reckoned positive 
or negative according as the angle is positive or negative. 



Fig. 20. — ^Parametric representation Fig. zi . — To illustrate the hyperbolic 

of the hyperbola functions 


We now make the analogous statement that for the hyperbolic func- 
tions the quantity ' t is twice the area of the hyperbolic sector* shown 
shaded in fig. 20. The proof is obtained without difficulty if we refer the 
hyperbola to its asymptotes as axes by means of the transformation 
of co-ordinates 

a;— y=V2^, x-{-y=V2ri, 

or 

with these new co-ordinates the equation of the hyperbola is 
We thus see immediately that the area in question is equal to the area 
of the figure ABQP; for the two right-angled triangles OPQ and GAB 

*Just as the notation <== arc cos a: recalls that t is an arc of a circle of 
reference, so t ~ arcc®haj recalls that f is a certain area connected with a 
rectangular hyperbola. 
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have the same area, according to the equation of the h^^perbola. 
two points A and P obviously have the co-ordinates 




1 

V2’ 



and 



73 = 


y 

V2 


The 


respectively, and for double the area of our figure we thus obtain 
Ax+y)lV2 

2 / ( 1 / 2 '/ 3 ) = log(a; -L ?/) = log { a; ^ V(a:2 ~ 1)}. 

*^11 V 2 

Comparison of this expression with the formula of p. 187 for the inverse 
function t= arcosha; shows us that our statement about the quantity t 
is true. 

In conclusion, it may be pointed out that, as shown in fig. 21, the 
hyperbolic functions can be diagrammatically represented on the hyper- 
bola, just as the trigonometric functions can be represented on the circle.* 


Examples 

1. Prove the formula 

sinha -j- sinhS «= 2 sinh^ ? — — cosh^ -^ 

Obtain similar formulae for smhg ~ sinh&, cosh^j -f cosh 6, cosh^ — coshfe 

2. Express tanh(a i 6) in terms of tanha and tanh&. 

Express coth(a hi terms of cotha and cothZ>. 

Express sinh|^a and coshja in terms of cosh a. 

3. Differentiate 

(a) cosh a; 4- sinhar; (b) etanh3c4-cotha:. ( 5 ) logsinh(2;-f cosh^ar); 

(d) ar cosh a; + ar sinh x; (e) ar sinh (a cosh x); ( f ) ar tanh — — . 

1 -f a;- 

4. Calculate the area bounded by the catenary y == cosh £c, the ordinates 
a; == a and x = b, and the rc-axis. 


9. The Order of Magnitude of Functions 

The various fiinctions that we have met in this chapter 
exhibit very important differences as regards their behaviour 
for large values of the argument or, as we also say, in the order 

* The numerical values of the hyperbolic functions, which are useful in a 
variety of calculations, are to be found in many tables. We may mention the 
following: J. B. Dale, Pive-figure Tables of Mathematical Functions (Arnold, 
1918); K. Hayashi, Fllnfstellige Tafeln der Kreia^ und Hyperbelfunktwnen 
(Berlin, 1930); E. Jahnke and F. Emde, Funktionentafeln mit Formeln und 
Kurven (German and English, Leipzig, 1933), 



DIFFERENTIATION AND INTEGRATION [Chap. 


of magnitude of their increase. On account of the great importance 
of this we shall here discuss the matter briefly, even although it 
is not directly connected with the idea of the integral or of the 
derivative. 


1. The Concept of Order of Magnitude. The Simplest Cases. 

If the variable x increases beyond all bounds, then when 
a > 0 the functions logcc, e®, will also increase beyond 
all bounds. As regards the manner of this increase, however, 
we can immediately point out an essential diflerence between 
them. For example, the function o? will become infinite to a 
higher order than we mean thereby that as x increases the 
quotient o?jx^ itself increases beyond all bounds. Similarly, we 
shall say that the function of- becomes infinite to a higher order 
than if a > ^ > 0, and so on. 

Quite generally, we shall say of two functions f{x) and g{x) 
whose absolute values increase with x beyond all bounds that 
f{x) becomes infinite of a higher order than g{x), if as x increases 
^ f 1 

the quotient ^ ^ ^ ' increases beyond all bounds; we shall say 

that f(x) becomes infinite of a lower order than g(x if the 
f ix) I 

quotient dJLj. tends to zero as x increases; and we shall 

say that the two functions become infinite of the same order of 

I "f (x\ { 

magnitude if as a; increases the quotient dU. possesses a limit 

\g{x)^ 

difierent from 0 or at leasu remains between two fix:ed positive 
bounds. For example, the function + hx^ + c =f{x), where 
a 4= 0, win be of the same order of magnitude as the function 

s^===g{x); for the quotient ^ has the 

g(x) x^ 

limit \ a \, On the other hand, the function a? + x + 1 becomes 
infinite of a higher order of magnitude than the function 
x^+x+l, 

A sum of two functions /(a?) and (f>(x), where /(a;) is of higher 
order of magnitude than </> (x), has the same order of magnitude 


quotient 


increases beyond all bounds; we shall say 


tends to zero as x increases; and we shall 


: g{x); for the quotient 


has the 


as/(x). For i + ^) 

fi^) /(») 

this expression tends to 1 as a? increases. 


and by hypothesis 
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We might be tempted to measure the order of magnitude of 
functions by a scale, assigning to the quantity x the order of 
magnitude 1 and to the power {a '> 0) the order of magnitude 
a. A polynomial of the n-th. degree then obviously has the 
order' of magnitude n; a rational function, the degree of whose 
numerator is higher by h than that of the denominator, has 
the order of magnitude 


2. The Order of Magnitude of the Exponential Function and of 
the Logarithm. 

It turns out, however, that any attempt to fix the order of 
magnitude of arbitrary functions by the above scale must end in 
failure. For there are functions that become infinite of higher order 
than the power x°- of x, no matter how large a is chosen; again, 
there are functions which become infinite of lower order than the 
power ic", no matter how small the positive number a is chosen. 
These functions therefore will not fit in anywhere in our scale. 

Without entering into a detailed theory of the order of magni- 
tude we shall prove the following theorem: 

If a is an arbitrary number greater than 1 , then the guotierd, 

— tends to infinity as x increases, 

X 

To prove this we construct the function 

(f) (x) = log — = X loga — log a:; 

X 


it is obviously sufficient to show that this increases beyond all 
bounds if x tends to +00. For this purpose we consider the 
derivative ^ 

« d'(x) == loga — - 

X 


and notice that for x ^ c — this is not less than the 

1 

positive number - loga. Hence it follows that for a; ^ c 

2 

<f){x) — (f) (c) = jT <f)' {t)dt ^ jT i loga di^i{x—c) loga. 


<f,{x)^<f) (c) + I (a: — c) loga, 
and the right-hand side becomes i nfinit e as x increases. 
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We sEall give a second proof of this important theorem. 
If we write V a we have 6 > 1 and ^ > 0. 

Let n he the integer such that n^x we may take 

■X > 1, so that n^l. Applying the lemma of p. 31, we have 

V V / ^ V(^ + 1”) V(n+i) vi^ ^ 


so that 



and therefore tends to infinity with jr. 

From the fact just proved many others follow. For 
example, for every positive index a and every number a j> 1 
the quotient a^jaf tends to infinity as x increases; that is: 

The exponential function becomes infinite of a higher order of 
magnitude than any power of x. 

In order to see this, we need only show that the a-th root of 
the expression, that is, 

a® __ 1 “ __ 1 

X a xja a y \ a/ 

tends to infi.nity. This, however, follows immediately from the 
preceding theorem, when x is replaced by y = xja. 

We can prove the following theorem in a similar fashion. 
For every positive value of a the quotient (log£c)/x°' tends to 
zero when x tends to infinity; that is: 

The logarithm becomes infinite of a lower order of magnitude 
than any arbitrarily small positive power of x. 

The proof follows immediately if we put logic — y, by which* 
our quotient is transformed into y/e“^. We then put = a; 
then a is a number > 1, and our quotient yja'^ approaches 
0 as y increases. Since y approaches infinity as x does our theorem 
is proved.^ 

* Another very simple proof may be suggested: for x > 1 and € > 0 

logx -jf-J - 1): 

if we choose € smaHer than a and divide both members of this inequality by a?*, 
then as a; ->• 00 it follows that (loga;)/a:» 0. 
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WitE these results as a basis we can construct functions of 
an order of magnitude far higher than that of the exponential 
function and other functions of an order of magnitude far lower 
than that of the logarithm. For example, the function is of 
a higher order than the exponential function, and the function 
log log X oi B> lower order than the logarithm; and we can obvi- 
ously repeat these iteration processes as often as we like, piling 
up the symbols e or log to any extent we please. 


3. General Remarks. 

These considerations show that it is not possible by systematic 
reasoning to assign to all functions definite numbers as orders 
of magnitude in such a way that when two functions are com- 
pared the function of the higher order of magnitude has the 
higher number. If, for example, the function x is of the order 
of magnitude 1 and the function of the order of magnitude 
1 -f €, then the function x logx must be of an order of magnitude 
that is greater than 1 and less than 1 e no matter how small 
€ is chosen. But there is no such number. Apart from this, 
however, it is easy to see that functions need not possess a clearly 
defined order of magnitude. For example, the function 

^1 - ^ it" . jL approaches no definite limits as x increase: on 

rc^(cosa:)^ -j- x 

the contrary, for x= nrr (where n is an integer) the value is 


— , while for x—(n-{- ^ jw it is (n+ i jTr 4- 1 -f- 

niT \ 2 / \ 2 / 


(n+iW 


Although the numerator and denominator both become infinite, 
the quotient neither remains between positive bounds, nor tends 
to zero, nor tends to infinity. The numerator, therefore, is neither 
of the same order as the denominator, nor of lower order, nor of 
higher order. This apparently startling situation merely means 
that our definitions are not designed in such a way that we 
can compare any pair of functions. This is not a defect; we 
have no desire to compare the orders of such functions as 
the numerator and denominator above, since knowledge of the 
value of one of them gives us no useful information about 
the other. 


(E798) 


t4 
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4. The Order of Magnitude of a Function in the Neighbourhood 
of an Arbitrary Point. 

Just as we can inquire into the “behaviour of a function when 
It increases without Innit, we may also ask ourselves whether 
and how functions that become infinite at the point x~ i may 
be distinguished as regards their behaviour at that point. We 

further state that the function f(x) = becomes infinite 

of the first order at the point x== and correspondingly that the 

function : r-r becomes infinite of the order a, provided that 

a is positive. 

We then recognize that the function becomes infinite 

of higher order, and the function log \x — f | infinite of lower 
order, than all these powers; i.e. that the limiting relations 

lim([a;— I oo and lim(|cr — 1 1"" . log] x — ^ | ) = 0 

hold. ^ 

In order to see this we merely put j = y] our state- 

\x— S\ 

ments then reduce to the known theorem on p. 192, since 
I a; — and \x — . log| x — ^ | = — 0-Ogy)ly^ 


and y increases beyond all bounds as x tends to The method 
of reducing the behaviour at a finite point to the behaviour at 


infinity by the substitution 


1 

X— 


— y frequently proves useful. 


5. The Order of Magnitude of a Function tending to Zero. 

Just as we seek to describe the approach of a function to 
infinity more definitely by means of the concept of order of 
magnitude, we may also specify the way in wMch a function 
approaches zero. We say that as a?-^oo the quantity Ijx 
vanishes to the first order, the quantity x"'^', where a is positive, 
to the order a. We find once again that the function 1/logx 
vanishes to a lower order than an arbitrary fower x“% that is, for 
every positive a the relation 

lnn(cc“‘*' . logo;) = 0 


holds. 



Ill] 


ORDER OF MAGNITUDE 


195 

In the same way we say that for x—^ the quantity x — ^ 
vanishes to the first order, the quantity | a: — to the "order a. 
With the above results it is easy to prove the relations 

lim( I a; I'" . log I a; I ) = 0, lim( ] a: 1““ . = 0 

x-~^0 _ ^ ■ 

which are usually expressed as follows; 

The function - — | — vanishes as x-^0 to a loiver order than 
log I X I 

any fow&r of x; the exponential function vanishes to a higher 

order than any power of x. 


Examples 


1, Compare the following functions with powers of z as regards their 
order of magnitude as a: 


(а) - 1 . 

(б) (loga:)^ 

(c) sin a;. 

(d) sinho;. 

(e) sin a: , arc tana;. 


(/) x^l^sinx + 


cos^a; 

a;2+ r 


(g) 


e-i/a 

(h) x^ ~ 1 . 

O') log (a; log a;). 

2. Compare the functions of Ex. 1 with (loga;)*^. 

3. Compare the functions of Ex. 1 with powers of x as a; 0. 

4. Does the limit lim exist? 

a:— 

5. What are the limits, as a; -» cx), of e(-^) and *5? 

6. Let f(x) be a continuous function vanishing, together with its first 
derivative, for a; == 0. Show that f{x) vanishes to a higher order than x 
as a; 0. 

7. Show that f(x) = i 

of the same order of magnitude as when a; co. 

8. * Prove that e® is not a rational function. 

9. * Prove that e® cannot satisfy an algebraic equation with poly- 
nomials in as coefficients. 
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Appendix to Chapter III 

1. Some Special Functions 

From time to time we have made it clear by examples that the 
general concept of function contains many possibilities foreign 
to naive intuition. As a rule these examples were not given, in 
terms of single analytical expressions. Here, therefore, we wish 
to show that it is possible to represent various typical discon- 
tinuities and abnormal phenomena by means of very simple 
expressions built up from the elementary functions. We begin, 
however, with an example in which no discontinuity is present. 

1. The Function y = 

This function (cf. fig. 22), which is defined in the first instance only for 
values of x other than zero, obviously has the limit zero as a; -> 0. For by 
the transformation Ijoc^ = ^ our function becomes y = and lim = 0. 

^->=c 

Hence in order to extend our function so that it is continuous for a; = 0 



we define the value of the function at the point a; = 0 by the equation 

2 /( 0 ) = 0 . 

2 

By the chain rule the derivative of our function for a;={= 0 is 

If X tends to 0, this derivative will also have the limit 0, as we find imme- 
diately from p. 194 et seq. At the point a; = 0 itself the derivative 

k-^0 h A— >0 h 

is also zero. 

If we form the higher derivatives for a; 4= 0, we shall obviously always 
obtain the product of the function and a polynomial in 1/ai, and the 
passage to the limit a; ^ 0 will always yield the limit 0. All the higher 
derivative will likewise vanish, like y', at the point a; = 0. 



Ill] 


SOME SPECIAL FUNCTIONS 


197 


Thus we see that our function is continuous everywhere and differen- 
tiable as many times as we please, and yet at the point a; = 0 it vanishes 
with all its derivatives. We shall later realize (Chap. VI, Appendix, p. 336) 
how remarkable this behaviour reaUy is. 

2. The Function jv = 

We may readily convince ourselves that for positive values of x this 
function behaves in the same way as the function just dealt with; if z 
tends to 0 through positive values the function tends to 0, and the same 
is true of all its derivatives. If we define the value of the function at 



a; = 0 as ^(0) = 0, all the right-hand derivatives at the point x = 0 will 
have the value 0. It is quite another matter when z tends to 0 through 
negative values; for then the function and all its derivatives become 
infinite, and left-hand derivatives at the point cc = 0 do not exist. At the 
point X ~ 0, therefore, the function has a remarkable sort of discontinuity, 
quite unlike the infinite discontinuities of rational functions considered 
on pp. 22, 53 (of. fig. 23). 


3. The Function y = tanh 

a: 


We have already seen on pp. 33, 62 that functions with “ jump ” dis- 
continuities can he obtained from simple functions by a passage to the 
limit. The exponential function defined on p. 171 and the principle of 
compounding of functions give us another method for constructing functions 
with such discontinuities from elementary functions, without any further 
limiting process. An example of this is the function 


y ■ ■■ tanh - = = 

X 


gl/aj — e-l/» 
qVx g-l/a 


and its behaviour at the point x = 0. The function is in the first instance 
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not defined at this point. If we approach the point a: = 0 through posi- 
tive values of x, we obviously obtain the limit 1; if , on the other hand, we 
approach the point x—0 through negative values, we obtain the limit — 1, 

The point a; = 0 is therefore a 
point of discontinuity; as x 
increases through 0 the value 
of the function jumps by 2 (of. 
fig. 24). On the other, hand, the 
derivative 





cosh2(l/a;) 


(ei/« 4 - q-iix>i2 


approaches the limit 0 from both sides, as follows readily from * § 9, 
p. 194. 


4. The Function y = :x: tanh — 

X 

In the case of the function 


1 eVx _ Q-Hx 

y — X tanh -■= x — — 

X 4- e-i/® 


the above discontinuity is removed by the factor x. This function has 
the limit 0 as a; ^ 0 from either side, so that we can again appropriately 



define ^(0) as equal to 0. Our function is then continuous at a; = 0, but 
its first derivative 





1 1 
X Q03h^(l/x) 


* Another example of the occurrence of a “ jump ’ 


by the function y ■ 


‘ arc tan- as x - 

X 


discontinuity is given 
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has jtist the same kind of discontimiity as the preceding example. The 
graph of the function is a curve with a comer (cf. fig. 25); at the point 
a; = 0 the function has no actual derivative, but a right-hand derivative 
with the value -j-l and a left-hand derivative with the value — 1. 

5. The Function y ^ xsin yiQ) = 0. 

X 

We have already seen that this function is not composed of a finite 
number of monotonic pieces — as we may say, it is not “ sectionaliy * 
monotonic ” — but that it is nevertheless continuous (p. 54). Its first 
derivative 

: sini — i cos-, (x #= 0) 

XXX 

on the contrary, has a discontinuity at x = 0; for as x tends to 0 this deri- 
vative oscillates contiiMially between bounding curves, one positive and one 
negative, which themselves tend to -f co and — co respectively. At the 

actual point x == 0 the difference quotient is = sin since 

h k 

as h -^0 this swings backwards and forwards between 1 and — 1 an 
infinite number of times, the function possesses neither a right-! 
derivative nor a left-hand derivative. 

2. Eemarks on the Differentiability of 
Functions 

The derivative of a function which is continuous and has a 
derivative at every point need not be continuous. 

As the simplest example of this we consider the function 


This function is in the first instance not defined at cc = 0; we shall define 
/(O), its value there, as 0, so that the function is now defined and con- 
tinuous everywhere. For all values of x different from zero the derivative 
is given by the expression 

f'{x) = — cos- .^+2x sini = — cosi -f 2x sini 

When X tends to 0, f(x) has no limit. If, on the other hand, we form the 
difference quotient ^ once that 

this tends to 0 as A does. The derivative therefore exists for x = 0, and 
♦ Ger. stmhveise; cf. p. 438, footnote. 
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has the value 0. In order to grasp intuitively the reason for this para- 
doxical behaviour we represent the function graphically (c£. £g. 26). It 
swings backwards and forwards between the curves y and ~ — x\ 
which it touches alternately. Thus the ratio of the heights of the wave- 
crests of our curve and their distances from the origin steadily becomes 
smaller. Yet these waves do not become flatter; for their slope is given 

bv the derivative f'(x) = 2a; sin i — cos-; at the points x= where 

'' X X 2n7T: 


- = : 1 this is equal to —1, and at the points x = 
j u > J:' (2n-hl)K 


where 



In contrast to the possibility illustrated here, that a deri- 
vative may exist everywhere and yet not be continuous, we 
state the following simple theorem, which throws Kght on a 
whole series of earlier examples and discussions: if we know 
that in a neighbourhood of a point x = a the function f{x) is 
continuous and has a derivative f*{x) everywhere, except that 
we do not know whether /'(a) exists, and if in addition the equa- 
tion hm f^{x) = h holds, then the derivative f'{x) exists at the 

X — > a 

point a also, and /'(a) = h. The proof follows immediately from 
the mean value theorem. For we have 

where is a value intermediate between a and a + If A now 
tends to 0, by hypothesis /'(f) tends to &, and our statement 
follows at once. 

A companion theorem to this is the following, which may 
be proved in a similar way: if the function f{x) is continuous 
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in a ^ a; ^ 6 and for a <.x <.b possesses a derivative wMch 
iacreases beyond all bounds as x tends to a, then the right-hand 

difference quotient iacreases beyond all 

bounds as h tends to 0, so that no finite right-hand derivative 
exists at 0 ? = «. The geometrical meaning of this state of affairs 
is that at the point with the (finite) co-ordinates (a, f{a)) the 
curve has a vertical tangent, 

3. Some Special Formula 

1. Proof of the Binomial Theorem. 

Our rules for differentiation enable us to give a simple proof 
of the binomial theorem; this proof will be introduced here as 
an example of the method of undetermined coefficients which we 
shall find important later. We wish to expand the quantity 
(1 + x)^ in powers of x for all positive integral values of n. We 
see at once that the function (1 + x)^ must be a polynomial of 
degree n, i.e. it must be of the form 

(1 -f x)^ == cuo + OiO; + + . . . + 

and the problem now is to determine the coefficients If we 
put X =0, we at once obtain Gq =1, If we differentiate both 
sides of the equation once, twice, three times, &c., we obtain 
the equations 

^(1 + x)”'-'^ =ai H- 2a2X + . . . + nanX^“'\ 
n(n — 1) (1 + x)^-^ = 2^2 + 3 . 2a^ -f . . . + 


Since these equations hold for aU values of x, we can put a; = 0 
in each of them and thus obtain for the coefficients a 2 > • • • 
expressions 




n{n — 1) 
1.2“’ 


^3 — 


n{n — 1) {n— 2) 

__ , ... 


n(n — 1) (n — 2) ... {n — k+ 1) _ ^n\ 
_ 


We tbus finally obtain the biuortual tbeoreni in the form 
(l-ha;)” (^2)®*+*“+ 
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2. Saceessive Differentiation. Leibnitz’s Rule. 

In connexion with the above we leave the reader to prove 
as an exercise that the successive differentiation of a product ma^ 
be performed according to the following rule {Leibnitz’s rule): 

^(fo\ AN ^9 1 . ( A , 

dx'^ dx^ \ 1 / dx \ 2 / dx^ 


/ \df d^-^g .d^g^ 

— ij dx dx'^~'^ dx^ 


The repeated diSerentiation of a compound function y = /{<5^(a3)}, 
however, follows no such easily remembered law. From the rules 
for differentiation in last chapter (the product rule and the chain 
rule) we have 

dx d<f>dx ^ 


d^ 

dx^ 




dx^ 


=r'<^'^4-3/'W'+/T 


3. Further Examples of the Use of the Chain Rule. The Dif- 
ferentiation of jr{x)^^^K The Generalized Mean Value 
Theorem. 

To form the derivative of the function we write a?® = 

whence we obtain 

= XP^{logX + 1 ) 

dx 

by the chain rule. Similarly, we can carry out the differentiation 
of the more general expression by means 

of the chain rule, in the following way: 

.m{]ogf{x) + 1}. 

As a further application of the chain rule we here give a proof 
of the theorem which we have already called the generalized 
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mean value tiieoiem of the differential calculus (p, 135), the 
theorem being established here under less stringent conditions. 
Let G{:x) == ^ be a function which in the closed interval a 
is continuous and monotonic, and which in the open interval 
a < a; < 6 has a derivative which is nowhere equal to 0, and let 
F(x) be a function which is also continuous ioi a^x^b and 
differentiable for a < ic < 6. By means of the inverse function 
of G{x) we introduce the new independent variable 
u instead of 12 ; in F{x)^ thus obtaining the compound function 
f(u) == F(^{u)); according to the chain rule, 

/'(«) =Fix)n^^) 

The ordinary mean value theorem, applied to the function f{u) 
and to the interval between % = G{a) and == G{b), shows 
us that for an intermediate value w 

„ F{b)-Fia) _F{^) 
Qib)-G{a) G'iif 

where | = <I>(cu) is a value intermediate between a and 6. 

Examples 

1. Find the second derivative of f[g[h{x)}], 

2. Differentiate the following functions: 

(a) (b) {co3x)^\ 

(c) u(x), (that is, the logarithm of u{x) to the base v(x); v(x) > 0)- 

3. Prove Leibnitz’s nile. 

4. Find the n-th. derivative of: 

(a) {d) cosmxsmlcx. 

(b) (loga;)2. (e) e® cos 2a;. 

(c) sin a; sin 2a;. (/)(! + 

5. * Find the ?^-th derivative of arc sin a; at a; = 0, and then that of 

(arc sina;)^ at a; = 0. 

6. Prove that Hi Jc{1c— 1) = = n{n — 1)2”“^. 
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Further Development of the Integral 
Calculus 

The rules for differentiation which we formulated in the pre- 
ceding chapter have given us extensive powers over the problem 
of differentiating given functions. Almost always, however, the 
inverse problem of integration greatly exceeds it in importance. 
Hence we must now study the art of integrating given functions. 

The results attained by means of our differentiation formulae 
may be summed up as follows: 

Every function which is formed from the elementary functions 
by means of a “ closed expression ” * can be differentiated, and its 
derivative is also a closed expression formed from the elementary 
functions. 

On the other hand, we have not met with any exactly corre- 
sponding fact applying to the integration of elementary functions. 
We do know that every elementary function, and, in fact, every 
continuous function, can be integrated, and we have integrated 
a large number of elementary functions either directly or by 
inversion of differentiation formulae and have found their iu- 
tegrals to be expressions involving elementary functions only. 
But we are still far from being able to find a general solution of 
the following problem: given a function f{x) which is expressed 
in terms of the elementary functions by any closed expression, 

to find an expression for its indefinite integral, F{x) = jf{x)dx, 

which is itself a closed expression in terms of the elementary 
functions. 

* By this we mean a function whicli can he hnilt up from the elementary 
ftmctions by repeated application of the rational operations and the processes 
of compounding and inversion. 

In this connexion it should, however, be emphasized that the distinction 
between “ elemental^ ” functions and others is in itself quite arbitrary." 
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The fact is that this problem is in general insoluble; it is hy 
no means true that every elementary function has an integral 
which itself is an elementary function. In spite of this, it is 
extremely important that we should be able actually to carry 
out such integrations when they are possible, and that we should 
acquire a certain amount of technical skill in the integration of 
given functions. 

The first part of this chapter will be devoted to the develop- 
ment of devices useful for this purpose. In this connexion we 
would expressly warn the beginner against merely memorizing 
the many formulae obtained by using these technical de^'ices. 
The student should instead direct his efiorts towards gaining a 
clear understanding of the methods of integration and learning 
how to apply them. Moreover, he should remember that even 
when integration by these devices is impossible the integral 
does exist (at least for all continuous functions), and can actually 
be calculated to as high a degree of accuracy as is desired by 
means of numerical methods which will be developed later 
(Chap. VII, p. 342). 

In the latter part of the chapter we shall endeavour to deepen 
and extend our conceptions of integration and integral, quite 
apart from the problem of the technique of integration. 


1. Elementary Inteorals 


First of all we repeat that to each of the difierentiation 
formulae proved earlier there corresponds an equivalent integra- 
tion formula. Since these elementary integrals are used time and 
again as materials for the art of integration, we collect them in 
a table (p. 206). The right-hand column contains a number of 
elementary functions, the left-hand colujoin the corresponding 
derivatives. If we read the table from left to right we obtain 
in the right-hand column an indefinite integral of the function 
in the left-hand column. 

We would also remind the reader of the fundamental theorems 
of the difierential and integral calculus, proved in Chap. 11, 
§ 4 (p. 117), in particular, of the fact that the definite integral 
is obtained from the indefinite integral F{x) by the formula 


ff{x)dx-- 


m 


F{b) — F^a). 
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=/W 




(a == —1). 


(a 4 = 1 ). 


. (= cosec^a;). 


(= sec^a;). 


— (= cosech^a;). 
sinh^a: 


— cotha?. 


i sech^a:). 




( arc tana;. 

I — arc cot a;. 


V (1 -r a:-) 


ar sinha; = log {a; -f V(1 + a;^) }. 


^V(a:2- 1)' 


I^I >1). 


a; > 1 


ar coslia: = log{a; dz V(a;^ — 1) }. 
ar tanha; = - log Lit-?. 

2 1 — X 

ar cotlia; = i log^^-i-i. 

2 ^a;-l 
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Filially, for the technique of integration the reader should 
have the elementary rules of integration collected in Chap. II, 
§ 1 (pp* 81-82) at Ms finger-tips. 

In the following sections we shall attempt to reduce the 
calculation of integrals of given functions in some way or other 
to the elementary integrals collected in tMs table. Apart- from 
de^dces wMch the beginner certainly could not acquire syste- 
malically, but wMch, on the contrary, occur only to those vdtb 
long experience, tMs reduction is based essentially on two useful 
methods. Each of these methods enables us to transform a given 
integral in many ways; the object of such transformations is to 
reduce the given integral, in one step or in a sequence of steps, 
to one or more of the elementary integration formulae given 
above. 


2. The Method of Substitution 

The first of these useful methods for attacking integration 
problems is the introduction of a new variable (i.e. the method 
of suhstitution or transformation). The corresponding integral 
formula is just the chain rule of the difierential calculus expressed 
in the integral form. 

1. The Substitution Formula. 

We suppose that a new variable u is introduced into a func- 
tion F{x) by means of the equation x = so that F{x) 
becomes a function of u\ 

F{x) = F{(f>{u)) == G{u), 

By the chain rule of the differential calculus 
dG dF ,f. . 


If we now write 

r{x)=f{x) and 

or tte equivalent expressions 

F{x) = y f{x)dx and 


= 5 («). 

G{u)— Jg(u)du, 
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then on the one hand the chain rule takes the form 

g{u) =/(a:)f(M) 

and on the other hand G{u) = F{x) by definition, that is, 
J g{u)du= j f{x)dx, 

and we obtain the integral formula equivalent to the chain rule, 

//(^(«)) 4''{u)du = J f(x)dx, {x = 4>(u)}. 

This is the basic formula for the substitution of a new variable in an 
integrah It means that if we wish to find an indefinite integral of 
a function of u, which is given in the special ioTm f(c/>{u))^'(u), 
then we can instead find the indefinite integral of the function 
f{x) as a function of x and after integration return to the variable 
u by putting x == 4>iu). ^ ,, 

If, for example, we apply the formula to the integrand 
we obtain 


dx 


f&du= f- 

J 6(u) J X 


or, replacing u by x. 


aog I a; 1 = log 1 ^(m) 1 




<l>{x) 

If in this important formula we substitute particular functions, such as 
9(2;) = log a; or 9 (x) = sin a; or 9 {x) = cos x, then we obtain * 

• = log 1 logail. 


/ 


X logic 


J cot xdx = log 1 sin x\, J' tan xdx — — log | cos x | . 


A further example is 

J o(u)<p'(u)du= J xdx=^x?=^l<f{u)Y, 

where / (a?) — x. This yields for 9 (u) = log u 

* These and the following formulae are verified by showing that differentia- 
tion. of the result gives us back the integrand. The formulae, moreover, are 
of course only averted as true in so far as the expressions occurring in them 
have a meaning. 
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We finally consider the example 


/ 


sin” u cos udu. 


Here x = sin u—o (u), and hence 


/ 


sin” u cos udu — 



n ~i- 1 




?2 -f 1 


In many cases, however, we shall use the above formula in 
the reverse, direction, starting with the right-hand side, the 

integral j f(x)dx. We now have to evaluate or simplify a pre- 
scribed indefinite integral F{x) = J f{x)dx by ititroducing the 

new variable of integration u by means of the transformatioi) 
formula x = then working out the indefinite integral 


and finally replacing the variable u in this integral by x. In 
order to carry out this last step we must be certain that a definite 
value u does actually correspond to the value x, i.e. that the 
function x = has an inverse. Accordingly we now make 
the following assumption, in which we regard x as the primarv 
variable. In the interval under consideration u = .is a mono- 
tonic differentiable function whose derivative ^\x) does not 
vanish anywhere in the interval. The inverse function — which 
under these conditions is definite and single-valued — we denote 
by a: = its derivative is then given by As 

the basic formula for the substitution of a new variable u in an 
integral, we obtain 

J f{x) dx = J f{<j> {u)) <l>' (u) du (u= ip {x )) . 

The indefinite integral J i{x)dx can he obtained by cahulathig 

*he indefinite integral J f((l>{xL))<f>'{u)du and finally introducing x 
instead of u for the independent variable by means of the equation 
u=ip{x). 

It is therefore not sufficient merely to express the old variable 
X in terms of the new one u, and then to integrate with respect 
to this new variable; before integrating we must multiply by 

fE798) 15 
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the derivative of the original variable x with respect to the new 
variable u. 

The corresponding formula for definite integration between 
two Emits is 

/(») ^3: = f{(f> (u)) <f>' (^^) du. 

In the neio integral we have to choose those limits of integration 
ivhicJi are obtained by subjecting the old integration limits to the 
transformation x = ^(u), u == i/r(x). 

In most applications the integrand f{x) will appear at the 
outset as a function of a function, say/(a;) = h{u), where u = ifs{x)^ 
It is then more convenient to write our integral formula in a 
slightly difierent form by identifying the expression f{(f>{u)} with 
the expression h{u). If for u we make the substitution u = 

X = then our transformation formula is simply 


J h^ilj{x)}dx== h{u)^ du. 


As a first example we consider the integration of the fiinctioD 
f{x} = sin 2Xf taking u = 6 (^) = and h (u) — sin u. We have 

du o 

= y (a:) = 2. 


If we now introduce u= 2x into the integral as the new variable, then 
it is transformed, not into J' sin u du, but into 

1 r • ^ 1 1 o 

sin w azi = — - cos it = — ^ cos 2x; 

this may of course be verified at once by differentiating the right-hand 
side. 

If we integrate for x between the limits 0 and tc/ 4, the corresponding 
limits for u are 0 and — /2, and we obtain 


„ ^ r‘ 


- 1 ! W2 1 

sinudu — — cos u \ — 

2 In 2 


Another simple example is the integral / -v-. Here we take 

Ji -v X 

u ~ X, whence a; = g{u) = uK Since 9' (u) = 2u, we have 

dx r^udu , 

I -7- = 2 / = 2 1 du= 2. 

Ji Nar u 
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2. Another Proof of the Substitution Formula. 

Our integration formula can also be explained in another 
and more direct manner, hj aiming at the formula for definite 
integration and basing the proof on the meaning of the definite 
integral as a limit of a sum. To calculate the integral 

}i[ifj{x))dx 

(for the case a <; h), we begin with an arbitrary subdivision of 
the interval a x and then make the subdivision liner 
and finer. We choose these subdivisions in the following way. 
If the function u = 4^{x) is assumed to be monotonic increasing, 
there is a (1, 1) correspondence between the interval a ^ x 
on the ic-axis, and an interval a ^ ^ of the values of 
u = where a ~ ^(a), p = 4^{b). We divide up this «- 

interval into n parts of length Au; there is a corresponding 
subdivision of the cc-interval into sub-intervals which in general 
are not all of the same length. We denote the points of division 
of the a;-interval by Xq == a, .... Xj. = b and the lengths 

of the corresponding sub-intervals by 

Ax^, Ax2, . . . , Axn. 

The integral we are considering is then the limit f of the suin 

^ = 1 

where the value is arbitrarily selected from the r-th sub- 
interval of the ic-subdivision. This sum we now write in the 
^ A.X 

form S ^ Au, where By the mean value 

V = 1 Au 

Aa\, 

theorem of the difierential calculus where is a 

suitably chosen intermediate value of the variable u in the I'-th 
sub-interval of the i^-subdivision and x= {u) denotes the 

* The assumption that these sub-intervals are all equal is by no means 
essential for the proof. 

t This limit exists (for Aw-^O) and is the integral, since on account of the 
uniform continuity of a; =* "^be greatest of the lengths Aa; tends to 0 
with Ati. 


f 

Xq 
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inverse function oiu=ijj{x). If we now select the value in 
such a wav that and rj,, coincide, i.e. 
then our sum takes the form 

V=1 

I! we here make the passage to the limit we immediately obtain 
the expression 

fl'T 

h{uf^du, 

du 


as the limiting value, that is, as the value of the integral 
we are considering, in agreement with the formula given 
above. 

We have therefore proved the following theorem: 

Let h(u) he a continuous f unction of u in the interval a ^ u ^ 
Then if the function u — j/i(x) is continuous and monotonic and has 

a continuous non-vanishing derivative ^ in a ^ x ^ b, and, 
ijj{a,) = a, ip{h) = 

rb rb 


J h{ip{x) }dx = J h{u)dx — J h{u) du. 


This formula exhibits the advantage of Leibnitz’s notation. In 
order to carry out the substitution u= \}j (cc), we need only write 

dX‘ 

— dll in place of dx, changing the limits from the original values 
du 

of X to the corresponding values of u. 


3. Examples. Integration Formulae. 


With the help of the substitution rule we can in many cases 
evaluate a given integral J f{x) dx if we reduce it by means of a 


suitable substitution x = <j>{u) to one of the elementary in- 
tegrals in our table. Whether such substitutions exist and 
how to find them are questions to which no general answer 
can be given; this is rather a matter in which practice and 
ingenuity, in contrast to systematic method, come into their 


own. 


As an example, we shall work out the 



x^) 
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by means of tEe substitution * a: = ^{u) = au, u = ip{x) = x'a. 
dx^adu, by which, using No. 13 of the table on p. 206, we 
obtain 


/: 


dx 


f a du . X , , 

: / 5 = arc sin arc sin-,for a? <iaL 


\/{a^—x^) J a '\/{l—u-) 


By the same substitution we likewise obtain 


r dx __ r 

J J i 


/ 


^2 ^2 
dx 


adu 1 ^ I , X 

9 7r ~~, — ^ tdi>nu = - arc tan 

a^{l + u^) a a a 


= ar sink 

+ x^) a 


r dx 
J 's/ix^ — a‘ 

f dx 


- = ar cosh for I cc I > ] a I 
') a ' ' 


''1 X 

‘ - ar tank - for I a; I < I a ! 

a a 

1 X 

- ar coth - for I a; I > I a | 

a a ‘ ‘ ' 


formulae which occur very frequently and which can easily be 
verified by differentiating the right-hand side. 

In conclusion, we again emphasize the following point. In 
our substitution process we have made the assumption that the 
substitution has a unique inverse cc = and indeed that 
ijj'{x) is nowhere equal to zero in the interval under consideration. 
If oiu assumption is not fulfilled, apphcation of the substitution 
formula may easily lead to wrong conclusions. If 4^\x) = 0 at 
isolated points of the interval of integration only, we can avoid 
these difficulties by subdividing this interval in such a wny that 
ifj'ix) vanishes only at the ends of a sub-interval; we can then 
apply the substitution to each sub-mterval separately.! 


* For the sake of brevity we take the liberty of writing the symbols dz 
and du separately, i.e. dz = dw instead of dxjdu — ^'{u) (ef. pp. 106-107). 

t An application of this method at once leads to the following result, which 
applies to many special cases: if the derivative vanishes at a finite number 
of points, but the function ^{x) remains monotonic, then the substitution for- 
mula remains valid. 
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3. Further Examples of the Substitution Method 

111 tMs secrioii we bring togetKer a number of examples 
wliicli t-be reader may consider carefully by way of practice. 

By tlie substitution u " 1 ^ x^, dti — we deduce that 

f ■■ = 4- V(1 ± 

J A (1 = X-) ~ . 

L' dx 


J ±iUg|l ±a:2|. 

In these formulae we must take either the sign -f in aU three places 
or the sign — in all three places. 

By the substitution ii — ax b, du = a dx (a 4^ 0), we obtain 

/ — i = - Ug i -r & i, 
d ax -T h a 

f {ax E- by^dx — i {ax -f (a 4= —1), 

J ai x -r 1) 

/ sm(G.r T b)dx— — • - cos(aa; + 

J a 

similarly, by means of the substitution u— cosx, du — — sin a; dir, we 
obtain 

J tancc dx — — log j cosic|, 

and by means of the substitution u — sin x, du — cos x dx, 
j Qotxdx — log I sina: | 

(cf. p. 208). Using the analogous substitutions u — cosh a;, du = sinhir dx 
and ii — sinhiT, du = coshxdx, we obtain the formulas 


j tanha: dx = log | cosha: |, 
J cothx dx — log I sinhir |. 


In tirtue of the substitution u = - tana;, du == - sec^x dx, we arrive at 

b b 

the two formulaa 


r 1 r 1 

J a- sin- jc — b- cos-x \ „ 

J ~ tan-a; -f 1 

: ^ arc tan tana;^ 
ab \b / 


dx 

costas 
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dz 


— ~ ar tanh 
ah 


e 


tano;^ 


: — 6® cos^a; 

We evaluate the integral 


— ar coth ( 
ah ' 


- tanaj j 


/ 


dx 

sinrK 


» • • * 00 OO iXr *27 oc 

hy writing sin a; = 2 sin - cos- = 2 tan - cos--, and putting u = tan-, «o 

that dw = |- sec^ - dx; the integral then becomes 


/'^= 

sina: u 


tan : 


If we replace x hy x -{- n/2, this formula becomes 


/; 


dx 


= log 



The substitution u—2z yields, if we also apply the known trigono- 
metrical formulae 2 cosmic = 1 -f cos 2a; and 2 sin^a; = i — cos 2a;, the 
frequently used formulae 


and 


I 

/ 


Gos'^ xdz == J (a; -f sina; cos a;) 
sin® a; dz — J (a; — sina; cos a;). 


By the substitution a/=cos w, equivalent to 2^ = arc cosiP, 
or, more generally, x~ a cosu (a 4= 0 ), we can reduce 

J\/{l~'X^)dx and J^{a^ — x^)dx 

respectively to these formulae. We thus obtain 

— x^)dx=^ — ^ arc cos - -r - ~ ^“)* 

d 2 Cl 2 


Similarly, by the substitution x=^ a cosht^ we obtain the formula 
J ■\/{x^ — a^)dx= — ar cost ^ | Vi^ — ®") 

and by the substitution x = a sinhw 

+ x^)dx = — ar sini ^ - V -f 
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The substitution u = dx=^ ^ du leads to the formulse 




r dx 1 

J x\/{x^ — o?) a 


x\/{x- — a^) 
r dx 

J x\/{x- -f 

dx 


arc sin - 


X 


/w7 


1 . , a 

• - ar sinh 

a X 

1 T_ 

• - ar cosh 


xy{a^ — x^) 

Finally, we consider the three integrals 

J &m mx sinwic dx, J sinmx cosnx dx, J cosmx cos7ix dx, 

where m and 7i are positive integers. By well-known trigo- 
nometrical formulse we can divide each of these integrals into 
two parts, writing 

sinmx sinna? = ^{cos(m — n)x — cos(m -{- 7i)x}, 


sin?nx cosnx = - {sin(m + n)x + sin (m — n)x}, 


cosmx cosnx = ^ {cos(m + n)x+ cos(m — 7i)xJ. 


If we now make use of the substitutions u= (m -j- n) x and 
ii-z=[m — 7i)x respectively, we directly obtain the following 
system of formula: 




siniro; smnxdx==-\ 


A (' sin(w— ^^)a;___sin(m+?^)^r^ ^ 
2 I 7n-—7i m-\- 7 i J 


(“ 


sm2ma5\ . 




71 , 


2m 




if 771 - 


fv' 
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J 00 s MX cos nxdx= 


2 I m-i- n 
1 / siii2ma5 


sirL(m — n)x\ . 

m — n I 


if m = 


= n. 


2 \ 2m 


- + X 


^ if m = n. 


If in particular we now integrate from — tt to + 77 , we obtain 
from these formulee the extremely important relations 


/: 


sinmx smnxdx = 


j 0 if m 4= 

if m = 71, 


/ 


H-tt 

smmx cosnxdx 

-77 


= 0 , 




cos mx cos nx dx = 


1 0 if 7n 4 = 

\ 77 if 7)1 — n. 


These are the orthogonality relations ” of the trigonometric 
functions, which we shall meet with again in Chap. IX (p. 438). 


Exaimplbs 

Evaluate the following integrals and verify the results by differen- 
tiation: 



^ xe^'dx. 


r .dx. 

2 - j 

^ dx. 

10 . J 

^ dx 

V(5 -f 2x 4" 3 ;“) 

J 

^ + x^dx. 

11 . J 

^ dx 

V(3 - 2 .r— a:^)' 

J 

f^^dx 

12. J 

^ xdx 


— a; + 1 

J 

f' dx 

13. J 

f xdx 

^ a: (log a;)” 

' V(.'C“ — 4x -4 1) 

J 

^ 3dx 


f {x -T l)dx 

' Qx^ — 65 ; 4 - 2* 

' V(2 4 - 2a; — 

7. 

J 

f . dx 

15. 

J 

f dx 

1 V (a;® — 2x 5) 

’ a;® 4- a: "f* i' 

8. 

r 6a: 

16. J 

f * . 

/ 2 + 3a: 

' — a: 4- 1 
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17. f — - . 

J T '2a X — b 
IS. I — — dx. 

J I- X 

19. J sin^ X cos-^ x dx. 

20. J sin- X cos-’^ o: dx. 

“!• J o^{\ I — x-Y*dx. 


23 


arc tan x 
0 1 + r- 

24. / cos” X sin x dx. 

25. f 

Jq 

26. I 

da 


xdx 


0 V( 1+3x2)* 

f'*b ^ 

, dx. 


(1 + 
.'*b 


22. f dx. 

J V(1 — x2) 

- 
do 


. 27. / dx {I < a < b). 

J a 1 — X 

.-Tr/2 
28. / X 

do 


X sin 2.^2 dx. 


29. Evaluate 
stitution. 


xY^dx (where is a positive integer) by sub- 


4. Integeation by Parts 


The second useful method for dealing with integration 
problems is given by the formula for difierentiating a product: 

{fg)' =fg +/£''• 

1. General Eemarks. 

If we write this formula as an integral formula, we obtain 
{cl p. 141) 

f(x)g(x) = Jg{x)f'(x)dx -J- Jf(x)g'(x)dx 

or ff(x)g' (x) dx = f(x)g (x) —Jg {x)f'{x) dx. 

This formula will be referred to as the formula for integration 
by parts. The calculation of one integral is thereby reduced to 
the calculation of another integral. For if we split up the inte- 
grand of an integral J w (x) dx into a product co (x) == f(x) (j> [x), and 
if we can find the indefinite integral 

g{x) = f i>{x)dx 

of the one factor (f> (x), so that <f) (x) — g'(x), then by our formula 
the mtegrBlJcx}{x)dx= J f (x) <f> (x) dx = j' f{x)g' (x)dx is reduced 

to Jg{x)f' {x)dx, which in some cases can be found more readily 
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AT 

tJiaii tKe original form. Since a given function co (x) widch occurs 
as an integrand can be regarded as a prodiict/(a;) (x) = f{x) g' (x) 
in a great many different ways, this formula provides us with 
a very effective tool for tbe transformation of integrals. 

Written as a formula for definite integration, the formula for 
integration by parts is 

f f{^)9'{^)dx=f{x)g{x)t~ f%{x)f{x)dx 

== — f(a)gia) — f g (»)/' (a;) dx. 

'^a 

For in order to obtain the formula for definite integration from 
the formula for indefinite integration (Chap. II, § 4, p. 117) 
we have only to replace the 
variable appearing on both 
sides in the formula for the 
indefinite integral (1) by the 
value cc = 6, (2) by the value 
x= a, and write down the 
difference of these two ex- 
pressions. 

A simple interpretation of 
this formula, at least with 
suitable restrictions on the 
functions involved, can be 
given. Let us suppose that 
y=zf{x) and z — g{x) are monotonic, and that fia)=A, 
f(h) = B, g (a) a, g (h) = we can then form the inverse 
of the first function and substitute in the equation, thus ob- 
taining 0 as a function of 'We assume that this function is 
moiiotonic increasing. Since dy =f'{x}dx and dz = g'{x)dx the 
formula for integration by parts can be written 

B j8 

zdy + Jydz = — Aa, 

in agreement with the relation made clear by fig. 1, 

area NQLK + area PMLQ = area OMLK — area OPQN. 



Tjhe foUowing example may serve as a first illustration: 

J' logo; dx= J logo: . 1 . dx. 
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We write the integrand in this way in order to indicate that we intend to 
put f{x) = logrr and g'(x) == 1, so that we have f'(x) ~ Ijx and = x. 
Our formula then becomes 

J logxdx = X logo: ~ J' - dx = x logo; — «. 

This last expression is therefore the integral of the logarithm, as may be 
verified at once by differentiation. 


' 1 . Examples, 

The following further examples may help the reader to grasp this 
method. 

If we put j'{x) = Xy g'(x) = e^, we have f'(x) = 1, g{x) = e®, and 
J xe^dx— e^{x — 1). 

In a similar way we obtain 

J X sin a; dx = — x cosa; + sina; 

J X cosx dx= X sinic -j- oosa?. 

For f{x) = logo;, g'{x) = we have the relation 

f x^ logxdx= ^ (logx — — — y 

J ® a+lJ 

Here w'e must assume a 4= — 1. For a = — 1 we obtain (cf . p. 208) 
f - logo; dx = (ioga;)^ — f logo; . — ; 

d X d X 

transferring the integral on the right-hand side over to the left, we have 

/ I 1 

- logxdx = -(loga;)’^. 

X 2 

We calculate the integral J axe sinxdx by taking /(a;) = arc sinar, 
g'(^) = 1- From this we obtain 

X dx 


f 


arc sin £c da; = x arc sina; 


inx-f. 


V(l~ x^) 


The integration on the right-hand side can be performed as in § 3 (p. 214); 
we thus find that 

J arc sina; dx—x arc sina; -j- V (1 — x®). 
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In the same way we calculate the integral 

J arc tan£C dx ^ x arc tana; — i log (1 -f re*) 

and many others of a similar type. 

The following examples are of a somewhat different nature; here a double 
application of the method of integration by parts brings us back to the 
original integral, for which we thus obtain an equation. 

Integrating by parts twice, we obtain 

sinba; da; = — ^ e®® cosba; -f - f cosbxdx 
0 b d 

= — “ cos 6a; + ~ sin 6a; — ^ f sin 6a; dx, 

b 6® J 

and, solving this equation for the integral J e' 

J sir 

In a similar way it follows that 


f sin hx dx, 


' smhx dx=s= e^(a siabx — 6 cos 6a;). 

+ 62 ' ^ 


I 


cos bx dx == 


1 


+ 


e“®(a cos 6a; -j- 6 sin 6a;). 


3 . Recurrence Formulae. 

In many cases the integrand is a function not only of the 
independent variable; but also of an integral index n, and on 
integrating by parts we obtain, instead of the value of the in- 
tegral, another similar expression in which the index 71 has a 
smaller value. We thus arrive after a number of steps at an 
integral which we can deal with by means of our table of integrals. 
Such a process is called a recurrence p'oeess. The following 
examples illustrate this: by repeated integration by parts we 
can calculate the trigonometrical integrals 

jeos^ X dx, J sin” x dx, J sin”* x cos” x dx, 

provided that m and n are integers. For we find that 

1 ) f cos'^'^xsm^xdx; 


!■ 


co&^xdx : 


cos^ 


'J 


"'^x since + ■ 

we can write the right-hand side in the form 

sina? -f (n ■— 1) fGOS'^~'^xdx — (n — 1) /* cosbxdx. 



222 


THE INTEGRAL CALCULUS 


[Chap. 


tlnis obtaining the recurrence relation 


fcos'^^xdx == - cos^^^iT sinaj + ^ f cos’^ ^xdx. 

J n 71 


This formula enables us to keep on diminishing the index in 
the integrand until we finally arrive at the integral 


J cos xdx - 


sma; or 


fdx = 


X, 


according as 7i is odd or even. In a similar way we obtain the 
analogous recurrence formulae 


y'sin” 


xdx ■■ 


- sin” cosx -4- 


71 — 1 


J sm.'^~^xdx 


and 


/ 


sin^"a; cos”a; dx - 


sin’”’^^£c cos”"”^ir , 7i — 1 


7n -r n 


m -r 


i/si 

71 


sin'” a; cos^'^^r dx. 


In particular^ these formulae enable us to calculate the integrals 

r . o , 1 


and 


J sin-a? dx= ~{x — sina; coscr) 
J cos- a? dec = - (a? 4- sin a; cos a'). 


as Ave have already done by the method of substitution (p. 215). 

It need hardly be mentioned that the corresponding integrals 
for the hyperbolic functions can be calculated in exactly the same 
way. 


Eurtlier recuireiice fonniilse are given by the following transformations: 
J (log x)'^ dx= X (log xy^ — m y* (log dx, 

J x^e^dx— — m J* 

J' x'^ sina; dx — — cosx m J cos a: dx, 

J x”^ eoBxdx = sinx — mj’ sina; dx, 
f Q.ogx)'^ dx = ^ — (loga^) — f x^{logx)'^'^dx (a=j= — 1). 
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i. Wallis’s Product. 

The recurrence formula for the integral dx leads in 

an elementary way to a most remarkable expression for the 
number 77 as an inhnite product. We suppose that n > 1 , and 
in the formula 


f singer dx= — - sin^ cosx + ^ ^ fsin^"- 
n n J 


X dx 


we insert the limits 0 and 77 / 2 , thus obtaining 
f sin'^xdx = ^ f 


1 

sin” ^xdx for >2 > 1. 


If we again apply the recurrence formula to the right-hand side 
and continue the process, we obtain, distinguishing between the 
cases n = 2m and n = 2m. + 1, 


^jr/2 


2m. 


f sinr^'^^xdx ■■ 

‘'0 


tvhence 


L 


, 7 r /2 

Bin^'^xdx = 


^77/2 

By division this yields 

7r_ 2.2 4.4 6.6 
2 0‘3.5‘5.7 ‘ 


2 m 

2m 

1 1 

* ‘ 2 

2 

2 m + 1 

’ 2m — 1 * ' 

‘ ’ *:> 

0 

2m — 1 

2m — 3 

1 

2m 

2 m — 2 

* 2 ' 

2m 

2m — 2 

2 

2m + 1 

2m - 1 “ 

' 3‘ 


2m . 2771 


(2m — 

- 1) . (2m -f 1) 


\.f%, 

Ji '^0 

I ,J sin xdx, 


£‘ 


/ sin“^’^a;d2: 

Jn 


The quotient of the two integrals on the right-hand side eori' 
verges to 1 as m increases, as we recognize from the following 
considerations. In the interval 0 < a? < w/2 we have 
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^TT/a 

If we here divide each term by sin^’^+i^ ^3. notice that by 
the first formula proved above 


.r^/2 

/ sin^"^ '^xdx 

da 


X 


-12 

sin^^'^^xdx 


2m + 1 ^ 1 

2m ‘ 2ni 


we have 


^ 7 r /2 

/ sin^^xi^a: . 

^ •!« ^ 1 + _L, 

2m 


X 




from which the above statement follows. 

The relation 

TT T 2 2 4 4 6 6 2 m 2 m 
- = lim ... 

2 7 K— >C0 1 3 3 5 5 7 ’ 2m — 1 277 i + 1 


consequently holds. 

Tins product formula (due to Wallis), with its simple law of 
formation, gives a remarkable relation between the number tt 
and the integers. If we observe that 


lim 


2 m 


m—> CO 


lim • 

m~->^ 


2 m -r 1 
2^ . 4 ^ . . , 

32.52. . 


== 1, we can write 
.(2m— 1)2 2 " 


and if we take the square root and then multiply mumerator and 
denominator by 2 . 4 . . . (2m — 2) we find that 


Vi' 


r«->oo3.5 . . . (2m — 1) 


ro->oo (2m— 1)1 


lim V2m 

(2m)! 2m 
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From this we finally obtain 
lim 

D ( 2 m)! m 

a form of Wallis's product wKich will be of use to us- latet 
(cf. Cliap. VII, Appendix, p. 363). 


Examples 


Evaluate the integrals in Ex. 1-14: 


1. 

r X cosx 

2 f doL 

3. J cos xdx. 


' sin- a: 


4. 

j* x^ dx. 

5. 1 x^ Gosnx dx 

{n a positive integer). 

1). 

j X“ sinm dx 

'—7T 

r 

{n a positive integer). 

r 

7. cosrc^ dx. 

f 

S. 

j sin'^xdx. 

9. / cos*^ X dx. 

10. x^V 1 - x^dx. 

11. 

J' x^e^dx. 

12. f^^dx (n^l). 

13. 

J x'^ log X dx 

(m 4: 1). 14. 

J (ioga:)^ dx. 

15. 

Prove the formula 



y* e^p{x)dx = e^ipix) — p'{x) -f p'^x) h *••}, 

where p(x) is any polynomial. 

16. Show that for all odd positive values of n the integral J e~^'x^dx can 
be evaluated in terms of elementary functions. 

17. Show that if n is even the integral J'e~^'x^dx can be evaliiated 

in terms of elementary functions and the integral Je~^~dx (for which 
tables have been constructed). 

18. Prove that 

i = f /(^)(‘'^' “ 

Jq \Jq / Jq 

19. * Ex. 18 gives a formula for the second iterated integral. Prove 
that the n-th iterated integral of f{x) is given by 

} f f(u){x-~u)'^~^du. 


(E 79S> 


16 
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5. Integration of Rational Functions 


TEe most important general class of functions integrable in 
terms of elementary functions consists of tEe rational functions 


R{x) = 


9i^y 


wEere/(a;) and g{x) are polynomials: 

f{x) = + . . . + a^, 

g{x) = + • . - + ^0 4= 0). 


We recall that every polynomial can be integrated at once and 
that tEe integral is itseK a polynomial. We therefore need 
only consider those rational functions for which the deno- 
minator is not a constant. Moreover, we can always assume 
that the degree of the numerator is less than the degree (n) 
of the denominator. For otherwise we can divide the poly- 
nomial f(x) by the polynomial g(x) and obtain a remainder 
of degree less than n; in other words, we can write 
f(x) = q(x)g(x)-rr(x), where q(x) and r{x) are also poly- 
nomials and r{x) is of lower degree than n. The integration of 
f (x\ 

LLi is then reduced to the integration of the pol 3 momial q{x) 
9\^) 

and of the ‘‘ proper ” fraction -r-r. We further notice that the 
fM dw 

function ^ ^ 




can be represented as the sum of the functions 


a,,r ^ x"' 

—TT, SO that we need only consider integrands of the form — t-t* 
9 9 


1. The Fundamental Types. 

We shah not at once proceed to the integration of the most 
general rational function of the above type, but shall instead 
study only those functions in which the denominator g{x) is of a 
particularly simple type, namely, 

g{x)=^x, g(x)=:l + 

or, more generally, 

g{x) = x^, g(x) = (1 + 
where n is any positive integer. 
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To this case we can reduce the somewhat more general case 
in which g{x) = {ax + a power of a linear expression 
ax+ P (a 4 = 0 ), or g{x) = {ax- + 2bx -f a power of a 
definite quadratic expression. In the first case we introduce 
a new variable ax p. Then d^jdx = a, and x = {i — p) 'a 
is also a linear function of Each numerator /(a;) becomes a 
polynomial (l>{i) of the same degree, and consequently 


I 


/(*) 
{ax + 




In the second case, we \vrite 

ax^ + 2bx + c == 1 (aaj + bf + ~ {d-= ac— b-, d > 0), 

a a 


observing that, since we have assumed our expression to be 
definite, ac — b^ must be positive and a 4 0. By introducing 
the new variable 

. aa; 4 6 


we arrive at an integral with the denominator 

Hence in order to integrate rational functions whose de- 
nominators are powers of a linear expression or of a definite 
quadratic expression it is suiOdcient to be able to integrate the 
following types of functions: 

i x^" 

{x^ 4 1)^’ -r 1)”’ 

We shall, in fact, see that even these types need not be treated 
in general, for we can reduce the integration of every rational 
function to the integration of the very special forms of th ro 
three functions obtained by taking v = 0. Accordingly we now 
consider the integration of the three expressions 

11 X 

{x^ 4 1)”' -f 1)^' 

♦ A quadratic expression Q{x) — ax“ -r %bx -r c is said to be definite if for 
all real values of x it takes values having one and the same sign, i.e. if the 
equation Q{x) = 0 has no real roots. For this it is necessary and sufficient 
that ac — should b© positive. 


-(i-r-)i 

.a J 
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2. Integration of the Fundamental Types. 

Integration of the first type of function, immediately yields the 

^ 1 " 

expression ios | a: j if = 1, and the expression — if > 1 

so that in both cases the integral is again an elementary function. Func- 
tions of the third type can be integrated immediately by introducing the 
new variable ^ -j- 1, whence we obtain 2xdx = and 

r • 1 I “»-l. 

7(^+1).* iJc +!)■>-. 


Finally, in order to calculate the integral 


/ 


dx 

{x^ + If ’ 


where n has any value exceed in g 1, we make use of a recurrence method. 
For if we put 

1 _ 1 

(a;2 -i- 1)« (x^ -f l)«-i -f i)n’ 


so that f-jl f ^ r 

J -1- ir J (x^ -f J 


dx 


we can transform the right-hand side by integrating by parts, using the 
formula on p. 218 with 

f[x) = x, g'{x)-. 


{x^ + 1)^ 


Then, as we have just found above. 


^(^)== - 


2 (n— l){z--\- 


and consequently we obtain 


/ 


dx 


{x? -i- 1)" 


X 

2(b— l){x^+ l)«-i 


2n — ^ r 

2{n— 1)J {x^ + 


The calculation of the integral is thus reduced to that of the integral 
^n-i* H — 1 > 1 we apply the same process to the latter integral, and 
continue the process imtii we finally arrive at the expression 


r dx 

J + 1) 


= arc tan x. 
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We thus see that the integral * can be explicitly expressed in terms of 
rational functions and the function arc tana;. 

Incidentally, we could also have integrated the function ^ 

(x- — 

directly using the substitution a; = tan^; we should then have obtained 
dx — sec^ t dt and 1/(1 -|- ^ QQg2 

f 7 — — f 1 dt 

J {x^ -hir J 

and we have already learned (p. 222) how to evaluate this integral. 


3 . Partial Fractions. 

We are now in a position to integrate tlie most genera] 
rational functions, in virtue of the fact that every such functior. 
can he represented as the sum of so-called partial fractions. 
i.e. as the sum of a polynomial and a finite number of rational 
functions, each one of which has either a power of a linear 
expression for its denominator and a constant for its numerator, 
or else a power of a definite quadratic expression for its 
denominator and a linear function for its numerator. If the 
degree of the numerator /(a;) is less than that of the denominator 
g(x) the polynomial does not occur. We are now in a position 
to integrate each partial fraction. For according to p. 226 the 
denominator can be reduced to one of the special forms and 
{x^ + 1)”, and the fraction is then a combination of the 
fundamental types integrated on p. 228. 

We shall not give the general proof of the possibility of this 
resolution into partial fractions. On the contrary, we shall 
confine ourselves to making the statement of the theorem in- 
telligible to the reader and to showing by examples how th^^ 
resolution into partial fractions can be carried out in typical 
cases. In actual practice only comparatively simple functions 
are dealt with, for otherwise the computations become far too 
complicated. 


* The integral of the function : 


- can be calculated in the same way; 


^ (a;2 -lyn 

by the corresponding recurrence method we reduce it to the integral 


/ 


dx 

izrgt 


■■ ar tanha; (or ar coth;r}. 
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As we know from elementary algebra, every polynomial 
g{i') can be written in the form 

g(x) = a{x — {x — , (x^ + 2b:^x + (x^ + 2b^x + . . . 

Here the numbers ag, . . . are the real and distinct roots of 
the equation g{x) = 0, and the positive integers Z^, Zg . . . indicate 
the numbers of times they are repeated; the factors x^ -f- ‘^b^,x + c,, 
indicate definite quadratic expressions, of which no two are the 
same, with conjugate complex roots, and the positive integers 
Ts ^25 • • • numbers of times that these roots are repeated. 

We assume that the denominator is either given to us in 
this form or else that we have brought it to this form by calcu- 
lating the real and imaginary roots. Let us further suppose that 
the numerator f{x) is of lower degree than the denominator 
(cf. p. 226). Then the theorem on resolution into partial 
fractions can he stated as follows. Eor each factor {x — a)^ 
where a is any one of the real roots and I is the number of 
times it is repeated, we can determine an expression of the 
form 

_i_ ‘42 I _ _ _ _i. 

(x — a) ' {x — a)^ ' {x — 


and for each quadratic factor Q{x) =:^ x^ 2bx + c in out 
product which is raised to the power r we can determine an 
expression of the form 


+ O-^X CqX B^~y CrX 

Q ' " Q-“ ‘ 0^' 


f (x') 

in such a wav that the function is the sum of all these ex 

/ • /(®) 

pressions. In other words, the quotient can be represented 

as a sum of fractions each of which belongs to one or other of 
the types integrated on p. 228.* 


* Here we gire a brief sketch of the method by which the possibility of this 
decomposition into partial fractions is proved. If g{x) = (a; — a)^h{x) and 
h{a) 4= 0, then on the right-hand side of the equation 

. fe) ... /(g) _ J_ mHa) ~-f{a)hix) 

y{x) h{a){x — a}^ h{a) {x — a)^h(x) 

the aujiieracor obviously vanishes for a; — a; it is therefore of the form 
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In particular oases the splitting up into partial fractions can be done 
easily by inspection. If, for example, g(x) = x- — 1, we see at once that 

1 

1 2a:— 1 2a; 


» that 



log 


More generally, if g{x) = {x — a) (as — p), that is, if g(x) is a non-definite 
-quadratic expression with two real zeros a and p, we have 

1 1 1 __ 1 1 

(a: — a)(a: — P) cc — ^ x ~ x cjc— Sa;— p 


> that 


/ 


dx 

{x— a){x— P) 



a 


4. Example. The Bimolecular Reaction. 

A simple example of the application of this easy reduction to partial 
fractions is given by the so-called bimolecular reaction. Let us suppose 
that we have two reagents whose original concentrations in mols per unit 
volume are a and 6, where we assume that a < and let us suppose that 
in time t there is formed in the unit volume a quantity x (mols) of the 
product of reaction. Then, according to the law of mass action (cf. p. 1S2), 
in the simplest case — reaction between one molecule of each of the re- 
agents — the rate of increase of the quantity x is given by the equation 
dx 

^ h{a — x)(h ~~ x). The problem is to determine the function x{i]. 
at 

If, inversely, we think of the time ^ as a function of x, we have 

^ ^ 1 ^ 1 / 1 __ I \ 

dx lc(a — x){b — x) k(b — a) \a — x b — 

hence by integration 

kt = , c, foT X < a < b. 

a ■ b — X 


h{a){x - a)'>^f^{x), where /i(a;) is also a polynomial, the integer ^ 1, and 

fi(a) 4= 0. Writing = j8, this gives us 
fl{a) 

fix) fijx) 

g{x) [x “ a)* [x — a)^~‘^Ti{xy 

Continuing the process, we can keep on diminishing the degree of the power 
of {x — a) occurring in the denominator until finally no such factor is left. 
On the remaining fraction we repeat the process for some other root of g(r), 
and do this as many times as g{x) has distinct factors. This being done not 
only for the real but also for the complex roots, we eventually arrive at the 
complete analysis .into partial fractions. 
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We determine the constant of integration c by the condition that at time 
t — 0 no product of reaction has yet been formed, so that 


We thus obtain finally 



c = 0. 





and if we solve for x this gives the required function x{tY. 

^ ah{l — e^a-b)kt'^ 
b — (iQia~b)kt 

5. Further Examples of Resolution into Partial Fractions. The 
Method of Undetermined CoefiScients. 

If g{x) ^ {x~ %) [x — ... (x— a^), where a^- 4= a;, if 

i 4= h i-®- if equation g{x) = 0 has only single real roots, the 
expression in terms of partial fractions has the simple form 

I 1 ^2 ' 

g{x) X — ‘ tto ' X — 

We obtain explicit expressions for the coefficients <^ 2 ; • • • if 
multiply both sides of this equation by {x — a^), cancel the com m on 
factor {x — aj) in the numerator and denominator on the left 
and in the first term on the right, and then put x ~ . This 

gives • 


Or^ = 

(cq — a^) (a^ — a^) . . . (a^ — a^) 

As & typical example of a denominator g{x) with multiple roots, we 

consider the function ^ . The mreliminary statement 

x^{x — 1) 

1 _ a , b c 

x^{x — 1 ) X — X iC® 

in accordance with p. 230 leads us to the required result. If we multiply 
both sides of this equation by x^{x — 1) we obtain the equation 

1 = (a -p b)x^ — (6 — c)x — c, 

* The reader will observe that the denominator on the right is 9'{o-Ti)t i-e* 
the derivative of the function g{x) at the point x =* a^. 
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. »il of a: from which we have to determine the coefficients 

T TMs condition’ cannot hold unless all the coefficients of the poly- 

are zero. i.e. we must have 
rr?= & - « = c + 1 = 0 or c = -1, b = -1, a = 1- thus obtain 

the resolution ^ 111 

xHx - T) "" i 

and consecLuently 

f = log Ik- 1 |- log 1 ^ 1 +-- 

J cc-(a; — 1) 

(which is an example o- 


x~{x — 1) 

We shall now split up the function 


the case where the zeros of the denominiortre^omplex) in accordance 
with the equation ^ ^ bx-^c 

+ 1) ~ K 1 

ix- a— 1 = 0, SO that 

For the coefficients we obtam a+b-c- a 

1 _ 1 _ ^ 
x(x‘^ -r 1 ) ^ cc“ -r 1 

and consequently 


f = log laJ I - ^ ^og(x^- -f !)• 

c/ a;(a;^ 4 - 1 ) 

As a third example we consider the function — _ Even Lei.m..z 
found this a troublesome integration. We can represent the denominator 
as the product of two quadratic factors: , 

,1 + i = (K^ + = + i + 

We hnow. therefore, that the resolution into partial fractions wiU have 

1 ax + b 

x^+ V 2 x +~1 a^-V 2 x+l 

To determine the coefficients a, b, c. d, we have the 

+ + + + + + 

+ (6 + d — 1) = 0’ 

which is satisfied by the values ^ 

We therefore have r — V ^ 

1 1 K + V 2 _ 

^rqri"‘2V2 k® + V2k + i ^ 


, _ i g L-, d = 

“=^ 2 ’ 2V2 
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and, apph'iiig tiie method given on p. 227, we obtain 

I == loa I -r V2x -f 1 I — — ^ log | — V2a; -f 1 | 

J 1 4V2 ‘ 4V2 

-f- arc tan (V 2a: + 1) -f 
which may easily be verified by differentiation. 

Examples 

Integrate: 

1 . 8 . 

J 2x - 3a;2 j 1 -f a;^ 


2. 

f' dx 


9. 1 

r (x — 4) 


J X"^ X 


J 

(0:2 2) 

3 

r 3 dx 


10. 1 

r a: -f 4 


} x{x- 1)3‘ 


J 

(o:2- l){o:-l- 2) 

4. 

/' -r X -i- 1 

dx. 

11. 1 

^ /J.6 

dx. 


J — 2.r — 5 


J 

1 — X^ 

5 

f* dx 


12.* 1 

r dx 


1 {x — 1)2 (a:2 ^ 

T) 

J 

l’ 

6. 

f X- dx 


13. i 

f' dx. 


j {x-l)Hx^-- 

T) 

J 

a:^ -T 0:2 — 2 


f dx 


14. 1 

f da: 


i 1 — 1?' 


J 

a:2(a:2-j- 1)2* 


6. Integration of Soivie Other Classes of Functions 

1. Preliminary Remarks on the Rational Representation of the 
Trigonometric and Hyperhohe Functions. 

The integration of some other general classes of functions can 
be reduced to the integration of rational functions. We shall 
be better able to understand this reduction if we begin by stating 
certain elementary facts about the trigonometric and hyperhohe 

£C 

functions. If we put t == tan elementary trigonometry gives 
us the simple formulae 


bvolX = — , cosa; : 


1 - 



IV] 


OTHER CLASSES OF FUNCTIONS 


■*35 


= and _ 


and hence from the elementary formulae 


sin 03 = 2 cos‘^ ^ tan ? and cos a; = cos- - — sin- ? 

2 2 9 9 


we obtain the above equations. These equations show that sin x 
and Gosx can be expressed rationally in terms of the quantity 

i = tan From t = tan ? we have by diherentiation 


dt 1 1 m ^2 2 

^ ^ ^ so that -— = 

dx 2 cos- 23/2 dt 1 

dx 

hence the derivative is also a rational expression in L 


The geometrical representation of our formulte and their geometrical 
meaning are given in fig. 2. Here the circle -f = 1 iu a lU'-piane is 


•shown." If X denotes the angle POT in 
the figure, then u= cos a: and v— sinir. 
The angle 08P with its vertex at the 
point u=^ — 1, = 0 is equal to a;/2, by 

a theorem in elementary geometry, and 
we can read off the geometrical meaning 
of the parameter t from the figure; 
t — tan -Ja; = OR. If the point P starts 
from 8 and runs once round the circle in 
the positive direction, i.e. if x runs through 
the interval from — -tt to +7r, the quantity 



t will run through the whole range of 
values from — oo to 4- °° exactly once. 


Fig. 2. — Parametric representaucn 
of the trigonometric functions 


We may correspondingly express the hyperbolic functions 
cosh ft; = + 6"’^) aB-d sinhfc = rational func- 

tions of a third quantity. The most obvious way is to put e® = r, 
so that we have 


cosher == 


1 

2 



sinha; = ~ 



which are rational expressions for sinhfc and cosher. Here again 
dxjdt^ 1/t is rational in t. But we obtain a closer analogy 
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with tlie trigonometric fimdtions by introducing the qiiantity 

f = tank ? ; we then arrive at the formulse 
2 

sinha’^:—*” cosha: = ^ 

l — P' 1 — P 

By difierentiating t = tanh| we obtain, as on p. 235, the rational 
expression 

dx 2 

dt 1 — P 

for the derivative dxjdt. Here again the quantity t has a geometri- 
cal meaning similar to that which it has in the case of the trigo 
nometric functions, as we see at once from fig. 3. 



1 

Fig. 3. — Parametric representation of the hyperbolic functions 


But whereas in the case of the trigonometric functions t 
must run through the whole range of values from — co to + cx5 
in order to give all pairs of values of cos a? and sin a?, in the 
case of the hyperbolic functions t is limited to the interval 

Having made these preliminary remarks, we proceed to our 
integration problem. 

2, Integration of i?(cos:r, sin a;). 

Let R{cosx, sin a?) denote an expression which is rational in 
the two functions sin as and cos a?, i.e. . an expression which is 
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formed rationally from these two functions and constants, such as 
3 sin^£c + cos a; 

3 cos^x -f sinx* 


If we apply the substitution t = tan ? the integral 


J E{oosx, smx)dx 


is transformed into the integral 



1 — t- 2t \ 

1 + 1 + ty 



dt, 


and under the integral sign we now have a rational function of t. 
Thus we have in theory obtained the integral of our expression, 
since we can now perform the integration by the methods of the 
preceding section. 


3. Integration of JR{coshx, smh.^t:). 


In the same way, if i?(coshx, sinhx) is an expression which 
is rational in terms of the hyperbolic functions coshx and sinhx, 
we can effect its integration by means of the substitution 

t = tanh % Recalling that 


dx 2 
dt ' 

we have 

J Ricoshx, sinha;)(^a;= J i z 1 _ 


(According to a previous remark we could also have introduced 
T = as a new variable and expressed cosh x and sinh x in terms 
of T.) The integration is once again reduced to that of a rational 
function. 


4. Integration of i? { ^/(l — }. 

The integral J R^x^ '\/(l — x^)}dx can be reduced to the 
treated in No. 2 by using the substitution 

X == cosw, V(1 ^ ^ — sin w du; 
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from this stage the transformation t — tan - brings us to the 

Jj 

integration of a rational fonctiorL Incidentally, we could have 
carried out the reduction in one step instead of two by using 
the substitution 


'"I — x\ 1 

: = ): x = — 

a -f xj’ 1 


2t 


dx — 

^ (T+l¥’ 

that is, we could have introduced t — tan - directly as the new 
variable and thereby obtained a rational function to integrate. 

5. Integration of \/{x^ — 1)}. 

The integral J R{x, ^/{x^ — l)}dx is transformed by the sub- 
stitution X — coshtt into the type treated in No. 3 (p. 237). Here 
again we can arrive at our goal directly by introducing 




tanh 


6. Integration of + 1)}. 

The integral Jr{x, ^/{x^ l)}dx is reduced by the trans- 
formation rr— sinhw to the t3rpe considered in No. 3 (p. 237), 
and can therefore be integrated in terms of elementary functions. 
Instead of the further reduction to the integral of a rational 


function bv the substitution = r or tanh - == L we could have 

2 

reached the integral of a rational function at a single stroke by 
either of the substitutions 


T = x-{- 


i), + 

X 


7. Integration of R{x^ '\/{ax^ + %bx + c)}. 

The integral J R{x, 2hx+ c)}dx of an expression 

which is rational in terms of x and the square root of an arbitrary 
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polynomial of tiie second degree in x can immediately be re- 
duced to one of the types just treated. We write (cf. p. 227) 

ax^ + 26x c = - [ax -f- h)^ -f- ^ ^ . 

a a 


If ac — 6^ !> 0 we introduce a new variable ^ by means 

ax -f- h 


of the transformation | — 


the form 


I ac- 




\/ (ac — 6^) 


5 whereupon the surd takes 


( |:2 I ^ Hence our integral when expressed 

in terms of | is of the type of No. 6. The constant a must here 
be positive in order that the square root may have real values. 
If ac — 6^ = 0, a > 0, then by way of the formula 


^/[ax^ -f- 2hx + c) = 's/a 



we see that the integrand was rational in x to begin with. 

If, finally, ac—b^C 0, we put i = ^ and obtain for 

V I ^2 _ ■ _ I 

J If a is positive. 

{ a I 

our integral is thus reduced to the type of No. 5 (p. 238): if, on 
the other hand, a is negative, we write the surd in the form 

^ '\/[l — 1^) and see that the integral is thus reduced 

to the type of No. 4 (p. 237). 



8. Further Examples of Reduction to Integrals of Rational 
Functions. 

Of other typ)es of functions which can be integrated by re- 
duction to rational functions we shall briefly mention two: 
(1) rational expressions involving two diflerent surds of linear 
expressions, R{x, '\/{ax-\~b), '\/(<xx-r P)}; (2) expressions of 

the form r\x, where a, b, a, p are constants. 

1 y \ax + P/ J 

In the first case we introduce the new variable ^ = y “v 
so that acc + ^ and consequently 
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then Jr{x, \/{ax + 6), + ^)} dx 

“ V; - ‘“W' 4 ^ 


wMcli is of the type discussed in No. 7. 

If in the second case we introduce the new variable 



we have 


ax+b ^ + b & _ ap-ha ^ 

^ ax-Tp’ at -a’ di {at-af 


and we immediately arrive at the formula 


/«(., ; 

which is the integral of a rational function. 


9. Remarks on the Examples. 

The preceding discussions are chiefly of theoretical interest. 
In the case of complicated expressions the actual calculations 
would be far too involved. It is therefore expedient to make 
use, when possible, of the special form of the integrand to sim- 
plify the work. For example, in order to integrate the expression 
1 

it is better to use the substitution t = tanic 

sin^as- -6-cos^a; 

instead of that given on p. 237, for sin^a; and cos^cc can be ex- 
pressed rationally in terms of tana;, and it is therefore unneces- 
sary to go back to t = tan?. The same is true for every expres- 
sion formed rationally from* sin^x, cos^x, and sinx cosx. More- 
over, for the calculation of many integrals a trigonometrical form 
is to be preferred to a rational one, provided that the trigono- 
metrical form can be evaluated by some simple recurrence method. 

* For sin* cos* = tan* cos®* can of course be expressed rationally in terms 
of tan*. 
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For example, altLougli the integrand in J — • x^)]^ dx can 

be reduced to a rational form, it is better to write x~ smu 
and bring it to the ioimj sm'^u co&^'^^udu, since this can easily 
be treated by the recurrence method on p. 222 (or by using the 
addition theorems to reduce the powers of the sine and cosine 
to sines and cosines of multiple angles). 

For the evaluation of the integral 

/ ■ {a^ + V>0), 

a cosx + 0 smo; 


instead of referring to the general theory we determine a number A and 
an angle 0 in such a way that 

a = A sin 6, b =: A cos 6; 

that is, we write 

a b 

A = Va^ + sin 8 = 2 ^, cos 6 — 


The integral then takes the form 



and on introducing the new variable a; -f- 6 we find (cf. p. 215) that the 
value of the integral is 

, a; H- 0 

log tan 


Examples 


Integrate: 


»■/ 

'■/ 

'■X 


'^1^ dx 


3 H“ cos a? 

(E798) 


dx 


dx 

1 4- sina?* 

1 4- cos® a? 

dx 


dx 

1 -f- cosa; 

3 4- sin® a;* 

dx 

^•J 

tan® a; dx. 

2 + sina; 

dx 

10. 

r dx 

sin® a; 

/ sina; 4~ cosa; 

dx 

11. 

f sin® a; 4- cos® a; 

cosx 

/ 3 co3®a; 4“ sin^a: 


12 . 


J — 4:) dx. 


17 
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13, 


J V (4 4- 9a:2) Jx. 

■ /, 


(x- 2 )V(x- - 4 z + 3 ) 
15 . J xV {x^ + 4 a) dx. 


16 ./ 

•/ 

IS./ 


dx 

Va + V (1 — a) 

V'(l + ^) + VCl — a) 

V (1 + a) — v'(l — a) 
1 4 - V (a; — a -f 1 ) 


d!a;. 



dx 

V (a; — a) 4- V (a; — 6) 


7. Remarks on Functions which are not Integrable 
IN Terms of Elementary Functions 


1. Definition of Functions by means of Integrals. Elliptic 
Integrals. 

With the above examples of types of functions whicli can be 
integrated by reduction to rational functions, we have practi- 
. cally exhausted the list of functions which are integrable in 
terms of elementary functions. Attempts to express general 
integrals such as 


f dx 


' V(«o + Oia; -r . . 

. + 


j V(% + + . . . + anX^)dx 


-^dx in terms of elementary functions have always ended 

X 

in failure; and in the nineteenth century it was finally proved 
that it is actually impossible to carry out these integrations in 
terms of elementary functions. 

If, therefore, the object of the integral calculus were to inte- 
grate functions in terms of elementary functions, we should 
have come to a definite halt. But such a restricted object has 
no intrinsic justification; indeed, it is of a somewhat artificial 
nature. We know that the integral of every continuous function 
exists and is itself a continuous function of the upper limit, and 
fchis fact has nothing to do with the question whether the integral 
can be expressed in terms of elementary functions or not. The 
distinguishing features of the elementary functions are based on 
the fact that their properties are easily recognized, that their ap- 
plication to numerical problems is often facilitated by convenient 
tables or, as in the case of the rational functions, that they can 
easily be calculated with as great a degree of accuracy as we please. 
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Wliere tlie integral of a function cannot be expressed by 
means of functions with which we are already acquainted, there 
is nothing to hinder us from introducing this integrai as a new 
higher ” function in analysis, which really means no more than 
giving it a name. Whether the introduction of such a new func- 
tion is convenient or not depends on the properties which it 
possesses, the frequency with which it occurs, and the ease with 
which it can be manipulated in theory and in practice. In this 
sense the process of integration therefore forms a basis for the 
generation of new functions. 

After all, we are already acquainted with this principle 
from our dealings with the elementary functions. Thus we found 
ourselves obhged (p. 167) to introduce the previously unknown 
integral of l/a? as a new function, which we called the logarithm 
and whose properties we could easily determine. "We could have 
introduced the trigonometric functions in a similar way, making 
use only of the rational functions, the process of integration, 
and the process of inversion. For this purpose we need only take 
one or other of the equations 

. dt dt 

as the definition of the function arc tana? or arc sin a; respectively, 
in order to arrive at the trigonometric functions by inversion. 
By this process the definition of these functions is separated 
from geometry, but we are naturally left with the task of develop- 
ing their properties, also independently of geometry^’'*' 

The first and most important example which leads us beyond 

the region of elementary functions is given by the elliptic integrals. 

These are integrals in which the integrand is formed iu a rational 

way from the variable of integration and tbe square root of an 

expression of the third or fourth degree. Among these integrals 

the function , , 

dx 

"" Jo V{\ - 

turns out to be of particular importance. Its inverse function 
plays a correspondingly important part. In particular, for 

* We skaU not go into the development of these ideas here. The essential 
step is to prove the addition theorems for the inverse functions, i.e. for the 
sine and the tangent. 
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0 we obtain u{s) = arc sin a; and s(u) = sinu respectively. 
Tiie function s{ti) has been as tborougbly examined and tabu- 
lated as tbe elementary functions. This, however, leads us 
away from the line of the present discussion and into the realm 
of the so-called elliptic functions, which occupy a central position 
in the theory of functions of a complex variable. 

Here we shall merely remark that the name elliptic inte- 
gral ” arises from the fact that such integrals enter into the 
problem of determining the length of an arc of an ellipse. 
(Cf. Chap. V, p. 289.) 


We may further point out that integrals which at first sight have 
quite a different appearance turn out after a simple substitution to be 
elliptic integrals. As an example, the integral 

dx 


/ 


V (cos a — cos x) 


is transformed by means of the substitution u = cos - into the integral 


-kV2 


I va- 


du 


the integral 


dx 


cos a/2^ 


/ 


V (cos 2x) 


by means of the substitution u = sin x becomes 

du 


/ 


and finally the integral J — 


V(1 — u^){l — 2w2) 

dx 


V (1 — sin^ x) 


is transformed by the substitution u = sin x into 


/ 


du 

V (1 — W2) (l __ ^2^2)* 


2. On Differentiation and Integration. 

Another remark on the relation between differentiation and 
integration may be inserted here. Differentiation may be 
considered a more elementary process than integration, since 
it does not lead us away from the domain of known functions. On 
the other hand, we must remember that the differentiability 
of an arbitrary continuous function is by no means a foregone 
conclusion, but a very stringent additional assumption. We 
have, in fact, seen that there are continuous functions which 
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are non-difierentiable at isolated points, and we may mention 
without proof that since Weierstrass’ time many examples have 
been constructed of continuous functions which do not possess 
a derivative anywhere at all * (There is therefore much less 
in the mathematical definition of continuity than simple intuition 
would lead us to suppose.) In contrast to this, even though in- 
tegration in terms of elementary functions is not always possible, 
in all circumstances we are certain at least that the integral of 
a continuous function exists. 

Taken all in all, we see that integration and difierentiation 
cannot be simply classified as more elementary and less elementary, 
but that from some points of view the one and from other points 
of view the other should be thought of as the more elementary. 

In so far as the concept of integral is concerned, we shall see 
in the next section that it is not closely bound up with the 
assumption that the integrand is continuous, but that it may be 
extended to wide classes of functions with discontinuities. 


8. Extension oe the Concept op Inteoeal. Iimproper 
Integrals 


1. Functions with Jump Discontinuities. 

In the first instance we see that there is. no difficulty in ex- 
tending the concept of integral to the 
case where the function to be in- 
tegrated has jump discontinuities at 
one or more points in the interval 
of integration. For we need only 
take the integral of the function as 
the sum of the integrals over the Hg- 4---The integral of a 

. _ ^ , 1 • 1 j -1 discontinuous function 

separate sub-intervals in winch the 

function is continuous.f The integral then retains its intuitive 
meaning as an area (cf. fig. 4). 



* Of. Titclmiarsh, The Theory of Tv/nctions (Oxford, 1932), §§ 11*21— 11'23 
(pp. .350-354). 

t We should really observe that in our previous definition of integral 
took the interval as closed and the function as continuous in the closed interval. 
This gives us no trouble, since in each closed sub-interval we can extend the 
function so that it is continuous by taking for the value of the function at the 
end-point the limit of the function as x approaches the end-point from the 
interior of the interval. 
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-- Functioas with Inhnite Discoatinuities. 

It T ;i difier^-nt when the lunetion has an iafinite 

in th^ interior of the interval or at one of its ends, 
to forini;dite the notion of integral in this case w'e 
introdiiee t'l further limiting process. Before stating 
reral definitio!: to shall illustrate some of the possibilities 
■a ns of exaiiiples. 


We i-ehn with the inter ral 


/ 


dx 


wnere x is a pjsitive number. The integrand becomes infinite as 
r* u, and we therefc»re cannot extend the integrai to the lower limit 0. 
We CLiii. however, try to find %vhat happens w*lien we take the integral 
friin the positive limit s to the limit 1, say, and finally let s tend to 0. 
A:'i:::T:i:ng to the elementary rules of integration, we obtain, provided 
36 ~ i. 



We imraediately recognize that the following possibilities occur: (1) a is 
greater than i; then as r -^0 the right-hand side tends to x: (2) a is 
less than I; then the right-hand side tends to the limit 1 '(1 — a). In the 
second ^ ^ase, therefore, we shall simply take this limiting value as the 
integral between the liinits 0 and 1 . In the first case we shall say that 
the hur gral iicm 0 to 1 does not exist. In the third case, where st — 1, the 
Integra, will be equal to — log r and therefore as s 0 it approaches no 
liriiit, but lends to x ; that is, the integral from 0 to 1 does not exist. 

Anotner example of the extension of the integral of a function up to an 

infirdte dbccntinuitv is dven bv the intestrand . ^ W'e find that 

v(l— *') 


r 


dx 


\ d- 


arc sin (1 — s). 


If we let £ tend to Cb the right-hand side converses to a definite limit, 7 :f 2 i 

we therefore call this the value of the integral f ^ , even 

L X. . . ^ Jo (i - 

tiiougii the integrand becomes infinite at the point a: = 1. 

In order to extract a perfectly general concept from these 
examples, we notice in the first place that it clearly makes no 
essential difierence whether the diseontinuit-y of the- integrand 
lies at the upper end or the lower end of the interval of in- 
tegration. We now make the following statement: 
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If in an interval a ^ x ^ b the function f(x) is continuous 
with the single exception of the end-point b, we define / f (x) dx <25 

Ja 

the limit 

lim / f{x) dx 

— where the point b — e approaches the end-point b from the in- 
terior of the interval— provided that such a limit exists, 

pb 

In tbis case we say that the improper integral j f (x) dx can- 
't a 

verges. If, however, no such limit exists, we say that the integral 
J f{^)dx does not exist or does not converge or that it diverges. 





Fig. S. — To illustrate the convergence or divergence of improper integrals 

An analogous definition holds for the case where the lower 
limit of the interval of integration, and not the upper, is the 
exceptional point. 

Even improper integrals can be interpreted as areas. In the first instance, 
of course, there is no sense in speaking of the area of a region which extends 
to infinity; yet one may attempt to define such an area by means of a passage 
to the limit from a bounded region with a finite area. For example, the 
above results for the function Ij^ imply that the area bounded by the 
a? -axis, the line a; == 1, the line a; = s, and the curve y ^ tends to a 
finite limit as s 0, provided that a < 1, and that it tends to infinity if 
a ^ 1. This fact may be simply expressed as follows: the area between 
the a:-axis, the 2^-axis, the curve, and the line a; = 1 is finite or infinite 
according as a < 1 or a ^ 1. 

Intuition can, of course, give us no precise information about the 
finiteness or infiniteness of the area of a region stretching to infinity. Of 
such a region we can only say that the more closely its sides approach one 
another the more likely it is to have a finite area. In this sense fig. 5 illus- 
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tratc:" the fuct that for a < 1 the area under our curve remains finite, 
L:lu I it is iniinite. 


In order to tind out wkether a function /(a?) irMcii lias an in- 
liidte discontinuity at the point x = b can be integrated up to 
b, Vie can often save ourselves a special investigation by using 
the following criterion: 

Let the function f(x) be positive * in the interval a 
andletiim/(^)==x. Then the integral T f{x)dx converges i£ the 'e 

oJa 

exist both a positive number fi less than 1, and a fixed number 
Ji independent of x, such that everywhere in the interval 

a^x<.h the inequality /(a-) ^ is true: in other words, 

(6 x)'^ 

if at the point x = b the function i (x) hecornes infinite of a loivei 
order than the first. On the other hand, the integral diverges, 
if there exist both a number ^ 1 and a fixed number N, such 
that evertwrhere in the interval a'^x <ih the inequality 

f{x) ^ is tme; in other words, if at the pohit x = b 

the fimctmn f(x) becomes infiri ite of the first order at least. 

The proof follows almost immediately by comparison with 
the ver}” simple special case discussed above. In order to prove 
the first part of the theorem we observe that for 0 < e < 6 — a 
we have 

0 < / f{x)dx < / — r f — dx. 

^ -Ja (6 ~ xY 

As € -^ 0 the integral on the right, which is obtained from the 
integral (p. 128) by a simple change of notation, has a limit, 
and therefore remains bounded. Moreover, the values of 

/ f{x)dx increase monotonicaliy as e-s-O; since they are also 

b 

bounded, they must possess a limit, and the integral j f{x)dx 
therefore converges. ^ 

The parallel proof of the second part of the theorem is left 
m an exercise for the reader. 


♦ In tl» Appendix to Chap. Till (p. 418) we shall see that this restriction 
of sign can emwp he removed. 
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We likewise see at once that exactly analogous theorems hold 
where the loiver limit of the integral is a point of infinite dis- 
continuity. If a point of infinite discontinuity lies in the interior 
of the interval of integration, we merely use this point to 
di^dde the interval into two sub-intervals and then apply the 
above considerations to each of these separately. 

As a further example we consider the elliptic integral 
/•' 

Jo V (1 — x^){l — 

From the identity 1 — = (1 — a:)(l -f- a) we see at once that as a; 1 

the integrand becomes infinite only of order h, whence it follows that the 
improper integral exists. 


3. Infinite Interval of Integration. 

Another important extension of the concept of integral 
consists in taking one of the limits of integration as infinite. 
In order to make this extension precise, we introduce the 
following notation: if the integral 

/ f{oi)dx, 

where a is fixed, tends to a definite limit when A increases posi- 
tively beyond all bounds, we denote the limit by 

r s{x)dx. 


and call it the integral from u to 00 of the function Of 

course such an integral does not necessarily exist or, as we often 
say, converge. 


Simple examples of the various possibilities are again yielded by the 
functions }{x) = 1 jaf-. 




1 

1 - 


. — 1 ). 


Here we see that, if we again exclude the case a = 1, the intogral to infinity 
exists for the case oc > 1, and in fact 



on the . contrary, when a < 1 the integral no longer exists. For the 
case a = 1 the integral again clearly fails to exist, since logo; tends to in- 
finity as X does. We see, therefore, that with regard to inte^ation over an 
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iriniiite interval the l.'.r* do not behave in the same way as for 

iritejr.'iti .n i:ri to the ori»dn. This statement also is made plausible hj a 
e!:iri-e at rij. 5. Tar we see that the larger a is, the more closely do the 
eiirro (iraiv in towards the w-axis when a; is large, so that we can readily 
sap]>:..‘e that the area rmder consideration tends to a defiirdte limit for 
sarhdenily large values of 


The following criterion for the existence of an integral with 
an infinite limit is oft-en useful. We again assume that for suffi- 
eiemly large values of x, say for x ^ a, the integrand has always 
th^.‘ same sign, which without loss of generality we can choose 
to positive.* Then we have the following statement: 

The integral / i{£)dLKCora'eTges ifthefumiioni{:s)va7ii$}iesaZ 

‘■a 

i)vfimtg to a higher order than the first, that is, if there is a number 
V > i such that for all values of x, no matter how large, the 

relation 0 </(x) ^ — is true, where 31 is a fixed number inde- 
x" 

pendent of x. Again, the integral diverges if the f unction remams 
positive and vanishes at infinity to an order not higher than the 
first, that is, if there is a fixed number > 0 such that xf{x) ^ N, 
The proof of these criteria, which runs exactly parallel to 
the previous argument, can be left to the reader. 


r* 1 

A very simple example is the integral j —dx{a > 0). The integrand 

Ja ^ 

vanishes at infinity to the second order. As a matter of fact, we see at 

r l 11 

__ dar — , and therefore 

_ av a A 


j: 


ijr-l 

a:® o 


Another equally simple example is 

_ 1 
i 


X 


~ dir = Mm (are tan A — arc tan 0) — 

X" A — >■ X 2 


4. fhe Ciamma Fimction, 

A further example of particular importance in analysis is 
offered by the so-called gamma function 

r(ii)= f (n>0). 

ay 

♦As we shall see in the Appendix to Chap. Ym (p. 418), this restriction 

©f sign can easEj" h& removed- 
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Here also the criterion of convergence is satisfied; e.g. if we 
clioose p = 2-5 we have lima:'' . = 0, since the erpo- 

x—^ 00 

nential function e“® tends to zero to a higher order than anj 
power (m > 0). This gamma- function, which we can think 
of as a function of the number n (not necessarily an integer), 
satisfies a remarkable relation, which we can arrive at in the 
following way by integration by parts. To begin with, we have 

J + (n — 1)J 

If we take this formula between the limits 0 and A and then 
let A increase beyond aU bounds, we immediately obtain 

r(n) — — 1) f e~^x^~^dx ~ {n — l)r(?i — 1), 

j 0 

and by this recurrence formula, provided /x is an integer and 

0 < ft < n, 

r(n) = (n — 1) (n — 2) (n — fji) f e''^x^~^~'^dx. 

In particular, if is a positive integer, we have 

T(n) = {n — l){n — 2) 3 ,2 .1 f e~'^dx, 

Jq 


and since 


f e^^dx = 1 , 

*^0 


it follows finally that 

r(^) ={n— l)(n ~ 2 ) . . . 2 . 1 = -- 1 )! 

This expression of a factorial by an integral is of importance 
in many applications. 


^00 ^oo 

The integrals / e~®* dx, I dx 

do do 


also converge, as we may easily convince ourselves by means of our 
criterion. 

5. The Birichlet Integral. 

A convergent integral, important in many applications, 
whose convergence does not follow directly from our criterion, 
and which is a simple case of a type investigated by Dirichlet, is 


X 
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This inte^al is easily seen to be convergent if tie upper limit 
-> 1 as 3? 0. Its convergence in the infinite 


is riiiite. fur 


SlllJi* 


int^'-rval is due to the periodic change of sign of the integrand, 
wiiieii caiisrs the contributions to the integral from neighbour- 
ing intervals of length tt almost to cancel one another. In order 
to iiiahe use of this fact we rate the expression 

r-Bsma; 


in the iorm 

I),,: 


-i 




JDa 


Sill a* 7 
dx 

X 


=r 


' dx 


' sin a; 


dx 


JA-rrr t 


introdiiee in the last of the three integrals on the right the new 
variable x = t — er, whence sini = — sinau and obtain 


D 


AB ' 


’j: 


' dx 


Jb X Ja 


smx 

'A X-r- TT 


dx. 


Addition of this to the original expression for gives us 


2D 


'a t J} 


AB ■ 


smr . 

X 




sinj? 


dx 




smaj 


X ’ dA X{X TT, 

From this it follows, if we assume that B > ^4 > 0, that 


dx. 




< 


1 'Ja 


for we may use the method of p. 127, observing that 
1 ^ sina; ^ 1 

X X X 


and — — 

X- 

for positive values of x. 


smx 


x(x-r '^) 

The integral on the right is conver- 


gent, by our criterion, and our formula shows that 
as .4 and B both tend to infinity. Now 


D 


AB ; 


^OA — ^AB y 

and it follows from Cauchy’s convergence test that Dq^ tends 
to a definite limit as JB ao. In other words, the inte^gxal 1 
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exists. Another proof of this is given in the Appendix to Chap. 
YIII (p. 418), and on p. 450 we shall further show that I has the 
value ‘7r/2. 

6. Suhstitution. 

It is obvious that all rules for the substitution of new variables, 
kc., remain valid for convergent improper integrals. As an 

example, in order to calculate / xe'^^^dx we introduce the new 
variable u = and obtain ® 


e ^du — lim - (1 


Another example of the use of substitution in the investigation 
of improper integrals is given by the Fresnel integrals, which 
occur in the theory of diffraction of light: 


= f sin (x^) dx, ^2 == r cos (x-) dx, 
Jq Jo 


The substitution = u yields 




2 do 


du, F 2 


Integrating by parts, we have 

r^sinu 7 co&A 

/ du = — — - 

Ja '\J ii '\J A 


1 cos 

2Jj 7 /;^ ■ 


As A and B tend to 00 the first two terms on the right tend to 
0, and by the criterion of p. 250 the integral also tends to 0. 
Hence by the same argument as for the Dirichlet integral we see 
that the integral converges- The convergence of the integral 
F 2 IS proved in exactly the same way. 

These Fresnel integrals show that an improper integral may 
exist even although the integrand does not tend to zero as rr -> 00 . 
In fact, an improper integral can exist even when the integrand 
is unbounded, as is shown by the example 


When 


/ 2u cos (#) du. 
Jo 

■ mr, i.e. when u= Vnir, n = 


0, 1, 2, , the in- 
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te 2 ?a lid beeoHies 2\ nrrcosnTT^ :^2V^7}'77, so tLat tLe integrand 
is ;:ii bounded. B}' tEe substitution 11^== x, however, the integral 

is reduced to 



cos (x“) dx, 


which we have Just shown to be convergent. 

By means of a substitution an improper integral may often 
be transformed into a proper one. For example, the transfor- 
mation X = sin u gives 

dx __ ___ TT 

•i Vtl — ^-) ~ ~ 2' 


On the other hand, inte.grais of continuous functions may be 
trao-sforined into improper integrals; this occurs if the trans- 
formation u = 6 {x) is such that at the end of the interval of 
integration the derivative 4>{x) vanishes, so that dxjdu is infinite. 


Examples 

Test the convergence of the improper integrals in Ex. 1 - 11 : 

dx 

1 -r a:® 


o- dx 

J-s 

C: 


2 . 


J-i \ 


ax 


3. 


r 


dx 

1 — x)\ X 


5 . f 


dx 


Jj', 1 — cos a; 


6 . I 


dx 


(x aj)iz -- a2)lx — ad)(x — a^) 
ail diSerent and lie between A and B, 


where czo, a^, 


are tan .2 

Q 1 T- a:- 

Ji i-e* 


dx. 


S. 


arc tana; 

i 




dx. 


10 . 


f 

do 


~dx. 


e^ — I 


11 . 


r 

Jo 


log tanxdx. 


gent 


12 -* Prove that J' sin- [” 7 : ^a: — J da; does not exist. 

13 . * Prove that lim f — — == 0 . 

Jq 1 u_ 

14 . For what values oi s (a) _EL 1 dx, (b) f* dx 

nt? do ^ “T a= Jq X® 


15.* Uom J it converge? 
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16.* (a) If a is a fixed positive number, prove that 

/ a 

dx = r.. 

“ 1 " 

(h) If f(x) is continuous iu the interval —1 ^ a: ^ 1, prove that 

^ f ^ 

h-^0 1 -f ar 


JMiscellaiteotjs Exa^iples 
Evaluate the integrals in Ex. 1-7: 




f g arc sin x 

2. /sm3a. cos® re dx. (By a shorter method than that of the text, 
using trigonometrical identities.) 


J (log x)^ dx. 


I 


sinxdx 
3 4~ sin^a; 


5. /Vl-, 




8.* Prove that lim e"* 


. r 

» Jo 


e^^dt = 0. 


9, Assuming that ! oc [ 4= | p |, prove that 
1 

lim — / sin olx sin Sa: dx = 0. 

T—^kT Jq 


10. Evaluate 


e“®* cos 2a; dx. 


11.* Prove that the substitution x — 


at - 


transforms the integral 


yt -t- 6 


where aS — yP 4= 0, 


f V ax^ ■ 


dx 


V ax^ + ba^ cx^ dx e 
into an integral of similar type; and that if the biquadratie 
ax^ + bo?’ cx^ dx e 

has no repeated factors, neither has the new biquadratic in t which takes 
its place. 

Prove that the same statements are true for 

J R{x, V aa;^ + -p “r da; e)dx^ 

where jK is a rational function. 
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1 


' 2n 


1 


{n — i)2 


” ' 11* I 

14 . * ProTe that lim ^ / — = -• 

\ e 

15 . * If X is any real number greater than — 1 , evaluate 

.. 1^-f 2^-f 3''^ T- . . • -f 

iim ! : _J 1 . 


12. Find the limit as of = 

13. * Find the limit of 

11 1 


1 


■72 d“ I * 72+2 


= 


. +...+ 

\ ?i- — 0 A' “ 1 A' ' 72 “ — 4 V • 


Appendix to Chapter IV 

The Second !]^Iean Value Theobem of the Integbal 
Calculus 

The method of integration by parts ajOEords us an easy method 
for pro\diig an important theorem on the estimation of integrals, 
usually called the second mean value theorem of the integral 
calculus. 

Let us suppose that the function cj> (x) is monotonic and con- 
tinuous in the interval a and that the derivative (f>'{x) 

is continuous* and let us further suppose that f{x) is an arbitrary 
function continuous in the same interA’ai. Then the second mean 
value theorem of the integral calculus is expressed as follows. 
There exists a number i, such that a g ^ ^ 6, for which 

Jj{x)4>ix)dx= (f> (a) fy (x) dx-~-<j> (b) f(x) dx. 

To prove this we notice first that we can assume that 
= 0; for replacing 6{x) by <f>{x) — <f){h) changes both sides 
of the equation by the same amount, and gives us a function 
which vanishes at x= b. Moreover, we can assume that 
> 0; for i£ ^{a) < 0 we need only replace <f>{x) by — 
which changes the sign of both sides of the equation, (The case 
^(al = 0 is trivial; for if both <f>(a) and (f>{b) vanish, (f>{x) must be 
identically mm, and our equation Womes 0 = 0.) We therefore 
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need only prove that if (f>{x) is continuous and monotonic de- 
creasing, and (j){b) = 0, then 

_£/ (a;) <f, {x) dx=4> (a) f{x) dx. 


We now put F{x) — J f{x)dx and apply the formula for 

integration by parts to the left-hand side of the last equation; 
we then have 

j^J{x)4>{x)dx=F{x)4>(x) -f J F(x){—<^'{T)}dx. 


The integrated part vanishes, since F (a) and ^ (b) are zero. The 
expression — ^'(cc) is everywhere positive, so that we can apply 
the first mean value theorem of the integral calculus. We thus 
find that the integral on the right has the value 

-F (I) (®) } a^i^b. 


But 

F{i) = J f{x) dx and f (x}}dx = (j) [a) — (6) = i (a), 

and our theorem is established. 

This theorem can be extended (although we shall not carry 
out the proof) to more general classes of functions. For the theorem 
remains true for all continuous monotonic functions 4>{x), whether 
they have derivatives or not. In fact, it is true for any discon- 
tinuous monotonic function for which we are in a position to 
integrate f{x) ^ {x). 


(e7Q8> 


IS 



CHAPTER V 


Applications 

In tiis chaptor., after disposing of a few preliminaries, we 
shall illustrate how what we have now learned may be applied 
in a great variety of ways in geometry and physics. 

1. Eepresextation op Curves 
1. Parametric Representation. 

As we saw in Chap. I (p. 17), in representing a curve hy means 
of an equation y=f{x) we must always restrict ourselves to a 
single-valued branch. Hence it is often more convenient — when 
we are dealing with a closed curve, in particular — to introduce 
other anahtical methods of representation. The most general 
and at the same time the most useful representation of a curve 
is parameiric representation. Instead of considering one of the 
rectangular co-ordinates as a function of the other, we think of 
both the co-ordinates x and y as functions of a third independent 
rariable, a so-called pararneter. the point with the co-ordinates 
X and y then describes the curve as t traverses a definite interval. 
Such parametric representations have already been encountered. 
For example, for the circle x- -f = a® we obtain a parametric 
representation in the form x = a cost, y = a sint. Here, as we 
already know, t has the geometrical meaning of an angle at the 
centre of the circle. For the ellipse xr'a^ -f- = 1 we like- 

wise have the parametric representation x — a cost, y — b sini, 
where t is the so-called eccentric angle, that is, the angle at 
the centre corresponding to the point of the circumscribed circle 
lying vertically above or below the point P{a cost, hsint) of 
the ellipse (fig. 1). In both these cases the point with the co- 
ordinates X, y describes the complete circle or ellipse as the 
parameter t traverses the interval from 0 to 2ir. 
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In general, we can seek to represent a curve parametrically 
by taking 

x = = x[t\ y=ip{t) = y{t), 

that is, by considering two functions of a parameter t; the shorter 
notation x{t) and y{t) wiU henceforth be used where there is no 
danger of confusion. For a given curve these two functions 
and must be determined in such a way that the totality 
of pairs of functional values x{t) and y(t) corresponding to a given 
interval of values of t gives all the points on the curve and no 
points that are not on the curve. If a curve is in the first 
instance given in the form 
y=zf{x), we can arrive at a 
representation of this kind by 
first writing x = where 

6{t) is any continuous mono- 
tonic function which in a 
definite interval passes exactly 
once through each of the values 
of X in question; it then follows 
that that is, the 

second fimction is deter- 
mined by compounding / and <^. 

We thus see that owing to the 
arbitrarmess in the choice of the function (j> we have a great 
deal of freedom in representing a given curve parametrically; 
in particular, we may actually take t = x and may thus think 
of the original representation y=f{x) as a parametric repre- 
sentation with the parameter t — x. 

The advantage of the parametric representation is that this arbitrari- 
ness may be utilized for purposes of simplification. For example, we repre- 
sent the curve by taking x= y = so that o{t) = 

The point with the co-ordinates x, y will then describe the whole 
curve (semieubical parabola) as t varies from — co to co . 

If, on the other hand, a curve is originally given by a para- 
metric representation x= y— iff{t), and we wish to obtain 
fche equation of the curve in non-parametric form, that is, in the 
form y = f{x), we have only to eliminate the parameter t from 
the two equations. In the case of the parametric representations 
of the circle and ellipse given above we can do this at once by 
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S' and equation sin-^ — cos-^ = 1, (For a further 

Hee riielov,-.) In .ueiierai, we should have to find an expres- 

s:s>:. ter f from tiie equation x = Sit) by means of the inverse 

funet'icu: i -- and substitute this in ^ = ^{?), in order to 
rdnaiii rlie repivseiitation * y = S{^{x)y = f{x). In such an 
»e:rninar:o:i, of course, we must ordinarily restrict ourselvt\s to 
a pcirtim. of the curve; in fact, to a portion which is not cut 
twice by any line parallel to the ^-axis. 

The parametric representation has associated with it a de- 
finite sefise in which the curve is described, corresponding to the 
dire^.'t:on in which the values of the parameter increase; this 
dires.'tion we shall call the positive sense. If, for example, the 
point X = a:{f|, y = y{t) describes a curve C as t traverses an 
interval and the end-points Pq and of the curve 

correspomi respectively to and then the curve is traversed 
positively in the direction from Pq to P^. If we introduce t== —t 
as a new parameter, the curve C will correspond to the values 
— -q ^ r ^ — fg of the variable t, and the points Pq and Pj 
will t?orrespoiid to r = — (q and r = — q_ respectively. If we 
now tra\’erse the curve from Pq to P^ we proceed in the direction 
ill which the values of the parameter r decrease, that is, in the 
negaiive sense. In general, a change of parameter t= t{T) pre- 
serves the sense in w’hich the curve is described if the function 
iij) is monotonic increasing, but reverses it if the function t{r) 
is monotonic decreasing. 

*2. Interpretation of the Parameter. Change of Parameter. 

In many cases we can give an immediate physical interpre- 
tation to the parameter ri namely, time. Any motion of a point 
in the plane may be expressed mathematically by the fact that 
the co-ordinates x and y appear as functions of the time. These 
two fiincTions therefore determine the motion along a path or 
trajeei&ry in parametric form. 

As an example of this we have the cycloids which arise when a circle 
roils along a straight line or another circle. Here we limit ourselves to 
the Eimpi<^t case, in which a circle of radius a roUs along the x-axis, and 

It may happen, however, that the equation p == f(x) obtained in this way 
rt=!pre*£‘nts wuwe than the original parametric representation. Thus for example 
the equations x = a sin I, ^ & sin # represent onlj- the finite portion of the 

line ij -= bxa lying between the points x~ "-a, y = —5 and x ~ a, y b, 
whereas the equation y ^ bx a represents the whole of the line. 



PARAMETRIC REPRESENTATION 


261 


we consider a point on its circumference. This point then describes a 
common ” cycloid. If we choose the origin of the co-ordinate system 
and the initial time in such a way that for time t~0 the corresponding 
point of the curve coincides with the origin, we obtain (cf. fig. 2) the 
parametric representation 

X = a {t •— sint),' y = a(l — cost) 

for the cycloid; here t denotes the angle through which the circle has 
turned from its original position; in the case where the velocity of 
rolling is uniform it is proportional to the time. 



By eliminating the parameter t we can obtain the equation of the curve 
in non-parametric form, at the cost, however, of neatness of expression. 
We have 


cos/ 


a — y 
a 


CL — V 

arc cos smt — 


=Vr 


and hence 

asiTc cos ? ^ V{{2a — y)y }, 


thus obtaining x as a function of y. 

In the parametric representation of a given curve we have a 
great deal of freedom in the choice of parameter (p. 259). For 
example, instead of the time t we could take the quantity 
T ~ as parameter, or indeed any arbitrary quantity r which 
is related to the original parameter t by an arbitrary equation 
of the form r = where we assume that for the whole interval 
of values of t considered this function has a unique inverse t = k(t). 
If increasing values of r correspond to increasing values of t 
the positive sense of description remains the same; otherwise 
it is reversed. 

Parametric representation is, of course, not limited to rect- 
angular co-ordinates, e.g. it can just as well be used with the 
polar co-ordinates r and 6, which are connected with the rect- 
angular co-ordinates by the well-known equations a; = r cos 6, 
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T or — y-j, si!i6^== y r, cosO=x!r; the equations 

ui t:o,r t:‘:Lrre woul-i then he r — rit), 6 — 6{t). 


,'in example, txe straight line may be represented parametrically 
(see fig. 3) in the form 



r = X-, 6 = a / 

cost 

(p and 3t being constants), from which we 
immediately obtain the equation of the 
line in polar co-ordinates, 

V 

r — , 

cos (6 — a) 

by eliminating the parameter f. 


3. The Derivatives for a Curve Represented Parametrically. 

If on the one hand a curve is given hv an equation y =/(x), 
and on the other hand it is given parametrically hj x= x[t), 
^"0'h then we must have y(t) ~ By the chain 

rule for difierentiation it foilows that 

dy __dy dx 
dt dx dt 


or 



y 

X 


where as an abbreviation for diferentiation with respect to the 
parameter t we use a dot over the variable (Newton’s notation), 
instead of the dash the latter we shall reserve for diferem 
tiation with respect to x. 

For the cycloid, for example, we have 


f — a(l — cosi) = 2a sin- 1, 

y = a Sint = 2{z sin - cos 
2 2 

These formulae show that the cycloid has a cusp with a vertical tangent 
at the pcsinta f = 0, —2“, ... at which it meets the a:-axis, for on 

approaching these points the derivative y' == y/z =s= cot {t/2) becomes 
iafiiiite. At thM© points y is equal to 0; everywhere else y > 0. 



n 
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The equation of the tangent to the curve is 

— — (v — y)^= 0 , 

where | and nq are the “ current ” co-ordinates, that is, the 
variable co-ordinates corresponding to an arbitrary point on the 
tangent. For the equation of the normal, i.e. the straight line 
through a point of the curve perpendicular to the tangent at 
that point, we likewise obtain 

{^ — x)x+{iq--y)y=:0. 

The direction cosines of the tangent, that is, the cosines of the 
angles a, ^ which the tangent makes with the x and y axes 
respectively, are given by the expressions 






as we may verify by elementary methods. The corresponding 
direction cosines of the norinal are given by 


± a/(^^ • 


cos p' = 


±V(^-- 


(See fig. 4.) 

These formulae show us that at every point at which x and y 
are continuous and 0 the direction of the tangent 

varies continuously with t. This is 
the most important case for us; it 
is interesting, however, to illustrate 
by examples the various possibilities 
that arise when our assumptions are 
not fulfilled and we cannot state 
directly that the tangent keeps on 
turning continuously. At a point at 
which X = y = 0 the tangent may 
or may not turn continuously. 

As one example we have the curve 

7J — on r»-n OQ Fig. 4.-— Direction cosines of the 

X — l , y — ^ aiscussea on pp. tangent and the normal 

259, which has a cusp at the origin 

even though x and y are continuous everywhere. As 
another example we consider the curve x = y = tP, which is 
the straight line y=x. This curve has the same tangent direc- 




APPLICATIONS [Chap. 

ihe latr-er is therefore continuous, although 
A^rrivatives x and ^ both vanish fox i = 0. Moreover, at a 
r.-'oii.t at n'hicii i* and ^ are discontinuous the dkeetion of the 
may or may not be continuous. For let 6{/) be any 
r’emtiraaous monotonic increasing function, defined for tj ^ t ^ 
which has a sharp corner at t = Then the curve 

X = t, y = 6{t\. which is the same curve as ^ has a sharp 

corner at x = L; while the curve x = i(t), y = i{t), which is a 
segment of the straight line y— a;, has a constant tangent direction, 
even though the derivatives x and y do not exist at t = This 
indicates that if we wish to investigate the behaviour of the 
tangent at a point where our theorem does not apply, we should 
hist use the formulae to find cos a or cos^ as functions of t and 
then investigate these direction cosines themselves. 

From a weli-knowm formula in trigonometry or anahTical 
geometry we find that the angle between the two curves repre- 
sented parametrically by x~Xj(t), y = yi(t) and x ~ Xoit), 
y = ?/.2 (t) respectively (that is, the angle between their tangents 
or nornials) is .given by the expression 


^ 1^2 • Viyi 
\ (•^1“ ~~ ^1") % (-^2“ ■ 


The indeterminacy of the signs of the square roots in the 
last few formulae suggests that the angles are not completely 
determined, since we can still specify either sense of direction on 
the tangent or normal as “ positive 'b Taking the square root 
as positive, as is usually done, corresponds to choosing for the 
positive direction on the tangent the direction in which the 
parameter increases, and for the positive direction on the normal 
the direction obtained by rotating the tangent through an angle 
Tr'yl in the positive ^ sense. 

The second derivative y*^ = is obtained in the following 

way by means of the chain rule and the rule for differentiating 

a quotient: 

u"r=^ = ^—=- 1 _ ^y—yx 1 

dx dt dx dt .x) X x? x 


* I.e. in tile counter-clockwise sense. 
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wiience 

«" = ^ = ~ 
dx^ 0? 


4 . Change of Axes for Curves Represented Parametrically. 

If we rotate the axes tkrough an angle a in the positive direc- 
tion, the new rectangular co-ordinates r\ and the old ones 
y are related by the equations 

x = ^ cos a — 97 sin a, i~x cos a -r y sin a, 
y = i sin a + 77 cos a, t) = —x sin a-}- y cos a. 

Thus the new co-ordinates i and rj are specified along with x and 
y as functions of the parameter L By difierentiation we at once 
obtain 

x= cos a — 77 sin a, ^ — x cos a y sin a, 
y = ^ sin a + cos a, 77 = — x sin a y cos a. 

Let us suppose that the curve is given in polar co-ordinates 
and that both polar co-ordinates and rectangular co-ordinates 
are given as functions of a parameter t. Then by difierentiation 
with respect to t we obtain from the equations x = r cos d, 
y = r sin 0 the formulae 

x—tcos9 — rsin ^.^, \ 
y = r sind -r- r cos 6.6, ^ 


which are frequently used in passing from rectangular co-or- 
dinates to polar. As an example we consider the polar equation 
of a curve, r=f{6), which might, for example, arise from a para- 
metric representation r — r{t), 6 = 6(t) by elimination of the 
parameter t. The angle ijj between the radius vector to a point 
on the curve and the tangent to the curve at that point is 
then given by 


/'(») 


We can convince ourselves of this in the following way. If we 
think of the curve as given by an equation y = F{x) and use 6 
as parameter, so that ^ = 1 and f =f'(6), we have 


tan a == y' = 


i 

X 


f tan^ + r 
f — r tan 6 







5. General Remarks. 

In discussing giren curves we sometimes consider properties 
wliicli do not assert* an}i:Iiing about the form of the curve 
itself, but merely something about the position of the curve 
with respect to the co-ordinate system; for example, the occur- 
rence of a horizontal tangent, expressed by the equation ^ = 0, 
or the occurrence of a vertical tangent, expressed by x = 0. 
Such properties do not persist when the axes are rotated. 

Ill contrast to this, a point of inflection will still be a point 
of inflection after the axes have been rotated. According to the 
formula on p. 265 the condition for a point of infl-ection is 

iy — ^y=0. 

If on the left we replace the expressions x, y, x, y by their values 
in terms of the new co-ordinates 07, we readily obtain 

xij - ~ . 

Hence from the equation xy — f y = 0 it follows that f 'J? = 0, 

so that our equation expresses a property of the point of the 
curve which is independent of the co-ordinate system. 

We shall often see later that properties which are truly 
geometrical are expressed by formulse which are unaltered m 
form by rotation of the axes. 
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Examples 

1. Find the equation, in non-parametric form, of the curre 

a: = a cos26 cos0 
y — a cos 26 sin 0. 

2. A circle c, of radius r, roUs on the outside of a fixed circle C of radius 
E. The point P on the circumference of c moves with c, and describes a 
curve called the epicycloid. Find the parametric representation of the 
epicycloid (consider c to rotate with constant velocity, and measure time 
so that at t — 0 the point P is in contact with the circle C). 

3. Sketch the epicycloid for the special case r=B, and find its para- 
metric equations. (This particular epicycloid is called the cardioid.) 

4. If in Ex. 2 the radius r is less than E and c rolls inside C, the point 
P describes a hypocycloid. Find its parametric equations. 

5. Sketch the hypocycloid {a) for P = 2r, (6) for P == 3r. 

6. Sketch the hypocycloid for P = 4r (the astroid) and find its non- 
parametric equation. 

7. Find the parametric equations for the curve a? ~ Zaxy (folium 
of Descartes), choosing as parameter t the tangent of the angle between 
the a;-axi3 and the radius vector from the origin to the point (x, y). 

8. Show that the length of the tangent to the hypocycloid 4- 

intercepted between the two co-ordinate axes is constant. 

9. Show that the tangent and normal to the cycloid pass through the 
highest and lowest points of the roiling circle at each position. 

10. Find the formula for the angle a between two curves r — /(0) and 
r = p(0) in polar co-ordinates. 

11. Let (7 be a fixed curve and P a fixed point with co-ordinates Xq, y^. 
The pedal curve of O with respect to P is defined to be the locus of the foot 
of the perpendicular from P on the tangent to C. Find the parametric 
representation of the pedal of <7, if (7 is itself given parametrically by 

2 = /(«). y = g{i)- 

12. Find the pedal curve of the circle (7, (a) with respect to its centre M, 
(b) with respect to a point P on its circumference. 


2. Applications to the Theoey of Plane Cueves 

We shall consider two different kinds of geometrical proper- 
ties or quantities associated with curves. The first type consists 
of properties or quantities which depend only on the helmviour 
of the curve in the small, i.e. in the immediate neighbourhood of 
a point, and which can be expressed analytically by means of the 
derivative at the point. Properties of the second type depend on 
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tA*'" v/::r>:e course of riir curve or of a port-ion of the curve, and are 
-‘xro’»-,e>ed analytically by means of the concept of integral We 
.-liau begin by consibiMring properties of the second type. 

L Orientation of Areas. 

The idea of area was our starting-point for the definition of 
the integral; but the connexion between definite integral and 
area is still somewhan incomplete. The areas with which we are 
concerned in geometry are bounded by given closed curves; on 

the other hand, the area measured by the integral J f(x}dj: is 

bounded only in part^ by the given curve y =f{x), the rest of the 
boundary consisting of lines which depend on the choice of the 
co-ordinate system. If we wished to determine the area interior 
to a closed curve, such as a circle or ellipse, by means of integrals 
of this type, we should have to use some such detfice as breaking 
up the area into several parts, each of which is bounded by a 
single-valued branch of the curve and also by the a'-axis and the 
corresponding ordinates. 

For the discussion of this general case it is convenient first 
to make some remarks on the determination of the sign of the 
area considered. For any surface bounded by an arbitrary 
closed curve which does not intersect itself, we can relate the 
sign of the area to the purely geometrical idea of the sense in 
which the curve is described, according to the following con- 
vention. We say that the boundary of a region is described in 
the positive sense if we go round the boundary in such a direction 
that the interior of the region is on the left;’^ the opposite sense 
we call negative. If then we consider a region whose boundary 
is traversed in an assigned sense, a so-called oriented region, we 
reckon the area as positive if this sense is positive, and negative 
if this sense is negative (cf. fig. 6). 

Suppose, in part-icular, that in the interval a-^x-^h the 
function f(,x) is everywhere positive. We consider the closed 
curve obtained by starting at the point x z= b = y == 0, 
traversing the x-axis hack to the point x = a = Xq, y = 0, then 

* If wt wish to avoid the words “ right “ and “ left ” in such a context, 
we say that the triangle, w’hose vertices in order are the origin, the point a; = 1, 
y and the point z ~ 0, y = 1, is described in the positive sense if the 
vertices aw pass^ in the order mentioned. For every other region, we say 
that the bo'undary is pMstively described if it is described in the same sense 
as this triangk; otherwise it is negatively described. 
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proceeding along tKe ordinate to tke curve y =f{x), then along 
this curve to the ordinate x= b, and finally along this ordinate 
to the u’-axis (cf. fig. T). The absolute value of the area interior 
to this curve — ^the number of square units contained in it — is, 

as vre know, J f{x)dx. Hence, denoting by the area with 

its sign as determined above, the integral gives us the value Aq^ 
except for sign. To determine the sign we need only observe 

10 

0 

Fig. 6. — positive area 



that the boundary of the region is traversed in the negative 
Bense, so that is negative; hence we have 

Aqi = 

Similarly, if a > 6, we find that according to our convention 
Aqi is positive, while the integral j f{x)dx is negative; hence 
in either case Aq^ is given by the above equation. 

2. The General Formula for the Area as an Integral. 

After these preliminaries, the difficulties mentioned at the 
beginning can now be avoided in a simple way by representing 
our curve parametrically. If we introduce t formally as a new 
independent variable in the above integral, writing x = x (t), 
y=y (i) = /{» (t ) }, we have 

where % and ti are the values of the parameter corresponding to 
the abscissa Xq= a and respectively. Here we suppose 

that the branch in question of the curve y —f{x) is related to 
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ar: interval -fc ^ corresi>onderLce,* that f(x) is 

very where positive, arid that- i‘(t) never vanishes in this interval. 
As v;e have seen, oiir expression then gives ns the area of the 
n-aioi: boiiiicled by the curve, the lines x = a and rr = 6, and 
thv v-axis. It is, of course, still subject to the disadvantages 
mentioned above. We shall now show that if the curve x = 
a*g |. is a closed curve bounding a region 

of area the area is given by an integral which in form 
is exactly the same as the preceding. 

Let us then consider a closed curve which is represented para- 
metrically by the equations x = x (t), y y (t), the curve being 



described just once as t describes the interval to ^ t ^ t^. 
In order that the curve may be closed it is essential that 
= x(tj^) and yltg} = y(t^). We shall assume that the deri- 
vatives are continuous except for a finite number of jump-dis- 
continuities at most, and that ~r y^ is different from zero 
except perhaps at a finite number of points which may be 
corners f of the curve. 

We shall first consider a closed curve which has no corners 
and is convex and of such a type that no straight line intersects 
it ill more than two points. We denote by and Po points 
at which the curve possesses a vert-ical tangent; these tangents 
are said to be " lines of support ” at P^ and P^ respectively, 
because the points of the curve in the neighbourhood of P^ and 
Pg lie entirely on one side of the line. We can then (cf. fig. 8) 

* I.e. is sncli that eTery point of it corresponds to a single value of t in the 
interval and eonverseiv. 

+ A ^continnons curve x = x{t), y ~ y{t) is said to have a corner at t = q if 
tlie^prisitiTe direction of the tangent approaches a limit as {t — q) 0 through 
f.K«sitive valnes, and approaches a limit as {t ■— t^) -^0 through negative values, 
hut the two limits are not the same. 
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regard the area bounded by the curve as the sum of the area 
bounded by the closed curve formed as in the pre- 

ceding section, and the area bounded by the closed curve 
P^P^BAP^- Here we assume that the curve is described in 
the positive sense, as in the figure; by our sign convention -4^2 
is then positive and A^i negative. We suppose that the point 
xit), y(t) describes the upper part of the curve from P^ to Po as 
t goes from to r, and the lower part from Pg to P^ as t goes from 
T to (fi- We then immediately obtain 

y{t)x{t)dt 

Ml 

and -^ 21 = — J 

hence, for the total area bounded by the convex curve, we have 

Mr 

A == — / y{t)x{t)dt. 

If we denote by absolute area ” of a region the number of 
square units contained in it — which is, of course, never negative 
— then the above expression always gives us the absolute area 
bounded by the curve, except perhaps for sign. In order to see 
what happens when we reverse the sense in which the curve is 
described, we simply take the same integral from to instead 
of from tQ to our integral becomes 


which is equal to — A. We thus recognize the truth of the follow- 
ing statement: 

The area refresented by our formula is positive or negative, 
according as the sense in which the boundary is described- is positive 
or negative."^ 

* In drawing the figure we have assumed that y > 0 for ah points of the 
curve. This really does not restrict the generality of the result. Por if we dis- 
place the curve through a distance a parallel to the 2 /-axis, without rotating it, 
in other words, replace y hj y + a, the area is unchanged; the value of the 
integral is likewise unaltered, for the above integral is replaced by 


(y -f a)x{t)dt, 


and since the curve is closed 


= 0 . 
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Tvro S'iniTjIe observations enable us to extend oux results. 
Fir^tiv, our formula remains valid for closed curves wMcb do 
nor iutorseet- tiieiriselves, even when they are not convex, but 
iuive a more general form as illustrated in fig. 9. Secondly, 
tin.' deri^'arives may have jump discontinuities or may bot-h 
vanish at a finite number of points, which may represent 
corners; according to Chap. IT, § 8, p. 245, the function yx 
remains iiitegrabie. (The ordinate to a corner-point is considered 
to be a line of support if the curve in the neighbourhood of the 
pcfiiit lies entirely to one side of the ordinate). We assume that 
the curve has only a finite number of lines of support-, corre- 
s|.joridi2ig to the points Pi, Pg, ... 5 Pn, and we subdivide the 



curve into the single- valued branches PiP,, . . . , p„p,. 

Tien as in fig. 9 we obtain the area bounded by the curve 
in the form A = A^ — Jos — ... -f n -4„i. (See 
fig. 9. which illustTates this for the case 7i =6.) If we express 
each of these portions of area parametrically and combine 
the expressions into a single integral, we find that the area 
bomided by the curve is given by the expression 



which as before has the same sign as the seii^e in which the 
boundary cim^e is traversed. 

Our formula even gives us the area, in a certain sense, in the case where 
the curve intersects itself. But we shall not enter into such a discussion 
here: the reader mav if he wishes turn to § 2 of the appendix to this chapter 
Ip. 3111. 
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We can express otir formula for the area in a more elegant 
symmetrical form if we first transform the integral by integration 
by parts: 

I yxdt= — / xydt xy \ , 

Since the curve is closed, 

x{t^) = x{t^), y{t^)=y{t^), 

and therefore * 

r i 

yxdt = J xydt. 

If we form the arithmetic mean of the two expressions we obtain 
the symmetrical form 

1 

A = — -J^ {yx — xy)it. 


3 . Remarks and an Example. 

In connexion with these expressions we must make a remark 
of a fundamental nature. Both the proof and the statement 
of the formulae depend on a particular system of rectangular 
co-ordinates. But the value of the area, a purely geometrical 
quantity, cannot depend on the particular co-ordinate system 
chosen. It is therefore important to show that our integrals are 
unaltered in value by a change of co-ordiaates. 

If the axes are merely displaced without rotation the integrals 
are clearly unaltered (see the footnote on p. 271 ), Let us then 
suppose that the axes are rotated through an angle a; instead 
of X and y we now have new variables i and 77, defined by the 
equations x = $ cos a — 07 sin a, y = ^ sm a -i- rj cos a, the new 
variables being also functions of the parameter t. If we recall 
that x = i cos a — i] sina and y~i sin a -f- 17 cos a, a short 
calculation gives us yx — xy — — ^77, so that 

A = — I j'\yx — xy)dt = — I 

* Instead of finding the second expression for the area by integration by 
parts, we could have derived it by using the fact that as regards the definition 
of area the a:-axis and the y-axis are interchangeable, except that the sense 
of rotation which brings the ic-axis into the y-axis in the shortest way is 
opposite to the sense which brings the y-axis into the x-axis in the shortest 
way. 


(e 798 ) 
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Tiiis ecraation expresses the fact that the area is independent 
01 the co-ordinate system. 

Oiir integral expression for the area is also independent of 
the choice of parameter. For suppose that we introduce a new 
parameter r by the equation r = r(t); we have 


dx __ dx dr dy _ dy dr 
dt dr dt^ dt dr dt^ 

so that 



where Tq and tj are the initial and final values of the new 
parameter, corresponding to the parametric values fo ^^id 
respectively.* 

As an example of the application of our formula for the area we con- 

sirler the ellipse ^ == - v' (a® — a^). In order to find its area we take 
a 

the upper and lower halves of the ellipse separately and in this way 
express the area by the integral 

- / V {g^ — dx. 

aj^a 


If, however, we use the parametric representation x = a cost, y = ; 6 sint, 
we find immediately that the area is given by the expression 

ab f sin^ tdt. 
do 

This can be integrated as on p. 215; it has the value ctb7Z» 


* In this section we have based the definition of the area on the concept of 
integral and have shown that this analytical definition has a truly geometrical 
character, since it yields a quantity independent of the co-ordinate system. 
It is, however, easy to give a direct geometrical definition of the area bounded 
by a closed curve which does not intersect itself, as follows: the area is the 
upper bound of the areas of all polygons lying interior to the curve. The proof 
ttot the two definitions are equivalent is quite simple, but will not be given 
bare. 
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4. Areas in Polar Co-ordinates. 

For many purposes it is important to be able to calculate 
areas using polar co-ordinates. Let T=f(6) be tke equation of 
a curve in polar co-ordinates. Let A{6) be the area of the region 
which is bounded by the a;-axis (that is, the line 0 = 0), the line 
through the origin making an angle 6 with the aj-axis, and the 
portion of the curve between . 

these two lines. Then jX^ 

A'id) = 

For if we consider the radius 

vector corresponding to the y/ ^ 

angle 6 and that correspond- 

ing to the angle 6 + AO, and ^ 

denote the smaUest _ radius 
vector in this angular interval 

(cf. fig. 10) by Tq and the greatest by the sector lying 
between the radius vector 6 and the radius vector ^ 
will have an area AA which lies between the bounds ^Tq^AB 
and hrj^AO. Consequently 

_ y ^ < 1 y 2 

‘ ® = A6> = 2 ’ 

and on passing to the limit as A0 0, we obtain the relation 
given above. By the fundamental theorem of the integral cal- 
culus, the area of the sector between the polar angles a and jS 
is then given by the expression 

i f^T^dO. 

2Ja 

If a, this expression cannot be less than zero. Since we 
readily see that as 6 increases the point with co-ordinates (r, 6) 
describes the boundary of the region in the positive sense, this 
is in agreement with our previous convention for sign. 

As an example, let ns consider the area hoimded by one loop of a lemnis- 
cate. The equation of the lenmiscate (cf. p. 73) is r®— 2a^cos26, and 

we obtain one loop by letting 6 vary from — -to -p-. This gives us the 
expression ^ ^ 

/*ir/4 

a® / cos 26 db 
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i7r the area. Tlu3 can be integrated at once by introducing the new vari- 
i = 2''J; we tiiid tl^e value of the integral to be a-. 


.■). Length of a Cnrye. 

Another important geometrical concept associated with a 
curve leads to an integration. Tliis is the length of arc. 

We shall first explain geometrically how we are led to a 
definition of the leiirth of an arbitrary curve. The elementary 
process of measuiing a length consists of comparing the length 
to be measured with rectilinear standards of length. The sim- 
plest method is to apply oiix standard length to the curve, vdth 
its ends on the ciuwe, and count the number of times that we 
have to repeat the process in order to pass from the beginning to 
the end of the curve: we can refine the method as required by 
using smaller and smaller standards of length. By analogy with 
this elementary intuitive idea, we set up the definition of the 
length of a curve in the following manner. We suppose that our 
curve is given by the equations x = x(t), y = y{t), a-^t 
(This ineliides curves in the form y = f{x), since these can be 
written y~f{t), x = t,) In the interval between a and ^ we 
choose points Iq — a, tj, ( 2 , in that order. The points 

on the curve corresponding to these values f we join in order by 
line segments, thus obtaining part of a polygon inscribed in the 
curve; we now measure the perimeter of this polygon. This 
length tidii depend on the way in which the points i,., or, as we 
may also say, the vertices of the polygon, are chosen. We now 
let the number of the points increase beyond all bounds, in 
such a way that the length of the longest sub-interval in the 
interval a ^ f ^ at the same time tends to 0; this makes the 
Euinber of sides of our polygon increase without limit, while the 
length of the longest side tends to 0. The length of the curve 
is then defined to be the limit of the perimeters of these inscribed 
polygons, ‘provided that such a limit does exist and is independent 
of the particular way in which the polygons are chosen. It is 
only when this assumption that the limit exists (assumption of 
redifiahility} is fulfilled that we can speak of the length of the 
curve. We shall soon see that veiy wide classes of curves can be 
proved to be rectifiable. 

To expn^ the length analytically by an integral, in fact, we 
think of the curve as represented in the first instance by a function 
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1 / =f(x) witli a continuous derivative y'. By tEe points a == 

O'.,, . . . , ^ we divide up tEe interval a of tEe 

a:-axis, over wEicE our curve Ees, into — 1) sub-intervals of 
lengtEs . . . , In tEe curve we inscribe a polygon 

whose vertices lie vertically above these points. TEe total length 
of this inscribed polygon is given according to P}i5Eagoras’ 
theorem (cf. fig. 11) by the expression 

But by the mean value theorem of the difierential calculus the 
difierence quotient Ay^lAx^ is equal to where is an 



Fig. 1 1 . — Rectification of curves 


intermediate value in the interval Ax^. If we now let n increase 
beyond all bounds and at the same time let the length of the 
longest sub-interval Ax^ tend to zero, then by the definition of 
integral our expression will tend to the limit 

/*V(1 + 

Since this passage to the limit always leads us to the same result, 
namely, the integral, no matter how the subdivision of the interval 
is made, we have established the following theorem: 

Every carve j = f(x) for which the derivative f (x) is con- 
tinuous is a rectifiable carve, and its length between x== a and 
X == b (b ^ a) is given by the formula 

,{a, b) = J^ V(1 + 2/'")*=- 
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If 

by s we denot*" tbe 

fixeJ 

to the poll 


IIS the followirar e: 

m an; 

with respect to z: 


[Chap. 

of are measured from an arbitrary 
t wirb abscissa x. the above equation 


GS 

dx 


= VH 


y'% 


Our e.’qjr'VS'ion for the length of arc is still subject to the 
speO.i: and artiiicial assumption that the curve consists of one 
su.g.e-varued branch above the ac-axis. Parametric represen- 
tation frees us from this restriction. If a curve of the 1-ir.rl which 
we have been considering is given in parametric form by the 
equations x = x{t), y = y{t), then by introducing the parameter 
t ::i the above expression we obtain the parametric form of the 
length of arc 

s(a, B) =J^ \ -T- y-) dt. 


where a and B s^e the values of t which correspond respectively 
to the points of the curve x = a and x — b. 

This parametric expression for the length of a curve has a 
considerable ad%-antage over the previous form in that it is not 
restricted to single-valued branches of curves, represented 
b_i the equation y =f[xi, but instead bolds for any arbitrarv arcs 
of curves, including closed curves, provided that the derivatives 
X and y are continuous along the arcs. 

We recognize this most et sily if we go back again to the 
formula for the length of the inscribed polygon. We suppose 
that along the arc x and y are continuous. As in the definition, 
we iuodivide the interval B by points to = a, 

ti, . ... 3 . with the drfierences Af,, and use the corresponding 

points on the curve as vertices of an inscribed polygon; in the 
passage to the limit n ->■ w we assume that the greatest difference 
At, tends to 0 . If we now write the length of the polygon in the 
form 


'{Ar,* 




we see at once that this sum tends to the integral / V(^ + f) dt; 
we need only recall the generalized method of formation of an 
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integral (cf. p. 133). If tke curve is composed of several arcs of 
this type, which may join one another at corners, the expression 
for the length of the curve is simply the sum of the corresponding 
integrals. Collecting the results, we have the following statement: 

If in the interval a ^ t ^ the functions x (t) and y (t) are 
continuous and their derivatives x(t), j{t) are also continuous, 
except perhaps for a finite number of jump discontinuities, the 
arc of 'Si — X. (t), y = y (t) has a length given by the expression 

fv{x^-hf)dt, 


where this integral, if necessary, is to be taken as an improper 
integral in the sense of Chap. IV (p. 245). In virtue of this for- 
mula, in which a must be less than there is a meaning in 
ascribing a negative length, given by the same formula, to an 
arc of a curve traversed in the direction in which the value of the 
parameter t decreases. The sign of the length of arc therefore 
depends on the choice of the parameter. If we introduce a new 
parametric expression for the same curve which does not re- 
verse the sense of description, that is, if we introduce a new para- 
meter by the equation r = t(^), where drfdt > 0, we see a priori 
that our integral formula should give the same value no matter 
whether ^ or r is used as parameter; for the two integrals give 
the length of the same curve and must therefore be equal. This, 
however, may also be verified directly, for 






We now give the expression for the length of arc when the 
curve is expressed in polar co-ordinates. In the last expression 
we have only to substitute for x and y their values as given in 
formula (a) on p. 265 in order to obtain 

4- 2/2 — 1:2 


whence 


s(a, 
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If we now ciiiinge over from t-he parametric expression to tlie 
ecnation in the form r=f { 6 }^ bj introducing as parameter 
I = ^ itself, so that 6? = 1, we have the expression 


for tbe lensrtb of are. 


A simple example of the explicit calculation of the length of an arc is 
given hy the parabola y = - for its length of arc we imnaediatelT obtain 


the 
becomes 


mtegra! I v'^{l -r which with the substitution a!:==sinhi 


i: 


ars:r.h6 J pzr sa 

coshr u du^ - j ( 
h a sinr 


> ar sinh d ]_ ■ ar sinh 6 

( 1 -f coshSw) du—~ -f sinh u cosh 2^)1 , 

'ar sinh a lar sinh a 


SO that the length of arc of the parabola between the absciss® x = a and 
ar = h is given by the expression 

h) = i {ar sinhh -r ^ V'(l -r — ar sinh a — aV (1 — a^)}. 


For the catenary y = cosh a: we find that 


sia,h)^ I \"'(1 -r suih®x)dx= T coshxdx, 
•'<2 da 


or s {a, h) = sinh b — sinh a . 


Finally, let it be noted that in many cases it is convenient 
to introduce as parameter the length of arc reckoned from some 
fixed point on the curve, that is, to take » = x{s) and 
y = y (5). Points of the curve on opposite sides of Pq will cor- 
respond to values of s with opposite signs. In this case we have 



whence by differentiation 

XX yy = 0 ; 

these two relations find frequent application. 

6. Cnrvalnre of a Curve. 

The area and the length of arc of a curve depend on the 
complete coume of the curve. We now insert a discus- 
sion of a concept which has reference only to the behaviour of 
a curve in the neighbourliood of a point, namely, the curmture. 
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If we think of the curve as described uniformly in the posi- 
tive sense, in such a way that equal lengths of arc are passed 
over in equal periods of time, the direction of the curve will 
vary at a definite rate, which we take as a measure of the curva- 
ture of the curve. If, therefore, we denote the angle between 
the positive direction of the tangent (p. 264) and the positive 
r-axis by a, and if we think of a as a function of the length of 
arc s, we shall define the curvature h at the point corresponding 
to the length of arc s by the equation h = da/ds. We know that 
a = arc tan and hence by the chain rule 

da da , ds 1 

ds dx ‘ dx 1 + ’ >v/(l y'^) 

(where the positive sign of the square root means that increasing 
values of x correspond to increasing values of s). The curvature 
is consequently given by the expression 

h— 

(1 + y'-f" 

Using the parametric formulae for y' and y" we obtain the 
following simple expression for the curvature of a curve repre- 
sented parametrically: 

^ xy — yx 
{x^ -r 

which, of course, can also be found directly from the equation 

a == arc tan - arc cot 5. 

X y 

In contrast with the previous expression, which is dependent on 
the equation y =f{x) and consequently involves a special 
assumption about the position of the arc with respect to the 
a;-axis, the parametric expression for the curvature holds for all 
arcs along which x, y, x, and y are continuous functions of t and 
-f 2/2 0. In particular, it holds for points where x= 0, 

i.e. where dyjdx becomes infinite. 

If we introduce the length of arc s as parameter and recall 
that -j_ 2/2 = 1 and xx + yy = 0, we have 
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We obtain a partieularlv simple expression for tiie cnm’a- 


The of the curvature is changed if we reverse the sense 
of /le^eriptioii of the curve, that is, if we replace the parameter 
t or 5 by the new parameter r = — t or cr = — s. For then z 
and y change sign, but not if, y, or as the following simple 

ealeuiation shows: 



dx dt 
Jf 


m (- 1 ); 


^ O(r)} = ^ = i-x) (-1). 




(A similar calculation can be made for y.) In the case of the 

I/" 

expression h = n — _ first found, this fact is concealed, 

since it is natural and customary to think of the curve as de- 
scribed from left to right, in which case the square root can only 
be positive. 

As an example we consider the curvature of a positively de- 
scribed circle with radius a. If we start from the parametric 
rr.‘prcSv:uar:on a cost, y^asmt, we immediately obtain 



The cwrcature of a ‘positively described circle is therefore the re- 
ciyroeal of its radius. This result assures us that our definition 
of curvature is really a suitable one: for in the case of a circle 
we naturally thiiik of the reciprocal of the radius as a measure 

of the curvature. 


Let IIS put p = 


1 

h' 


The quantity | p 


\h 


is generally called 


the radius of curvature of the curve at the point in question. 
For a .given point on the curve, that circle which touches 
the curve at the point and there has the same sense of descrip- 
tion and the same cur\'ature as the curve, and, more- 
over, has its centre on the positive or negative side of the normal 
according as k is positive or negative, is called the drcle of curm- 
iure corresponding to the point. Let us think of the equation 
of the circle (or an arc of the circle containing the point in ques- 



THEORY OF PLANE CURVES 


283 




tion) as written in the form y = g{x). Then at the point in queS' 
tion we have not only f{x) = g{x) and f{x) = g'{x), as follows 
from the fact that the circle and curve touch, but in virtue of 
the relation 


S" W —h— 


we also have 


The centre of the circle of curvature is called the centre of 
curvature corresponding to the given point. Its co-ordinates 
are expressed parametrically by 




py 

^/(x^ + f)' 


17= 2/ 


px 

Vi^ - f)' 


To prove this we need only make use of the formula for the 
direction cosines of the normal, on which the centre of curvature 
hes at a distance l/\h \ =\p\ from the tangent. These for- 
mulae give us an expression for the centre of curvature in terms 
of the parameter t. As t describes its range the centre of curva- 
ture describes a curve, the so-called evolute of the given curve; 
and since, with x and y, we have to regard x, y, and p as known 
functions of t, the formula above give parametric equations 
for this evolute. 

For special examples the reader may be referred to § 3 (p. 287 
et seq.) and to the appendix (p. 307 ^ seq.). 


7. Centre of Mass and Moment of a Curve. 

We now come to some applications which bring us into the 
realm of mechanics. We consider a system of n particles lying 

in a plane. Let wzg, , be the masses of these particles, 

and let y^, , yn t)e their respective ordinates. We 

then call 

T = S =: m^y^ ■ + , . . + mnyn 

the moment of the system of ^particles with respect to the x-axis. 
The expression t] = TjM, where M denotes the total mass 
+ mg + . . . -f- of the system, gives us the height of the 
centre of mass of the system of particles above the a;-axis. We 
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de£L*:.f the moineiit with respect to the ^-axis and the abscissa of 
the eeiirre of mass in a corresponding way. 

We snail now see that this idea can easily be extended to 
give lis a definition of the moment of a curve along which a mass 
« iinifornily distributed, and of the co-ordinates ^ and rj of the 
centre of mass of such a curve. Merely for the sake of brevity 
we assume that the density has a constant value, say /x, along 
the curve; any continuous distribution could equally well be 
discussed. 

To arrive at this extension we go back to the consideration 
of a system of a finite number of particles and then pass to the 
limit. For this purpose w^e suppose that the length of arc s is 
introduced as a parameter on the curve, and that the curve is 
subdivided by (n — 1 ) points of division into arcs of lengths 
Asi, As 2 , . . . , Asn- The mass of each arc As^ we represent 
as concentrated at an arbitrary point of the arc, say that with 
the ordinate 

By definition the moment of this system of particles with 
respect to the 5c-axis has the value 

T = A^,-. 

If now the greatest of the quantities A^^ tends to 0, this sum 
tends to a definite limit given by the expression 

T = /j. I yds= [if yy{l -f y'^)dx, 

which we shall therefore naturally accept as the definition of 
the moment of the curve with respect to the a;-axis. Since the 
total mass of the curve is equal to its length multiplied by 

(J. J ds = So), 

we are immediately led to the following expressions for the co- 
ordinates of the centre of mass of the curve: 



These statements are actually definitions of the moment and 
centre of mass of a curve; but they are such straightforward 
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extensions of the simpler case of a number of particles that we 
naturally expect that — as is actually the case — any statement 
in mechanics which involves the centre of mass or the moment 
of a system of particles will be valid for curves also. In 
particular, the position of the centre of mass with respect to 
the curve is independent of the system of co-ordinates. 

8 . Area and Volume of a Surface of Revolution. 

If we rotate the curve y=f{x), for which /(x) ^ 0, about 
the rr-axis, it describes a so-called surface of revolution. The area 
of this surface, whose abscissae we suppose to lie between 
the bounds Xq and > Xq, can be obtained by a discussion 
analogous to the preceding. For if we replace the curve by an 
inscribed polygon, instead of the curved surface we shall have 
a figure composed of a number of thin truncated cones. Fol- 
lowing the suggestions of intuition, we define the area of the 
surface of revolution as the limit of the areas of these conical 
surfaces when the length of the longest side of the inscribed polygon 
tends to zero; We know from elementary geometry that the 
area of each truncated cone is equal to its slant height multiplied 
by the circumference of the circular section of mean radius. 
If we add these expressions and then carry out the passage to 
the limit, we obtain the expression 

A = 27 rf "2/ + y'^)dx = 27 t / '3/ ds 

for the area. Expressed in words, this result states that the area 
of a surface of revolution is equal to the length of the curve 
generating it multiplied by the distance traversed by the centre 
of mass (Guldin’s rule). 

In the same way we find that the volume interior to the 
surface of revolution and bounded at the ends by the planes 
x= Xq and a; = is given by the expression 

V= rrf ^y^dx. 

This formula is obtained by following the suggestion of intuition 
that the volume in question is the limit of the volumes of 
the above-mentioned figures consisting of truncated cones. The 
rest of the proof is left to the reader. 
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9 . Moment of Inertia. 

In tile study of rotatory motion in meelianics an import-ant 
11:111 is played by certain quantities caUed moments of inertia. 
Tliese expressions will be briefly mentioned bere. 

We suppose tbat a particde m at a distance y from tbe a:- axis 
rotates uniformly about tbat axis witb. angular velocity a> (that 
is, in unit time it rotates through an angle a;). The Jdmtic energy 
of the particle, expressed by half the product of the mass and 
the square of the velocity, is obviously 

m . ,0 

We call the coetfleient of that is, the quantity the 
moment of ineHia of the particle about the x-axis. 

Similarly, if we have n particles with masses . . . , 

and ordinates ?/ 2 , . . . , we call the expression 

2 

the moment of inertia of the system of masses about the 2:-axis. 
The moment of inertia is a quantity which belongs to the system 
of masses itself, without reference to its state of motion. Its 
importance lies in the fact that if the whole system is set in 
rigid rotation about an axis, without change of the distances 
between pairs of particles, the kinetic energy is obtained by multi- 
plying the moment of inertia about that axis by half the square 
of the an^gular velocity. Thus the moment of inertia about an 
axis plays the same part in rotation about an axis as is played 
by the mass in rectilinear motion. 

Suppose now that we have an arbitrary curve y =f{x) lying 
t»etween the abseissJB Xq and % (> Xq), along which a mass is 
uniformly distributed with unit- density. In order to define the 
moment of inertia of this curve we proceed just as we did in the 
sub-section 7 (p. 284); as before, we arrive at an expression 
for the moment of inertia about the ir-axis, namely, 

f ^ = f V^V(1 v- dx. 

For the moment of inertia about the ^-axis we have the corre- 
sponding expression 

r, = rv is == rv v(i -f y'^)dx. 

Jxm ’JaCm. 
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3. Examples 

The theory of plane curves with its great variety of special 
forms and properties oJSers ns a rich store of examples of 
these abstract concepts. But to avoid being lost in a mass of 
detail we must limit ourselves to a few typical applications. 


1. The Common Cycloid. 

From the equations (cf. p. 261) x= a(t’— sm.t),y— a {I — cost), we 
at once obtain ac = a(l — cos^), y = asint, whence the length of are is 

s=z f V{x--^y-)dt= f V {2a- (1 — cost)}di. 
d(\ 


But since 1 — cost = 2 sin®-^ the integrand is equal to 2a sin-, and hence 
for 0 ^ a ^ 27r ^ ^ 

t ^ ^ 

f sin -dt= cos - = 4a 1 1 — - cos - J = Su sin^ 

0 2 2 0 V 2/ 4 


If, in particular, we consider the length of arc between two successive 
cusps we must put a = 2t:, since the interval 0 ^ ^ ^ 2:: of values of the 
parameter corresponds to one revolution of the rolling circle. We thus 
obtain the value 8a; that is, the length of arc of the cycloid between suc- 
cessive cusps is equal to four times the diameter of the rolling circle. 

Similarly, we calculate the area bounded by one arch of the cycloid 
and the a;-axis: 


J = 



dt = 



cos t)- dt 


= a- / (1 — 2 cost -|- cos^f) dt 

. / _ t sin2A _ _ 

== a^ ~ 2 smt + 2 "5 ) I ~ 3a®7;. 


Tins area is therefore three times the area of the rolling circle. 
For the radius of curvature p = 1/^; we have 

= <il±i!l!i“=-2aV{2{l-cosi)}=-4a sin 
xy — yz 


at the points t = 0, t= • • • bhis expression has the value zero. 
These are actually the cusps, where the cycloid meets the a-axis at right 



APPLICATIOXS 


[Chap, 


2SS 


The arei cl the surface of reroiution formed by rotating an arch of 
the eyelcid about the ^-axis is given according to our formula (p. 2b5) 
by ^ 

[ = / i^ds — Sr / £t(l — cos^) . 2a sln-dt 

•^0 *^0 

= Sa^r: f = IGa-r: f sia^udu 

Jr. - Jq 

= 16a- r: / (1 — cos-ii) sinudu. 

Jq 

The last integral can be evaluated by means of the substitution cos u = v\ 

we find that 

A = 16a-T:( — cosze - cos^ ti ) ' = -1'. 

3 3 


As an exercise the reader may calculate for himself the height r, of the 
centre of mass of the cycloid above the z-axis, and also the moment of 
inertia The results are 


4 A j 
r = ^ a = - — and 
* 3 2-5 


= 5!? aK 

* 15 


2. The Catenary, 

The length of arc of the catenary has ahreadj been calculated as an 
example in the preceding section {p. 280), and we found its value to be 

s ~ j cmhxdx — smh6 — sinha. 

C2 

For the area of the surface of revolution obtained by rotating the 
catenary' about the x-axis, the so-called catenoid, we find 

= fcosh^zdx = 2r:£ l-± dx 

= t : {b — «2 u_ ^ smh26 — ^ sinh2a). 

From this we further obtain the height of the centre of mass of the are 

from a to h: 

^ 6 — a -f ^ smh26 — ~ sinh2a 

2(sinli& — sinha) 

Finally, for the curvature we have 

jt,__ coshx 1 

(1 d- cosh®z cosh®x* 
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3, The EUipse and the Lemniscate. 

The lengths of arc of these two curves cannot be reduced to elementary 
functions, but belong to the class of ” elliptic integrals ” mentioned on 
p. 243. 

For the ellipse y = - V — x-) we obtain 



where we have put xja = 1 — h^ja- = By the substitution ^ = sin 0 

this integral can be expressed in the form 


3 = J' V {a^ — {a^ — h^) sin2 9}d9 a J V(1 — sin- 9)^9. 


Here, to obtain the semi-perimeter of the ellipse, we must let x traverse 
the interval from — a to -j-a, which corresponds to the interval 

— or -w/2^o^H-w;2. 


For the lemniscate, whose equation in polar co-ordinates is r- = cos 2 t, 
we similarly obtain 


= J'Vir^ -f- r^)dt =« J 'sj cos2i -p 2a2 


dt 


aV 2 f. 


dt 


V (cos 2^) 


aVzf-, 

J ^(1 — - 2 sin^^l 


sin-^) 


If we introduces = tani as independent variable in the last integral, we 
have 


sin^t = 


1-f 


dt = 


du 

1 -p 


and consequently 


f = a V2 J 


du 


V(l— u^) 


In a complete loop of the lemniscate u runs from — 1 to -f 1, and the length 
of arc is therefore equal to 




du 

V(1 — w-*)’ 


a special elliptic integral which played a great part in the researches of 
Gauss. 


(E798) 
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Exasdples 

1. Calealate the area bonnded bj- the semicubical parabola p = 
the x-axis, and the lines x = a and x= h, 

2. Calculate the area of the region bounded by the line y = x and the 
lower half of the loop of the folium of Descart-es. (Use the parametric 
representation found in Ex. 7, p. 267.) 

3* CalcuJate the area of a sector of the Archimedean spiral r = a8 

(a > 0 ). 

4. Calculate the area of the cardioid (Ex. 3, p. 267), using polar co- 
ordinates. 

5. Calculate the area of the astroid (Ex. 6, p. 267). 

6. Calculate the area of the pedal curve of the circle ^ 1 with 

rffipect to a point P (arj,, Q) on the ar-axis. Show that this area is least when 
P is at the ori,gin. 

»c® Ip 

7. Bo the same for the ellipse — -b ^ = 1. 

a» ‘ 2)2 

8. Find the parametric representation of the cardioid when the length 
of are is used as parameter. 

9. Bo the same for the cycloid. 

10. Calculate the length of arc of the semicubical parabola «/ = 

11. Calculate the length of the astroid. 

12. Caleuiate the length of arc of: 

(u; The Archimedean spiral r = a6 (a > 0). 

{b) The losarithmie spiral r = 

(c) The cardioid (Ex. 3, p. 267). 

(d; The curve r = a — 1). 

13. Find the radius of curvature of (a) the parabola y = aP; (h) the 
ellipse a: = a cos c, ^ = 5 sin 9, as a function of x and of 9 respectively. 
Find the maxima and minima of the radius of curvature and the points 
at which these maxima and minima occur. 

14. Sketch the curve 

cos 24 , 1- ■» 

/ -7= du^ !/= I — - du 

d(i vu Jq Vu 

and determine its radius of curvature (p). 

15. Show that the expression for the curvature of a curve x ~ x{th 
y = y{t) Is unaltered by rotation of axes and also by change of parameter 
given by t = 9(v), where ^'(t) > 0. 






17. Find the volume and surface area of a zone of a sphere of radius r 
i.e. of the portion of the sphere cut off by two parallel planes distant hn, 
respectively from the centre. 

18. Find the volume and surface area of the torus or anchor riTig obtained 
by rotating a circle about a line which does not intersect it. 

19. Find the area of the catenoid, the surface obtained by rotating an 
arc of the catenary y = cosh a; about the a;- axis. 

20. Sketch the curve defined by the equations 



What is the behaviour of the curve as t runs from •— oo to -r ^ ’ Cal- 
culate the curvature A; as a function of the length of arc. 

21. The curve for which the length of the tangent intercepted between 
the point of contact and the y-axis is always equal to 1 is called the tractrix. 
Find its equation. Show that the radius of curvature at each point of the 
curve is inversely proportional to the length of the normal intercepted 
between the point on the curve and the y-axis. Calculate the length of 
arc of the tractrix and find the parametric equations in terms of the length 
of arc. 

22. Let X == x(t), y = y{t) he B. closed curve. A constant length p is 
measured off along the normal to the curve. The extremity of this seg- 
ment describes a curve which is called a parallel curve to the original curve. 
Find the area, the length of arc, and the radius of curvature of the parallel 
curve. 

23. Find the centre of mass of an arbitrary arc (a) of a circle of radius r, 
(5) of a catenary. 

24. Calculate the moment of inertia about the a;-axis of the boundary 
of the rectangle 

25. -Calculate the moment of inertia of an arc of the catenary y ~ cosh a; 
(a) about tbe a;-axis, (6) about the y-axis. 

26. The equation y = /(a;) -f a, a ^x-^h, represents a family of 
curves, one for each value of the parameter a. Prove that in this family 
the curve with the least moment of inertia about the x-asds is that which 
has its centre of mass on the x-axis. 
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\’i;RV !?LE Problems in the Mechaxics of a 
Particle 

N*c*;t to geometry the diiterential and integral calculus are 
es]>ee:a!ly indebted to the science of mechanics for their eaiic 
development. Mechanics rests upon certain basic principles 
wiiicli were first laid down by Xewton: the statement of these 
principles involves the eoncepjt of the derivative, and their 
application requires the theory of integration. Without analysing 
these I)a5ic principles in detail, we shall illustrate by some 
simple examples how the integral and difierential calculus are 
applied in mechanics. 

1. The Fundamental Hypotheses of Mechanics. 

Here we shall restrict ourselves to the consideration of a single 
panicle, that is, of a point at which a mass m is imagined to be 
concentrated. We shall further assume that motion can only 
take place along a certain fixed curve, on which the position of 
the particle is specified by the length of arc s measured from a 
fixed point on the carve; in particular, the curve may be a straight 
line, in w’-Mch case we use the abscissa x as the co-ordinate of the 
point instead of s. The motion of the point is determined by 
expn-rdng the co-ordinate 5= <^{t) as a function of the time. 
By the relocity of motion we shall mean the derivative 4>'{t), 
or, as we shall also write, 

ds 

It 

The second derivative. 

dh 

we call the acceleration. 

In mechanics we start from the assumption that the motion 
of a point can be explained by means of forces of definite direc- 
tion and magnitude. Newton’s second fundamental law of 
mechanics may, in the case of motion on our given curve, be 
expre'ssed as follows: 

The nmss by the acceleration is equal to the force 

ading cwi tike paftide in thC' direction of the curve; in symbols 

mis == F, 


= 6'it) = s. 
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Thus the direction of the force is always the same as that of the 
acceleration; its direction is that of increasing values of 5 if 
the velocity in that direction is increasing, otherwise it is opposed 
tc the direction of increasing values of s. 

The law of Newton is in the first instance nothing more than 
a definition of the concept of force. The left-hand side of our 
equation is a quantity which can be determined by observation 
of the motion, by means of which we measure the force. But 
this equation has a far deeper meaning. As a matter of fact, it 
turns out that in many cases we can determine the acting force 
from other physical assumptions, without any consideration of 
the corresponding motion. The above 
fundamental law of Newton is then 
no longer a definition of fo7'ce, but is 
instead a relation from which we can 
draw important conclusions about the 
motion. 

The most important example of a 
known force is given us by gravity. 

From direct measurements we know 
that the force of gravity acting on a 
mass m is directed vertically down- 
wards and is of magnitude mg, where 
the constant g, the so-called gravita- 
tional acceleration, is approximately equal to 981 if the time 
is measured in seconds and the lengths in centimetres. If a 
mass moves along a given curve, we learn by experiment that tbe 
force of gravity in the direction of this curve is equal to mg cos a, 
where a denotes the angle between the vertical and the tangent 
to the curve at the point under consideration (cf. fig. 12). 

In the case of motion on our given curve the basic problem 
of mecbanics is as follows; if we know the force acting on the 
particle (e.g. tbe force of gravity), we have to determine the 
position of the point, that is, its co-ordinate s or x, as a function 
of the time. 

If we restrict ourselves to the simplest case, in which this 
force * mf{s) is known at the outset as a function of the length 
of arc — so that the force is independent of the time — ^we shall 

* Tte separation of the factor m in the expression for the given force is not 
essential, but makes the formulae simpler- 
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ilow the course of the motion along the curve can be found 

frcjEi the equation 

s=^F=fis). 

?n 

Here we have to deal with a differential equation^ that is, an 
equation from which an unknown function — here s{t) — is to be 
determiiied and in which the derivative of this function occurs 
as well as the function itself (cf. Chap. Ill, § 7, p. 178). 

2. Body Falling Freely, Eesistance of the Air, 

la the case of the free fail of a particle along the vertical a;-axis, New- 
ton’s law gives ns the differential equation 

x^g. 

From this follows ±{t) = gt -t- Vq, where Vq is a constant of integration. 
Its meaning is easily found by putting i = 0. We then find x{0) = 
that is, 'Vq is the velocity of the particle at the instant from which the time 
is reckoned, the iniiml velocity. By another integration, we obtain 

x\n ~ Igf — iQi — Xo, 

where Xq is also a constant of integration, whose value is again found by 
putting i = 0; we thus find that Xq is the initial position, that is, the co- 
ordinate ci the point at the beginning of the motion. 

Conversely, we can choose the initial position Xq and the initial velocity 
arbitrarily, and then obtain the complete representation of the motion 
from the equation x ~ ^gf — VqI — Xq. 

If we wish to take account of the effect of the friction or air resistance 
•sQtlRi on the particle, we have to consider this as a force whose direction 
is opposite to the direction of motion and concerning which we must make 
deiiiiite physical assumptions.* We shall work out the results of different 
physicvil assumptions: la) the resistance is proportional to the velocity, 
being gi’ven by an expression of the form —rx, w'here r is a positive con- 
stant; i'b) the resistance is proportional to the square of 'the velocity, 
Iwing of the form —rx^. In accordance with Newton’s law we obtain for 
the equations of motion 

[a i md? = mg — rx, (6) mx = mg — rx^. 


If we at fimt consider z = ^ u{f) as the function sought, w© have z(t) = u{t), 


so that 


(d) mu = — ru, (h) mu = mg — ruK 


* These assiimptions must be chosen to suit the particular system under 
considerailon; for example, the law of r^istance for low speeds is not the same 
as that for high (e.g. buBet velocities). 
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Instead of deter ininin g u as a, funotion of t by these equations, ■we deter- 
mine t as a function of u, writing our differential equations in the form 


, , dt 

(a) = _ 

du g - 


1 dt 

, ( 6 ) y ■ 

■ rujm du 


1 


g — ru-Jm 


Witt the help of the methods given ia the preceding chapter ive can imme- 
diately carry out the integrations and obtain 


(a) iW=-“log(l --?:«) + to, 

r \ma/ 

(b) t(u) = 


i/fclog^ 

2 ^kg 


mg 

u 


+ ^0: 


where we have put V (m/rg) — h and where is a constant of integration. 
Solving these equations for u, we have 

(a) u{t) = - l). 


(6) u{t) — — gk 


4 . I 


These equations at once reveal an important property of the motion. 
The velocity does not increase with time beyond all bounds, but tends 
to a definite limit depending on the mass m. For 

(a) lim u{t) = (b) lim u(t) = : a/—. 

r #-5-® V r 

A second integration, performed on our expressions for u(^) ~ x with the 
help of the methods of the preceding chapter, gives the results (which 
may be verified by differentiation) 

(a) x(t) = ^ gre-'- (*-».)/<" - 1 - J- c, 
r- T 

(h) log cosh a/- (t — #0) ~r c, 

r \ m 


where c is a new constant of integration. The two constants of integration 
^0 and c are readily determined if we know the initial position ir( 0 ) = 
and the initial velocity i^(0) = u{ 0 ) — Vq of the falling particle. 


3, The Simplest Type of Elastic Vibration. 

As a second example we consider the motion of a particle which moves 
along the a;-axis and is pulled back towards the origin by an elastic force. 
As regards the elastic force we assume that it is always directed towards 
the origin and that its magnitude is proportional to the distance from the 
origin. In other words, we take the force as equal to — lex, where the 
coefficient is a measure of the stiffness of the elastic connexion. Since 
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Z’ ;s a*?uT;:fc.i po.-itire. the force is negative when a; is positive and positive 
wleii X is ceguitive. Newton's law now tells ns that 

mx = — kx. 

We cannot expect that tMs differential equation will determine tiie motion 
complet,el3% but. it is plausible to suppose that for a given instant of time, 
sa}' t = 0 , we can arbitrarily assign the initial position x{Q} = Xq and the 
initial velocity' x\0) = that is, in physical language, that we can start 
off the particle from an arbitrary position with an arbitrary velocity and 
that thereafter the motion is determined by the differential equation. 
Matbematicaliy tMs is expressed by the fact that the general solution of 
our differential equation contains two constants of integration, at first 
imdetermiiied, whose values we find by means of the initial conditions. 
This fact %ve shall prove immediately. 

We can easily state such a solution direct lju If we put ci == V (k^m), 
we may at once verify by differentiation that our differential equation is 
satisfied by all the functions 

x{t) = Cj eoscii “T Cg sin cot, 

where and C 2 denote constants chosen arbitrarily. On p. 297 we shall see 
that there are no other solutions of our differential equation and hence 
that every such motion under the mfiuence of an elastic force is given by 
the above expression. TMs expression can easily be put in the form 

x:Jj = a sinu(t ^ 3) = — a- sincoo coscot -j- a eoscoS sincot; 

we need only ".vrite — u sinoo = Cj and a cosoS— thus introducing in- 
stead of Cj and Cj the new* constants a and Motions of this type are said 
to be sinusoidal or simple harmonic. They are periodic,* any state (i.e. 
position x[tj and velocity x't}) is repeated after the time T = 27 r/M, w’hich 
is caEed the period^ since the functions sin cot and cosco^ have the period 
T. The number a is called the TROximum displacement or amplitude of the 
oscillation. The number I T = c;),."27r is called the frequency of the 
osciliation; it measures the number of oscillations per unit time. We 
shall return to the theory of oscillations in Chap. XI (p. 50 1). 

4. Motion on a Given Curve. 

Finally, we shall discuss the most general form of the problem stated 
above, namely, the problem of motion along a given curve under an arbi 
trary pre-assigned force mjis). 

The point in question here is the determination of the function s(t) 
as a function of t by means of the differential equation 

where f{s) is a given function. This differential equation in s can be solved 
completely by the followmg device. 

We begin by conaMcong any primitive function F{s) of /(a), so that 
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f'{s) = /(s), aoad multiply both sides of the equation s=m = F'(s} 

bv i. We can then write the left-hand side in the form — as we see 

dt \2 / 


at once by differentiating the expression s^; the right side F'is)s, however, 
is the derivative of F{s) with respect to the time if in Fis) we regard the 
quantity 5 as a function of t Hence we immediately have 


d 
dt\2 




or by integration 

i j. 


where c denotes a constant yet to be determined. 

Let us write this equation in the form ^ “ V'2(J'{a) 4- c). We see that 

from this we cannot immediately find a as a function of t b^"^ integration. 
But we arrive at a solution of the problem if we at first content ourselves 
with finding the inverse function i(s), that is, the time taken by the particle 
to reach a definite position s. For this we have the equation 

d^ 1 

ds' V2{F(s) d- c] 


thus the derivative of the function i{s) is known, and we have 





c} 


“T 


where is another constant of integration. As soon as we have performed 
this last integration we have solved the problem, for while w’e have not 
determined the position a as a function of t, we have inversely found the 
time i as a function of the position s. The fact that the two constants of 
integration c and Cj are still available enables ns to make the general 
solution fit special initial conditions. 

In the above example of elastic motion we have to identify x with s; 
we have f{s) = and correspondingly, say, F{s) = — We 

therefore obtain 


and further 


ds V {2c-- oV)’ 



ds 

V {2c — 


This integral, however, can easily be evaluated by introducing 6)a/V2c 
as a new variable; we thus obtain 
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Gr, fGrriilng the inverse mnction, 

V 2c . . . 

sm6)(^ — Cl). 

We are tbiis led to exactly the same statement of the solution as before. 

From this example 'we also see what the constants of integration mean 
and how they are to be determined. If, for example, we require that at 
the time t = 0 the particle shall be at the point 5=0 and at that instant 
shall have the velocity -i'tO) = 1, we obtain the two equations 



0 = —A sincoq, 1 = V2c cosmc,, 

from which we find that the constants have the values Cj = 0, c = 
The constants of integration c and Cj can be determined in exactly the 
same way when the initial position Sq and the initial velocity 5^ (at time 
t = 0) are prescribed arbitrarily. 

Exasiples 

1. A point A moves with constant velocity 1 on a circle with radius r 
and centre the origin. The point A is connected to a point J5 by a line of 
constant length li>r\; B is constrained to move on the a;-axis (cf. the 
crank, conneeting-rrjd, and piston of a steam engine). Calculate the velocity 
and acceleration of B as functions of the time. 

2. A particle starts from the origin with velocity 4, and under the 
iiifiuenee of ,gravit}' slides down a straight wire until it reaches the 
vertical line r = 2. What must the slope of the path be in order that 
the pjint may reach the vertical line in the shortest time? 

3. A particle moves in a straight line subject to a resistance producing 
the retardation hi^, where u is the velocity and Jc a constant. Find ex- 
pressions for the velocity (u) and the time (t) in terms of s, the distance 
from the initial position, and the initial velocity. 

4. A particle of unit mass moves along the a;-axis and is acted upon 
by a force f{x] = — sin a:. 

(a) Determine the motion of the point if at time i = 0 it is at the 
point X = 0 and has velocity == 2. Show that as f 00 the particle 
approaches a limiting position, and fiind this Hmitmg position. 

\h} H the conditions are the same, except that Vq may have any value, 
show that if t’o >2 the point moves to an infinite distance as ^ 00 , 

and that if tg < 2 the point oscillates about the origin. 

5. ChcK3se axes with their origin at the centre of the earth, whose radius 
we shall denote by According to Newton’s law of gravitation, a particle 
of unit lying on the y-axis is attracted by the earth with a force 

— 1^, where p is the “ gravitational constant ” and M is the of 

the earth. 
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(a) Calculate the motion of the particle after it is released at the point 
( > B); that is, if at time i = 0 it is at the point y ^ and has the 
velocity t?o = 

(5) Find the velocity with which the particle in {a) strikes the earth. 
(c) Using the result of (6), calculate the velocity of a particle falling 
to the earth from infinity, f 

6.* A particle of mass m moves along the ellipse r= k/(l — ecos6). 
Th€> force on the particle is cmjr^ directed towards the origin. Describe 
the motion of the particle, find its period, and show that the radius 
vector to the particle sweeps out equal areas in equal times. 


5. Furthee Applications: Particle sliding down a Curve 

1. General Remarks. 

The ease of a particle sliding along a frictionless curve under the in- 
fluence of gravity can be treated very simply by the method just describe 
We shall first discuss this motion 

in general, and then with special ' C 

reference to the cases of the 
ordinary pendulum and the cy- 
cloidal pendulum. We choose 
axes in such a way that the y-suxis 
points vertically upwards, that is, 
opposite to the direction of the 
force of gravity, and consider 
the curve as given in terms 
of a parameter 6 by the para- 
metric equations x= ©(9) = a;(9), 
y= 6(0) = ^^(6). A portion of 
the curve, for which the motion 
will be studied, is shown in fig. 13. 

At every point of the curve the force of gravity acts downwards (that is, 
in the direction of decreasing y) on the particle with magnitude mg. If we 
denote the angle between the negative t/-axis and the tangent to the curve 
by a, according to the hypothesis stated on p. 293 the force acting along 
the direction of the curve is 

where 

y'=g=6'(e). 

dd d6 

(Note that here the dash denotes the derivative with respect to 0, and 
not with respect to a;.) If in particular we introduce the length of arc s 

t This is the same as the least velocity with which a projectile would have 
to be fired in order that it should leave the earth and never return. 
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as parameter in place o! 0, we obtain the expression —mg^ for the force 

a'lcna th.e carve. Bv Newton's law% therefore, the function s[t) satisfies 
the diiferentiai equation 



The richt-hand side of this equation is a kno^vn function of 5, since we 
kiiO'W the curve and must therefore regard the quantities x and y as known 
luneticns cf ?. 

As in the last section, w’e multiply both sides of this equation by a. The 

left-hand side then becomes the derivative of ~ with respect to h If in 

the funericn y{s) we regard ^ as a function of t, the right-hand side of oin 
equation is the derivative of —gy with respect to t. On integrating, we 
therefore have 

1 .. 

_ 6- == —gy -h c, 

where c is a constant of integration. In ordei to fix the meaning of this 
constant, we suppose that at the time f === 0 our particle is at the point 
of the curve for which the value of the parameter is Bq and the eo- 
erdinates are = Vi. ^Lis instant its velocity 

is zero, that is, <s;0'') = 0. Then putting / = 0 we immediately have 
— f?i/c "T c == 0, so that 

i i- = —g{t/ — ^o)- 

New instead of regarding 5 as a function of t we shall consider the inverse 
function t[s}. For this we at once obtain 

- I 

ds ~ V{2g(ya ~ y))’ 

which is equivalent to 

t~ — f 

J V { 2 ?( 2 /o — y)}’ 

where Cj is a new constant of integration. As regards the sign of the square 
root, which is the same as the sign of s, we notice that if the particle moves 
along an arc which is lower than everywhere except at the ends, the 
sign cannot change. Foi the sign of s can change only where e = 0, that 
is, where = 0- The integrand on the right is known in terms 

of the parameter 8, since the curve is known. Introducing 6 as inde- 
pendent variable, we obtain 

m V{2g{y,-y)} " “/V Lg(y^- y) 

where the functions a/ = f '(6), y' — y = are known. In ordei 
to detanahM the constant of Integration Cj we note that f or f = 0 the 
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value of tiie parameter must be %. This immediately gives us our solution 
in the form 


= 4. r 

V \2p(jr„ — y)J 


dQ. 


When integrated this equation represents the time taken by the particle 
to move from the parameter value % to the parameter value 6. The in- 
verse function 6(i) of this function i(8) enables us to describe the motion 
completely; for at each instant t we can determine the point x = cp{6(i}}, 
f/ = v {8(if)} which the particle is then passing. 


2. Discussion of the Motion. 


From the equations just found, without an explicit expression for the 
result of the integration we can deduce the general nature of the motion 
by simple intuitive reasoning. 

We suppose that oux curve is 
of the type shown in fig. 14, 
that is, that it consists of 
an arc convex downwards; we 
take s as increasing from left 
to right. If we initially re- 
lease the particle at the point 
A '«^ith co-ordinates x = Xq, 
corresponding to 0= Oq, 
the velocity increases, for the 
acceleration s is positive. The 
particle travels from A to the lowest point with ever-increasing velocity. 
After the lowest point is passed, however, the acceleration is negative, 

since the right-hand side — p— of the equation of motion is negative. 



The velocity therefore decreases. From the equation s® = — we 
sec at once that the velocity reaches the value 0 when the particle reaches 
the point B whose height is the same as that of the initial position A. 
Since the acceleration is still negative, the motion of the particle must be 
reversed at this point, so that the particle wiil swing back to the point A; 
this action will repeat itself indefinitely. (The reader will recall that friction 
has been disregarded.) In this oscillatory motion the time which the point 
takes to return from B to A must clearly be the same as the time taken to 
move from A to B. If we denote the time required for a complete journey 
from A to B and back again by T, the motion will obviously be periodic with 
period T. If Oq and 0i are the values of the parameter corresponding to 
the points A and J5 respectively, the half -period is given by the expression 


T 

2 


1 


]_jr% 

'¥g\Je, m)-m^ 
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If 02 is the r.il:;e c«f the parameter corresponding to the lowest point of 
the eiiFTe, the time which the particle takes to fall from A to this lowest 

k 

j. 

^ 2^ , Je,. > \ I/q — 1/ 



S. The Ordinary Pendtilnm. 

The simplest example is giren by the so-called simple pendolum. 
Here the ciirre inider consideration is a circle of radius 1: 

z = I sin 6, y = — I cos 6, 

where the angle 6 is measured in the positive sense from the position of 
rest. From the genera! expression above we at once obtain 



where x{0 < ac < denotes the amplitude of oscillation of the pendulum, 
that is, the angular position from which the particle is released at time 
1=0 with velocity 0, By the substitution 

sin(6.'2j du _ cos(6/2) 
sin (a ''2) dB 2 sin (a/2) 

our expression for the period of oscillation of the pendulum becomes 

iy I dll 

■ ^ ? i _3 V (1 — u=)(l — sm“(a,/2))‘ 


We have therefore expressed the period of oscillation of th^ pendulum 

by an elliptic kite,grai. 

If we assume that the amplitude of the oscillation is small, so that 
we may with sufficient accuracy replace the second factor under the 
square root sign by 1, we obtain the expression 

2 i 

” ^ J_i V{1 — u^) 


m an approximation for the period of oscillation. We can evaluate this 
last integral by formula 13 in our table of integrals (p. 206), and obtain 


the expression 27: ^ 




as an approximate value for T, 


4. The Ofcloidal Pendulum. 

The fact that the period of oscillation of the ordinary pendulum is 
not strictly independent of the amplitude of oscillation caused Christian 
Huygens, in his prolonged effort® to construct accurate clocks, to seek 
for a curve such that the pmod of oscillation is strictly independent of 
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tlie particular position on the curve at which the oscillating particle begins 
Its motion.* Huygens recognized that the cycloid is such a curve. 

In order that a particle may actually be able to oscillate on a cycloid 
the cusps of the cycloid must point in the direction opposite to that of 
the force of gravity; that is, we must rotate the cycloid considered pre- 
viously (p. 261) about the a-axis (cf. fig. 15). We therefore write the equa- 
tions of the cycloid in the form 

X = a(9 — sinO), 
y = a(l -r cos0), 

which also involves a translation of the curve through a distance 2a in 
the positive 2 /-direction. The time which the particle takes to travel from 
a point at the height 

2/q = a (1 4" cos a) (0 -< a < tt) 



down to the lowest point, by the formula worked out on p. 301, is 

I - 4 rv(^) « = v^rv 


We now use the equation 

cos a — COS0 

this gives 


= 2 (. 


COS'* - ■ 




fa 

4 yg 


. 6 
sm — 
2 


4 


eos^- — cos®- I 
2 2 / 




We then work out the definite integral, making use of the substitution 

0 a • 6 A a , 

cos- = u cos-, sm-a0 = — 2 cos- du. 

2 2 2 2 


* The oscillations are then said to be isochronous^ 
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- ^^6 = - 2 f --- 

T. _ ?\ J \' a — 

\ C ■'■' i> "'"'A'/ 


—2 are siii 2 t. 


iii'i ’S'e tiierefcre obtain 



a 


TLe period of oseiliatioa T, therefore, is actually independent of the ampli- 
tude 7. 


6. Work 

L General Remarks, 

The concept of ivork throws new light on the considerations of the last 
section and on many other questions of mechanics and ph^-sics. 

Let us again think of the particle as moving on a curve under the 
influence of a force acting along the curve, and let us suppose that its 
pDSition is specified by the length of arc measured from any iised initial 
point. The force itself will then, as a rule, be a function of We assume 
that it is a continuous function J{s) of the length of arc. This function 
%iii have positive values where the direction of the force is the same as 
the direction of increasing values of s, and negative values where the 
iireetion of the force is opposite to that of increasing values of s. 

K the magnitude of the force is constant along the path, hy the work 
doKf. bit the force we mean the product of the force by the distance 
5 ^,: traversed, where denotes the final point and Sq the initial point of 
the motion. If the force is not constant we define the work by means of 
a limiting process. We subdivide the interval from 5 ^ to into n equal or 
unequal sub-intervals and notice that if the sub-intervals are small, the 
force in each one is nearly constant; if cr^ is a point chosen arbitrarily in 
the v-th sub-interval, then throughout this sub-interval the force will 
be approximately If the force throughout the v-th sub-interval were 
exactly the work done by our force would be exactly 

Jfa«l 

where Aa,, as usual denotes the length of the v-th sub-interval. If we now 
pass to the limit, letting n increase beyond all bounds while the length 
of the long^t sub-interval tends to zero, then by the definition of\n 

integral our sum will tend to 



which we iMturaliy call the work done by the force. 
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If the direction of tlie force and that of the motion are the same, the 
work done the force is positive; we then say that the force does tvork. 
On the other hand, if the direction of the force and that of the motion are 
opposed, the work done by the force is negative; we then say that tcork 
is done against the force.^ 

If we regard the co-ordinate of position s as a function of the time i, 
so that the force f(s) == p is also a function of t, then in a plane with rect- 
angular co-ordinates s and p we can plot the point with co-ordinates 
5 = s{t}, p == pit) as a function of the time. This point will describe a 
curve, which may be called the work diagram of the motion. If are 
dealing with a periodic motion, as in the case of any machine, then after 
a certain time T (one period) the moving point s{i), p{t) will return to the 
same point; that is, the work diagram will be a closed curve. In this ease 
the curve may consist simply of one and the same arc, traversed first 
forwards and then backsvards; this happens, for instance, in elastic 
oscillations. But it is also possible for the curve to be a more general 
closed curve, enclosing an area; this is the case e.g. with maciiines in 
which the pressure on a piston is not the same during the forward stroke 
as during the backward stroke. The work done in one cycle, that is, in 
time T, will then be given simply by the negative area of the work dia- 
gram, or in other words, by the integral 

at 

where the interval of time from to -h iP represents exactly one period 
of the motion. If the boimdary of the area is positively traversed the work 
done is negative, if negatively traversed the work done is positive. If 
the curve consists of several loops, some traversed positively and some 
traversed negatively, the work done is given by the sum of the areas of 
the loops, each with its sign changed. 

These considerations are illustrated in practice by the mdicator diagram 
of a steam engine. By a suitably-designed mechanical device a pencil is 
made to move over a sheet of paper; the horizontal motion 01 the pencil 
relative to the paper is proportional to the distance s of the piston from 
its extreme position, while the vertical motion is proportional to the steam 
pressure, and hence proportional to the total force p of the steam on the 
piston. The piston therefore describes the work diagram for the engine 
on a known scale. The area of this diagram is measured (usually by means 
of a planimeter) and the work done by the steam on the piston is thus 
found. Here we also see that our convention for the sign of an area, as 
discussed in § 2, Ho. 1 of this chapter (p. 271), is not of exclusively 
theoretical interest. For it sometimes happens when an engine is running' 
light, that the highly expanded steam at the end of the stroke has a pres- 

Note that here we must carefully distinguish the force of which we are 
speaking. Tor example, in lifting a weight the work done by the force of gravity 
is negative: work is done against gravity. But from the "point of view"^ of the 
person doing the lifting the work done is positive, for the person must exert 
a force opposed to gravity. 

(E798) 
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mire ttin required to expel it on the return stroke; ‘on the 

dhiinin this is shouTi by a positively traversed loop; the engine 
is drawing energy from the flywheel instead of fumishing energy. 

2. The Mutual Attraction of Two Masses. 

Let us suppose that a particle attracts another particle according to 
K€*ui:oii’s law' of attraction; as a jSrst example w'e shall consider the work 
dcuie by the force of attraction as the second particle moves along the 
line Jcining the tw'o particles. According to Newton’s law of gravitation, 
the attracting force is inversely proportional to the square of the distance. 
If we imagine the first particle at rest at the origin and the second particle 
at the distance r from the origin, the attracting force is given by the 
expression 

/(r)=-ai, 

where u is a positive constant. The work done by this force when the 
particle moves from the distance r to the distance ri{<r) is therefore 
pi:eitive and equal to the integral 



If, by means of an opposing force, the particle is moved farther away 
from the origin, going from the distance r to a distance > r, the work 
done by the force of attraction wdil, of course, still be given by this integral 
(now negative). The work done by the opposing force has the same numeri- 
cal value, but the oprMjsite sitm; it is therefore equal to uf - — If we 

\r r^/ 

think of the flnal position as being chosen farther and farther away, this 

LI 

approaches the limiting value n, which we mav call the work which must 

r 

be done against the force of attraction in order to move the particle from 
the distance r to ‘"infinity”. This important expression is called the 
mutual potential of the two particles. Here, therefore, the potential is 
defined as the work required to separate two attracting masses completely; 
for example, the work required in order to tear an electron completely 
away from an atom (ionization potential). 

3. The Stretching of a Spring. 

As a second example we consider the work done in stretchiiig a spring. 
As is usual in the theory of elasticity, we assume (cf. p. 295 also) that the 
force needed to stretch the spring is proportional to a;, the increase in the 
length of the spring, that is, p = Lr, where h is a constant. The work 
which must he done in order to stretch the spring from the unstressed 
position a: = 0 to the final position a? = is therefore given by the integral 

r *ha?dr = ilcXjK 
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4. Tlie Charging of a Condenser. 

The concept of work in other branches of physics can be treated in a 
similar way. For example, we may consider the charging of a condenser. 
Ji we denote the quantity of electricity in the condenser by Q, its capacity 
by Cy and the difference of potential (voltage) across the condenser by F, 
then we know from physics that Q = CV. Moreover, the work done in 
moving a charge Q through a difference of potential V is equal to QV, 
Since in the charging of the condenser the difference of potential F is not 
constant but increases with Qy we perform a passage to the limit exactly 
analogous to that on p. 304 and as the expression for the work done 
in charging the condenser we obtain 

J r-Ql 1 10 2 I 

where Qi is the total quantity of electricity passed into the condenser and 
Fi is the difference of potential across the condenser at the end of the 
charging process. 


Appendix to Chapter V 

1. Properties op the Etolute 


The parametric equations 


-r f)’ 


- f)’ 


for the evolute of a given curve x = x(t)y y = y{t) (cf. p. 283) 
enable us to deduce some interesting geometrical relations 
between it and the given curve. For convenience we use the 
length of arc s as parameter, so that 

x^ xx -j- yy = 0, 


p X y 

or pij = X and —y. 

We thus have i ^ ^ py, = y ^ px; 
on differentiation these give 

i=x-- py — py = —py, y + px+ px^ px, 
and therefore iqy= 0. 
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Azr-i-tion cosines of the normal to the curve are given 
L:v — J uud S:. ;t follows that the norhial to the curve is tangent to 
i:e at the centre of curvature: or, the tangents to the evolute 

are tiie iiorEials of the given curve; or, the evolute is the “ envelope ” 

fp the i‘:Or^n€ds lef. tig. 16}. 

If further we denote the leii.gth of arc of the evolute. measured 
from an arbitrarv fixed ?joint, bv a. vre have 



From the above formiiise. since :ir — y- = \^ we obtain 

. o ■ o 

cr- = p-, 

SO that if we choose the direction in which cr is measured in a 
suitable way, 

G= p, 

provided that a 0, 
or on inteaTation 

cr, Gq~ Pi Pq. 

That is. the Jergth cf are of the evolute hetiveen tivo points is equal 
to the lofferenee of the vo'o - a radii of curvature, provided 
that p reu'uins ciffe rent from zero for the arc tinder consideration. 

This iast condition is not superduo us. For if p changes sign, 
then from the formula a = p we see that on passing the corre- 
sponiing |Ajiiit of the evolute the length of arc a has a maximum 
or miniinum; that is. on passing this point we do not simply 
contiitue to reckon a onw^ard. but must reverse the sense in which 
c is measured. If we wish to avoid this, on passing such a point 
we must change the si,gii in the above formula, i.e. put a = — p. 

It may also be noted that the centres of curvature which 
correspond to maxima or minima of the radius of curvature are 
cusps of the evolute. (The proof will not be given here.) 

The geometrical relationship which we have just found can 
be ex|)res5ed in yet another tvay. If we imagine a flexible inex- 
tensible thread laid along an arc of the evolute and stretched 
so that a part of it extends away from the curve tangentially to 
it, and if in addition the end-point Q of this thread lies on the 
original curve C. then as we unwind the thread the point Q will 
describe the curve C. This accounts for the name evolute 
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(evolrere, to urLwind). The curve C is called an involute of the 
evolute E. On the other hand ve may start with an arbitrary 
curve E and construct its involute C by this unwinding process. 
We then see that E conversely is the evolute of C. 

To prove this we consider the curve E, which is now the 
given curve, as given in the form | = |(ct), 97 == 77(0'), where the 
current rectangular co-ordinates are denoted by | and 77 and 
the parameter a is the length of arc. The winding is done as 
indicated in fig. 17 ; when the thread is completely wound on to 
the evolute E, its end Q coincides with the point A of E corre- 



sponding to the length of arc a. If the thread is now unwound 
until it is tangent to the evolute at the point P, corresponding 
to the length of arc cr ^ a, the length of the segment PQ will be 
(a a) and its direction cosines will be f and 77, where the dot 
denotes drfierentiation with respect to <j. Thus for the co- 
ordinates cc, y of the point Q we obtain the expressions 

x=^ — 

which give the equations for the involute described by the point 
Q in terms of the parameter <j. By differentiation with respect 
to cr it follows that 

^ i 4- (a — cr)| == (a — < 7 )|, 

27 = ^ — 77 -f (a — a)T7 = (a — a)^]. 
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An:] >:!:ee ■= U, we at once find tliat 

ii — 17^ = 0, 

w'iirC shows that the line PQ is normal to the involute C. We 
can therefore state that the normals to the curve C are tangent 
to the curve E. But this is the characteristic propert-y of E. the 
evolute of C, Hence every curve is the evolute of all its involutes. 


k 



Fig. rS, — ^The cycloici as evolute and involute 


As a particular case we consider the evolute of the cycloid x ^ t — sinf, 
y I ^ cost. By pp. 2Sfi 2S3, 

^ . jr- -r 2/“ 

^ sst X — y y X 

xy — yx ' xy — %jx 

we therefore obtain the evolute in the form ^ == t -f- sinh == ~1 — cosh 
If we put f = T w, then ' — rr = v — sin t and 7 ;. -f- 2 = 1 — cos r, and 
these equations show that the evolute is itself a cycloid which is similar 
to the original curve, and can be obtained from it by 
translation, as indicated in fig. IS. 

As a further example we shall work out the equa- 
tion for the involute of the circle. We begin with the 
circle q= cosf, = sinf and unwind the tangent, as 
indicated in fig. 19. The involute of the circle is then 
given in the form 

X = cost 4- f sinf, y = — sini -f- t cosh 

Finally, w'e shall determine the evolute of the ellipse 
X == a cost, y = b sinh We at once have 



Fig. IQ. — Involute 
of the circle 


and 


i*2 4-^2 qS 

■ y T~~ = 

xy—yx a 

. x^ V® a® — 

■ z — = ■ 


cos®f 
6® 


sin® 4 


ty — yx h 

which is a |Mtraizi'eftric repiroentation of the evolute. if from these equations 
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we eliminate t in the usual way, we obtain the equation of the evoiute in 
non-parametric form: 

This curve is called an astroid. Its graph is given in fig. 20. By means 
of the parametric equations we may readily convince ourselves that the 
centres of curvature corresponding to the vertices of the ellipse are actually 
the cusps of the astroid. 



Examples 

1. Show that the evoiute of an epicycloid (Ex. 2, p. 267) is another 
epicycloid similar to the first, which can be obtained from the first by 
rotation and contraction. 

2. Show that the evoiute of a hypocycloid (Ex. 4, p. 267) is another 
hypocycloid, which can be obtained from the first by rotation and ex- 
pansion. 


2. Areas bounded by Closed Curves 

We saw in § 2 (p. 271) that the area bounded by a closed 
curve x = x (t), y=^ (t), ^ i ^ wMch nowbere intersects 

itself (a so-called simple closed curve) is given by the int>egral 

-/ y{t)i(t)dt, 

where the value obtained is positive or negative according 
as the sense in which the boundary is described is positive or 
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iieLAiiive. We siiali novr extend t-liis result to more general cuTTes. 

tliat tne ctuve C\ given by tbe equation x=xU)^ 
>i rrr_ 'G;. iLterse^'T itself in a iinito number of points, tiiiis divid- 
ii'Pi tile Tfaiiie into a finite number of portions itj, Sup- 


pose furtber tiiat tlie derivatives are continuous, except perhaps 
hr a finite number of jump discontinuities, and that x- — y- z=^ 
exeent perhaps at a firdte number of values of t which may 
correspouo-i to corners. Finally, it is assumed that the curve 
has a rinite number of lines of support (p. 270). 

To each region we then assign an index defined in the 
following way: we choose an arbitrary point Q in not lying 
on any line of support-, and erect the line extending from Q 



Fig. 21 

upwards, in the direction of the positive ^^-axis. We count the 
number of times the curve C crosses the half-line from right to 
left, and subtract the number of times the curve C crosses from 
left to right: the difierence is the index For example, the 
interior of the curve illustrated in fig. 6 (p. 269) has the 
index pt = — 1: and in fig. 21 the regions . . . , have the 
indices = ~1, ^2 = — Ir Ms = -f“2, ^4 == —2, Ms = —1- This 
number actually does depend on the region and not on the 
particular point Q chosen in i?,-, as we readily see in the followdiig 
manner. We choose any other point Q' in Ri, not on a line of 
support, and join § to Q' by a broken line lying entirely in the 
region i?,. As we proceed along this broken line from Q to Q' 
the number of light-to-left crossings minus the number of left- 
to-right crossings is constant; for between lines of support the 
number of crossings of either type is unchanged, while on 
crossing a line of support either the number of crossings of both 
types increases by one, or else both the numbers decrease by one; 
in either case, the difference is unaltered. In the case where the 
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line of support meets tiie curve at several difierent points, say 
A. B, , , . , H, 'we consider it as several different lines of support, 
Fx4, FB, ... 5 FH, wkere F is tke point of the x-asis vertically 
below all the points A, B, ^ H. Our argument then applies 
to each of these lines. Hence the number has the same value 
whether we use Q or Q' in determining it. 

In particular, if our curve does not intersect itself, the interior 
of the curve consists of a single region R whose index is — 1 or 
— 1 according as the sense in which the boundary is described 
is positive or negative. To see this we draw any vertical line 
(not a line of support) intersecting the curve; on this line we 
find the highest point of intersection (P) with the curve, and in 
R we choose a point Q below P and so near it that no point of 
intersection lies between P and Q. Then above Q there lies one 
crossing of the curve, which if the curve is traversed positively 
must be a right-to-left crossing, so that ja==— 1: otherwise 
p == —1. As we have just seen, this same value of ft holds 
for every other point of R. For such a curve, and in fact for all 
closed curves, one of the regions, the outside of the curve, 
extends unboundedly in all directions; we see immediately that 
this region has index 0, and henceforth neglect it. 

Our theorem about the area is now as follows: the value of 

the integral — / yxdt is equal to the sum of the absolute areas of 

^tf) 

the regions each area Ri being counted ft^ times: in svmbois 
— f yxdt = Epj I area R^ 

''U 


The proof is simple. We assume, as we are entitled to do, 
that the whole of the curve lies above the a:-axis (cf. footnote, 
p. 271). The lines of support cut Ri into a finite number of por- 
tions; let r be one of these portions. Then on taking the integral 

— Jyxdt for each single- valued branch of the curve, we find that 

the absolute area of r is counted -f 1 times for each right-to-left 
branch over r and —1 times for each left-to-right branch over 
r, in ail times. The same is true for every other portion of Pg 
hence P*- is counted times. Thus the integral round the com- 
plete curve has the value Spi | area Ri | , as stated. This for- 
mula agrees with what we have found for simple closed curves, 
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.‘.5 we reoGgoize from tie discussion of the values of fi for such 

Tile tietriitioE driven for the index [jl^ has the disadvantage 
of being stat^el in terms of a particular co-ordinate system. As 
a matter of fact, howevt^r, it can be shown that the value of 
is independent of the co-ordinate system and depends solely on 
the ciii\’e; but we shall not prove this here. 



CHAPTER VI 


Taylor’s Theorem and the Approximate 
Expression of Functions by Polynomials 

In many respects the rational functions are the simplest 
functions of analysis. They are formed by a finite number 
of applications of the rational operations of calculation, 
while in the last resort the formation of every other function 
involves a more or less concealed passage to the limit from 
rational functions. The questions whether and how a given func- 
tion can be expressed approximately by rational functions, in 
particular by polynomials, are therefore of great importance both 
in theory and in practice. 


1. The Logahithm and the Ihyebse Taxgekt 
1. The Logarithm. 

We begin by considering some special cases in which the 
integration of the geometrical progression leads almost at once 
to the desired approximations. We first remind the reader of 
the following fact. For g =|= 1 and for positive integers n, we 
have 

where f « = — ^ 


If ] g I < 1 the remainder r„ tends to 0 as w increases, and we 
then obtain (pp. 34-35) the infinite geometric series 


1 -f- g -j- g^ 4- • . . with the sum 


1-g 
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As oi;r starting-point we take the formula 

leer (I — x) = f 

• A; 1 - ^ 


and expand the integrand in accordance with the above formnia, 
putting f = —t. Then bj integration we at once obtain 

lo2il = 1)“-^ 

3 4 71 


where 




t^dt 


t 


Hence for any positive integer n we have expressed the 
fnnetioii Iog(l — o’) approximately by a polynomial of the ?2-tli 
deiiree. namely. 


X — - 




c- ly^- 


5 

n 


at the same time the quantity the reinaiiider, specifies the 
amount of the error made in this approximation. 

In order to estimate the accuracy of this approximation, 
we need only have an estimate for the remainder and such 
an estimate is given us immediately by the integral estimates 
on p. 126. If at first we suppose that a? ^ 0, then in the whole 
interval of integration the integrand is nowhere negative and 
iio where exceeds Consequently 








and we therefore see that. for every value of a; in the interval 
0 ^ a* ^ 1 this remainder can be made as small as we like by 
choosing n large enough (cf. p. 32). If, on the other hand, the 
quantity x is in the interval — 1 < x ^ 0, the integrand will 
not change sign and its absolute value will not exceed 1 1 -r* x), 
and we thus obtain the estimate for the remainder 





1) 


We see, therefore, that here again the remainder is arbitrarily 
small when n is sufficiently large. Of course, our estimate has 
no meaning when we put a: = — 1. 
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Summing up, we can say that 

yy»2 /y.3 rr>fl 

log (1 ^ a:) = * - I + ^ - -f . . . m (_l)n-l 1 ^ 


where the remainder tends to zero as n increases, pro^dded 
that X lies in the interval From the above 
inequalities we can, in fact, find an estimate for the remainder, 
independent of x, which is valid for all values of a: iii the interval 
— where h is a number such that 0 < 7^ ^ 1. 
For then 


and this formula shows us that in the whole interval the function 
log(l -f is expressed approximately by our pohmomial of the 

n-th decree, the error beinsi; nowhere crreater than ^ — . 

" ■ " /i H ~ 1 

We leave it to the reader to convince himself that for ail \*alues 
of X for which | rr | > 1 the remainder not only fails to approach 
zero, but, in fact, increases numerically beyond ail bounds as 
n increases, so that for such values of x our polynomial does not 
give us an approximation to the logarithm. 

The fact that in the above interval the remainder tends 
to zero may be expressed by saying that in this interval we have 
the infinite series f 


(Y.2 ry>3 rfi 

log(l + c«) = rr-|-f 


for the logarithm. If in this series we insert the particular 
value x= 1, we obtain the remarkable formula 



This is one of the relations whose discovery made a deep 
impression on the minds of the first pioneers of the differential 
and integral calculus. 

* It is to bo noted that this interval is open on the left and closed on the 
right. 

f Infinite series will be considered in detail in Chap. Yin (p. S65). 
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The above approreiniation for the logarithm leads us to 
another forimila which is useful for many purposes, particularly 
in nuinerieal calculations. Provided that — 1 < ir <; 1, we have 
only to write — tr in place of x in the above formula to obtain 

,7.2 7.4 

log (1 — X) = —a: — S„. 

Taking r as even and subtracting, we have 


1 , !• 


3 o 


where is given by the expression 


J f^x fn 

2 1 - ^2 


7-^ ‘ 1 


On account of the relation 

the remainder tends to zero as n increases, a fact which we 
again express by t^Titing the expansion as an infinite series: 


1 , 1 - 
r log *— 
2 1 ■ 


ar tanh : 


, X* 


for all values of x such that 1 x f <1. 

An advantage of this formula is that as x traverses the in- 

J 1 J! T! ^ - • 1 W ^ _ _ _ __ _ n • . • 


t-erval from — 1 to 1, the expression j 


ranges over all positive 


numbers. Hence if the value of x is suitably chosen this series 
enables 11 s to calculate the value of the logarithm of any positive 
number, with an error not exceeding the above estimate for R^. 


2. !I!iie Inverse Tangent. 

YTe can treat the inverse tangent in a similar way if we 
begin with the formula, true for every positive integer n, 

1 -4- 1“ 



VI] LOGARITHM AND INVERSE TANGENT 


319 


where r„ = (— 1)« ^ 

1 -t- 

By integration^ we obtain 

arc tana; = a; — — + — r*-* + (—1)”''^ 

3 o 271—1 


R 


m 


R 


n 



dt, 


and we see at once that in the interval —1 ^ a; ^ 1 the re- 
mainder Rn tends to zero as n increases, for 



I X I 

~2n^ 1 ‘ 


From the formula for the remainder we can also show fairly 
easily that for j a; | > 1 the absolute value of the remainder 
increases beyond all bounds as n increases. We have accord- 
ingly deduced the infinite series 


arc tana; = x - 


, of 
3 


valid for I a; I ^ 1. 


For a;== 1. since arc tan 1 = d, we have 

4 



as remarkable a formula as that previously found for log 2. 


Examples 

1. Prove that a: — ^ < log(l -f- a;) < a; — ^ -r ^ (25 > 0). 

2 3(1 -|- a;) 00 

Hence find log ^ to 2 places. 

2. Calculate log - to 3 places, using the series 

5 

log(l + a?) = a;— ^ • 


Prove that the result is accurate to 3 places. 

3. How many toms of the series for log(l 4- x) must be used in order 
to obtain log(l a?) to within 10 per cent if 30 ^ a; ^ 31 1 
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2. Taylor's Theorem 


Ar. apr^roxiinate repr^-seritatiori by rational functions, as in 
riie above, can also be obtained in. the case of an 

arfjitrary function /(arj, about which we assume only that for all 
values of the independent variable in an assigned closed interval 
the fiiriCtion pos.sesses continuous derivatives up to the 
{u — loth order at least. In most of the cases which actually 
occur the existence and continuity of all the derivatives of the 
fuiif'tion is krxowii to begin with, so that for n we can choose 
any arbitrary integer. 

The approximation formula which we shall now derive was 
discovered in the early days of the differential and integral cab 
cuius by Taylor, a student of Xewton’s, and is known as Taylor's 

theorem 'b 

1. Taylor’s Theorem for Polynomials. 

In order to get a clear idea of the problem, we shall begin by 
considering the ease where /(a-) = % “ “t -r • • • w 
is itself a polynomial of the ?i-th degree. We can then easily 
express the coeihcients of this polynomial in terms of the deri- 
vatives of /'!x) at the point r = 0. For if we differentiate both 
sides of the equation once, twice, &:c., with respect to x and 
then put r = 0, we at once find that the coefficients are 


m, a,=lr(o)=. 




Any t^olynomial f(x] of the «-th degree can therefore be written 

in the form 

/(XI =fim - x/'(0) - t /"(O) - g /"'(o) - . . . -f -h''‘’(0)- 

2: 0 ! 7i\ 

Ibis formula merely states that the coefficients a,, can he ex- 
pressed in terms of the derivatives at cr = 0 and gives the 
expressions for them. 

We can generalize this “ Taylor series ’’ for the poly- 
nomial slightly if we replace x by i — x^h and consider 
the hmcidon ^ f{x -r h) — g{li) as a function of h, for 

* A special case of this theorem is often referred to, without historical 
fiMtification, as Maclaurm''s theorem. We shall not follow this nsage. 
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tlie- moment tM nki ng of x as fixed and h as the independent 
variable. It then follows that 

srw=/'(a 

and hence, if we put h = 0, 

If we apply the pre\dous formula to the function/fa: ~ Ji) = gih\ 
which is itself a polynomial of the ? 2 -th degree in h, we im- 
mediately obtain the Taylor series 

f{S) =/(== 4 - h) =f(x) + hfix) I f'ix) - %r’{x) -h . . . 
nl 

2 . Taylor’s Theorem for an Arbitrary Function. 

These formulae suggest that we should seek a similar formula 
ill the case of an arbitrary function f{x), not necessarily a 
polynomial; in this case, however, the formula can lead only 
to an approximation to the fimction by a pohmomial. 

We wish to compare the values of the function / at the point 
X and at the point | = rr — so that A = f — x. If now n is 
any positive integer whatever, the expression 

m + (^ - x)nx) ■ /'>’(x) 

will not, as a rule, be an exact expression for the functional value 
/(!)• We must therefore put 

fii) =fi^) + a- 

m 

where the expression En denotes the remainder when /(f) is 
replaced by the expression f{x) — cr) -7- . . . . In the 

first instance this equation is nothing but a formal definition of 
the expression Rn- Its significance Hes in the fact that we can 
easily find a neat and useful expression for this remainder 
For this purpose we think of the quantity f as fixed and the 

( e 798) 22 
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C|iiai:::ty x as tiie independent- variable. The remainder is then 
a function By the above equation this fimction vanishes 

for : 

RrXi) = 0. 

F'Uitlier, by diferentiation, we obtain 

n\ 

For if we di&rentiate the equation defining the' remainder 
with respect to x, we obtain 0 on the left, since /(^) does not 
depend on x and is therefore to be regarded as a constant. On 
the right we difierentiate each term by the rule for products, 
and find that ail the terms cancel out except the last one, which 
is writeen above with a minus sign. 

Xow by the fundamental theorem of the integral calculus 

RJx) = RrXx)— = f Rn(t)dt = —f Rn{t)dt, 

SO that we obtain the formula 

RJx)= 

Jx 'il\ 

If we I’ntroduee a new variable of integration t by means of the 
equation t = f — a*, this becomes 

Rr. = \ r ih - -rr-f ’’^»[x + r)dT. 

n. ■■ 

Collecting these results, we have the following statement: 

If the fimction f(x) has continuous derivatives up to the 
(n -f l)"th order in the interval under consideratio7i, then 

fix - h) = fix] - hf\x) - |/"(x) ^ -f . . . 

or ithe^ equivalent expression for h — i — x) 

m =/w - (I - x)f'ix ) + +... 
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where the femainder Rn is given hij the formula 

If in part-icular we put x = 0 and then replace h by x, we 
obtain the formula 

fix) =/(0) + g/'(0) J/"(0) -h . . - -f 

with the remainder 

These formulae are known as Taylor’s theorem. They give 
expressions for the functions f{x -h h) and f(x) respectively in 
terms of polynomials of degree n in. h and in x respectively (the 
so-called polynomial of approximation), and a remainder. The 
polynomial of approximation is characterized by the fact that 
when h—0 (or x= 0, as the case may be) its value and 
that of its first n derivatives are the same as those of the 
given function and its first 7i derivatives. In contrast 
with the Taylor series for polynomials the remainder and the 
expression for it are essential here. The significance of the 
formula lies in the fact that the remainder, even though it 
has a more complicated form than the other terms of the 
formula, nevertheless afiords us a useful means for estimating 
the accuracy with which the sum of the first 1 terms, 

/(O) + J/'(0) + ^/"(O) + . . . ^ 

represents the function /(a;). 

3. Estimation of the Remainder. 

Whether the first w -f 1 terms of Taylor’s series actually give 
a sufficiently good approximation to the function natiirally 
depends on whether the remainder is sufficiently small. We 
therefore now turn our attention to the estimation of this re- 
mainder. Such an estimate can most easily be made by means 
of the mean value theorem of the integral calculus (Chap. II, § 7, 
p. 127). 

* Whose representation requires no remainder. 
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We LI;;':: TiiA theorem in the form 

/ pir) oirjdr = 6 {Bh’) f p(r)clr, 

J J 0 

wLrre j'/'r) is a continuous function widcii is nowhere negative 
in the intervai of integration, and 6(t) is merely a continuous 
funetion there, while 6 is a. number in the interval ^ 0 ^ 0 ^ 1. 
If ill the formula for the remainder we take {h — to be j;(T) 

we O Ota III 


while if instead we put jpfr) = 1 we obtain the expression 

which is less important for us and is stated here only for the sake 
of completeiiess. In these formulse 0 denotes a certain number 
in the interval 0 ^ d ^ 1, whose value we cannot in general 
specify more accurately; as a rule, of course, this value is dif- 
ferent in the two formula for the remainder, and in addition 
depends on n, x, and h. The first form of the remainder was 
given by Lagrange, the second by Cauchy, and they are 
eorrespoiidiiigly named . f 

Our interest will be directed chiefly towmrds finding out 
whether the remainder tends to zero as 7i increases; if this is 
the ease, the larger we choose n- the more accurately h) 

reprt'sented by the corresponding polynomial in h. In this case 

We in::y in fact assume that 0 < 0 < 1, but this is of no importance 

here. 

These ear r:--=.V :r..r for the remainder, as weli as others, can be derived 
from the mean value theorem of the diSerentiai calculus and from the general- 
ized mean value theorem (p. 203) respectively. We apply these theorems to 
the functicn = Bnix) — Bn(i) and to the pair of functions E„{x) and 

respeetively, where "we consider | as hsed and make use of the formula 

s^(x) = - L ( ~ (X). 

7ll 

These methods of deriving the formulae for the remainder throw more stress on 
the fact that Taylor’s theorem is a generalization of the mean value theorem; 
they also oSer the advantage, which for many theoretical purposes is important, 
that we need only assume the exisience and not the continuity of the {n -i- l)-th 
derivative. On the other hand, however, we lose the advantage of having an 
exact expression for the remainder in the form of an integral. 
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we say tiat we Eave expanded the function in an irfinite Taylor 
series 

fix + h)=f{x) + ^If'ix) - - . . . , 

JLi — ; O* 

or, in particular, if we first put x = 0 and then write x in place 
of h, 

fix)=f{0) + (0) tf" iO) - p"' (0) ^ . 

We shall meet with examples of this in the next section. 

First, however, we wish to point out the second important 
point of view arising from consideration of Taylor's series. 
If in the first formula we think of the quantity k as becoming 
smaller and tending to zero, then in the terminology of Chap. Ill, 
§ 9 (p. 195), the various terms of the series will tend to zero 
with difierent orders of magnitude; we accordingly call the 

expression f{x) the term of zero order in Taylor's series, the 

//2 

expression hf'(x) the term of first order, the expression Y/'" (x) 

the term of second order, and so on. From the form of om 
remainder we see the following fact: 

In expanding a function as far as the term of n-th order ice male 
an error which tends to zero with order (n — 1) as h 0. 

On this fact many important applications depend. It shows 
us that the nearer the point x-\- h lies to the point x, the better 
is the representation of the function f{x -r h) by the polvnomial 
of approximation, and that in a given case the approximation 
in the immediate neighbourhood of the point x can be improved 
by increasing the value of n. 


Examples 

1. Let J{x) have a contimious derivative ia the interval a 

and let T'(x) ^ 0 for every value of x. Then if 5 is any point in the inter- 
val, the curve nowhere falls below its tangent at the point x = 5, t/ = /( 5). 
(Use the Taylor expansion to three terms.) 

2. Find the value of 0 in Lagrange’s form of the remainder for the 

expansions of and in powers of aj. 

1 — a; 1 + a; 
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3. Applications. Expansions of the Elementary 
Functions 

We sliall now use the general results of the preceding section 
in order to express the elementary functions approximately by 
means of polTOomials and to expand them in Taylor series. 
We shall, however, restrict ourselves to those functions for which 
the coeiiieients of the expansion in series are given by simple 
laws of formation. The series for certain other functions will 
be discussed in Chap. VIII (p. 405 et seq.). 


1. The Exponential Function. 

The simplest example is offered by the exponential function, 
/ (x) = Here all the derivatives are identical with f(x) and 
therefore have the value 1 for x == 0. Hence by using Lagrange’s 
form for the remainder we at once obtain the formula 


X ;r- , 

r. 2! 3! 


n\ {n +1)1 


in accordance with § 2 fp, 320 et seq.). If we now let 7i increase 
beyond all bounds the remainder will tend to zero, no matter 
what fixed value of x we have chosen. For | j ^ to begin 
with. We now choose a fixed integer ??i greater than 2 | a’j. 
Then for n ^ jn we have 


2' 1 

j 


- 1 

.)I ^ }nl m 

1 

< . ■ 

1 ^ 2x\^ 

1 

"■ Wil 



SO that 1 

1 1 





Since the first two factors on the right are independent of n, 
while the number I 2^ tends to zero as n increases, oux state- 
ment is proved. If we think of the number x not as fixed, but 
as free to vary in the interval —a where as is a fixed 

positive number, it follows from the above that if we choose 
m > 2a the estimate 




ml 
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is Talicl provided n ^ m. For the remainder we have therefore 
specified a bound which holds for all values of a: in the interval 
and which tends to zero as n cc . For the func- 
tion we can therefore write the expansion as an infinite series 



^ a? ^ 
2 !’^ 3! ~ 



the last expression being merely an abbreviated expression for 
the series. This expansion is valid for all values of x. Thus we 
have again proved that the number e considered in Chap. I 
(cf. p. 43) is the same as the base of the natural logarithms 
(cf. Chap. Ill, § 6). For numerical calculations w'e must, of course, 
make use of the finite form of Taylor’s theorem with the re- 
mainder: for a: = 1, for example, this gives 

' ^2! ‘ 3! ' ‘ n\ ‘ {n-t-l)’.' 

If we wish to calculate e with an error of at most 1 10,000, we 
need only choose n so large that the remainder is certainly less 
than 1 /lO.OOO; and since this remainder is certainly less than 
3!{n-r 1)!, it is sufficient to choose n==: 7, since S! > 30,000. 
We thus obtain the approximate value 

e = 2-71822 


with an error less than 0*0001. Here we do not take any account 
of the error due to neglecting the figures in the sixth decimal place. 


2. cos.:^;, sinli.2::, cosh;^:r. 

For the functions sin a?, coscc, sinha:, cosh a: we find the follow- 
ing formulae: f 


fix) = 

sin a; 

cos a? 

sinha: 

cosha:. 

fix) = 

cosx 

— sin a; 

cosh a: 

sinhx. 

/"W = 

—sin a; 

—cos a; 

shah a' 

cosh a;, 

fix) = 

— cos a; 

sin a; 

cosh a* 

sinha*, 

f-{x) = 

sin a; 

eosx 

sinha: 

cosh a-. 


* Here -we have made use of the fact that e < 3. This follows immediately 

{cf. p, 43 also) from our series for e; for it is always true that -1 ^ — i—, ani 
therefore . 

.•* = l"r 1/(1 — = 3. 

flf /(a:) =* sin a; or f{z) *= cosar, the tt-th derivative can always he repre- 
sented by the expression 


/(«)(a;) = f{x -f |nir). 
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Hence h. tee r.<,-^.y::or^iais of approHmation for siiia- and sinia: 

^iile in the polv- 

.A,....u... or ar.pro.x-,..nanor. ror cosa- and cosh^ the coefficients of 
tiie oua potrers vaniih. Thus in the &st case the (2>; - l).th 
an.i tne r*,, poirnomials are identical, while in the 

iecunu case the 2«-th and the (2n - l)-th are identical. If ffi 
eacn ease we use tte higher of these polynomials we at once 
oo.am. us.T.g Lagrange'S lorm of the remainder, 


sin X = X ■ 


51» 


^ • -7- (~1)^ 

( 2 n~r)l 

. .,, cos(fo), 


(2« -r 3)! 


cos J = 1 — ’ 


41 


- ■ • ■ - (-!)• 






sin]ij:= X 


5! 

^ 2 r:-r 3 


(2^-1)! 




n 


3)1 


- cosh(fe), 


COSiia’ = 1 • 


•T» 


41 


a.'"” 

( 2 «)! 




where m each of the four formula, of course. 6 denotes a diferent 
number m the interval 0 ^ d g l, a number which in adchtion 
depends on « and on a-. In these formulse we can also make the 
appro^ron as exact as we please for each value of . sffice 

sinx = *^‘-1 


COSX = 1 . 


3 ! 

ar^ 

Of 


(2^+1)!’ 


’ 4! ' 


.-=0 i 2 p)f 
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sinha; == x 

1 i 1 

_ V 




3! 5! 

^q(2v "f 

cosha? = 1 ■ 


^ x-*' 

‘ 21 ‘ il ‘ 

^ ':o{2vf 


The last two can also be obtained formally from the series for 
e* in accordance with the definitions of the hyperbolic functions. 

3. The Binomial Series. 

We may pass over the Taylor series for the functions log (1 — x) 
and arc tanx, which have already been treated directly in § 1 
(p. 315). We must, however, take up the generahzation of the 
binomial theorem for arbitrary indices, which is one of the most 
fruitful of Newton’s mathematical discoveries, and which repre- 
sents one of the most important cases of expansion in Taylor 
series. Our object is the expansion of the function 

f(x) = {i^xr 

in a Taylor series, where x'> —1 and a is an arbitrary number, 
positive or negative, rational or irrational. We have chosen the 
function (1 -p a?)® instead of af because at the point x = 0 it is 
not true that ail the derivatives of x°' are continuous, except in 
the trivial case of nou-negative integral values of a. We first 
calculate the derivatives otf{x), obtaining 

r(x) = a(l + xr-\ rix) = a{a ~ 1) (1 ~ , 

f' \x) = a (a - 1) ... (a - V 4- 1) (1 H- 

In particular, for a? = 0 we have 

f (0) = a, /"(O) = a(a - 1), . . . , /^(O) = a(a - 1) (a - v - 1). 
Taylor’s theorem then gives 

(1 + a;)“ =. 1 + oa; + . 

f a (a — 1) (a — 2) . . . (a — -T 1) 

I ; 

nl 

We have still to discuss the remainder. This problem is not very 
difficult, but nevertheless is not quite so simple as in the cases 
treated previously. Here we shall pass over the estimation of 
the remainder, since the general binomial theorem will be proved 
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eomplerely in a somewhat diiierent and simpler wav in Chap. 
\TII ip. ei sef.: cL also p. 336). The result, which we 
mention here in advance, is that whenever j x i < 1 the re- 
maimier tends to 0 and therefore the expression (1 + can 


be expanded in the infinite buiomial series 

a (a — 1) 


(1 - - 1 - . 




where for brevity we have introduced the general binomial 


coeuicienrs 


af a — 1) ... (a — -f" 1) /i- 

^ (tor p > 0), 


Examples 

1. Expand (1 to two terms plus remainder. Estimate the re- 

mainder. 

2. Use the expansion of Ex. 1 (discarding the remainder) to calculate 
x' 2. What is the degree of accuracy of the approximation? 

3. What linear function best approximates to Y^l x) in the neigh- 
bourhood of X — 0? Between what values of x is the error of the approxi- 
mation less than *01? 

4. Wkit quadratic function best approximates to A/CI -r 2?) in the 
iieiuhbourhood of x = 0? What is the greatest error in the interval 
~i>i ^ X ^ OT? 

5. ':' 2 ; What linear function, (bj what quadratic function, best approxi- 
mates to A — x; in the neighbourhood of x = 0? What are the greatest 
errors when — T ^ x ^ *1? 

6. Calculate sin^'-Ol) to 4 places. 

7. Do the same for (a) cos {*01), (b) \^126, (c) 

S. Expand sin(x -u in a Taylor series in h. Use this to find sinSU 
(= sin (30' — 1®)) to 3 places. 

Expand the functions in Ex. 9-1 S in the neighbourhood of x = 0 to 
three terms plus remainder (writing the remainder in Lagrange’s form). 


9. sin-x. 

14. e-**. 

10. cos^x. 

15. — . 


cosx 

11. logcosx. 

16. cotx — i. 

X 

12. tanx. 

17.-i— 1. 


sinx X 

'i 

r-H 1 

jg log(l + a:) 
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19. (a) Expand to five terms plus remainder; (6) in the power 
series for e- substitute for z the power series for sin a:, taking enough terms 
to secure that the coefficient of is correct. Compare with {a), 

20. Find the potjuiomial of fourth degree which best approximates to 
tana: in the neighbourhood of ic = 0. In what interval does this pohmomial 
represent tancc to within 5 per cent? 

21. Find the first 6 terms of the Taylor series for y in powers of x 
for the functions defined by 

{a) -p 2/2 = y(0) = 0; (5) ^ y- y, y{Q) = 1; 

(c) a:® + ^ = 2 /, 2 /( 0 ) = 0. 


4. Geometrical Applications 

The behaviour of a function f{x) in tte neiglibouxliood of a 
point X — a, or the behaviour of a given curve in the neigh- 
bourhood of a point, can be studied with increased accuracy by 
means of Taylor’s theorem, for this theorem resolves the increment 
of the function on passing to a neighbouring point x = a -r- Ji into 
a sum of quantities of the first order, second order, &c. 

1. Contact of Curves. 

"We shall now make use of this method in order to investi- 
gate the concept of contact of two curves. 

If at a point, say the point x = a, two curves y = fix) and 
y =. g (x) not only intersect, but also have a common tan- 
gent, we shall say that at this point the curves touch one another 
or have contact of the first order. The Taylor expansions of the 
f unctions f{a+h) and g{a -f- h) then have the same terms 
of zero order and of first order in h. If at the point x = a 
the second derivatives of f{x) and g{x) are also equal to one 
another, we say that the curves have contact of the second order. 
In the Taylor expansions the terms of second order are then 
also the same, and if we assume that both functions have con- 
tinuous derivatives of the third order at least, the difference 
D (x) =f{x) — g (x) can be expressed in the form 

IS 

Dia+k) ^f{a +h)^g{a+h) = y -f- | 

where the expression jP (^) tends to /"'(a) ” g'''{a) as h tends to 
zero. The difference D{a+h) therefore vanishes to at least 
the third order with h. 
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'\\”e can proceed in this way and consider the general case, 
vviicre the Taylor series iovf{x) andglx) are the same uji to terms 
of tlie ;oth order, that is, 

/iff) = gia)J’{a) = g(a),f''{a) = g" (a), . . .“ /'"^(«) = 

We here assume that the l)-th derivatives are also contiiiuous. 
Under these conditions we say that at this point the curves have 
contact of the n-tli order. The diference of the two functions will 
then be of the form 

Jia - h) - g {a ^ h) = F{h), 



Fig. I. — Osculating parabolas of 


where since the quantity F (h) = -r 6h) 

tends to as h tends to 0. We recognize 

from this formula that at the point of contact the difference 
f{x) — g{x-} vanishes to the {n 4- l)-th order at least. 

The Taylor polynomials are simply defined geometrically by 
the fact that they are those parabolas of the n-th order 
which at the given point have contact of the highest possible 
order mth the graph of the given function. Hence they are 
sometimes called osculating parabolas. For the case y == 
%- 1. gives us the first three osculating parabolas at the point 

X = 0 . 

If two curves y=:f{x) and y = g{x) have contact of the 
»-th order, the definition does not exclude the possibility that 



GEOMETRICAL APPLICATIONS 


333 


VI] 

tlie contact may be of still higher order, i.e. that the equation 
is also true. If this is not the case, i.e. if 
4= speak of a contact of exactly the H-th 

order or say that the order of the contact is exactly n. 

From our formulae as well as from our figures we can at once 
state a remarkable fact which is often unnoticed by beginners. 
If the contact of two curves is exactly of an even order, that is, 
if an even number n of derivatives of the two functions have the 
same value at the point in question, while the {71 l)-th deri- 
vatives difer, then in conformity with the above formula* the 
difierence f{a + — g{a -i- h) will have difierent signs for small 

positive values of h and for numerically small negative values 
of li. The two curves will then cross at the point of contact. 
This case occurs e.g. in contact of the second order if the third 
derivatives have difierent values. If, however, we consider the 
case of contact exactly of an odd order, e.g. the case of an or- 
dinary contact of the first order, the difference /(a -f — 9 
will have the same sign for all numerically small values of h, 
whether positive or negative; the two curves therefore will 
not cross in the neighbourhood of the point of contact. The 
simplest example of this is the contact of a curve with its tan- 
gent. The tangent can cross the curve only at points where the 
contact is of the second order at least; it will actually cross the 
curve at points where the order of contact is even, e.g. at an 
ordinary point of infiection, where /" (x) = 0 but /'" (x) 0. 

At points where the order of contact is odd it will not cross 
the curve; as examples we may take an ordinary point of the 
curve where the second derivative is not zero, or the curve 
at the origin. 

2. The Circle of Curvature as Osculating Circle. 

When looked at from this point of view the concept of the 
curvature of a curve y =/(aj) gains a new intuitive significance. 
Through a definite point of the curve with the co-ordinates 
X = a, y = b there pass an infinite number of circles which 
toudb the curve at the point. The centres of these circles 
lie on the normal to the curve, and to each point of this normal 

♦ That the order of contact of two carves is a genuine geometrical relation 
which is unaffected by change of axes is a fact which can easily be established 
by means of the formulae for change of axes. 
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tiirre eorres]:^ 02 ii:L one such tangent circle. We may expect 
that riy proper choice of the centre of the circle we can bring 
abo'Jt a contact of the second order between the cuiTe and the 


circle. 

As a matter oi fact, we know from Chap. Y (p. 2S3) that for 
the circle of ciirvanire at the point x = a, whose equation is, say, 
y=zg^x\, we not only have g{ci)=f{a) and g’ {a) ^ f {a), 
but also g'ia)=f"^{a). Hence the circle of curvature is at 
the same time the osculating circle at the point of the curve 
under discussion: that is, it is the circle w’hich at that point has 



does not happen to be of an on 
circle of curvature will not me 


contact of the second order 
with the curve. In the 
limiting case of a point of 
inflection, or in general of 
a point at which the cur- 
vature is zero and the 
radius of curvature is in- 
finite, the circle of curva- 
ture degenerates into the 
tangent. In ordinary cases, 
that is, when the contact 
at the point in question 
: higher than the second, the 
ly touch the curve, but \vill 


also cross it (cf. fig. 2). 


3. On the Theory of Maxima and Minima. 

As we have already seen in Chap. Ill (p. 161), a point x~ a 
at: v'hieh/A’u) = 0 gives a maximum, of the fimction/(ai) if/" (a) 
is negative, a minimum if /"(a) is positWe. These last conditions, 
therefore, are sufficient conditions for the occurrence of a maxi- 
mum or minimuin. They are by no means necessary; for in the 
case where /" (a) = 0 there are three possibilities open: at the 
point in question the function may have a maximum or a mini- 
mum or neither. Examples of the three possibilities are given 
by the functions g = — y = x\ and y == at the point 
X = 0. Taylor’s theorem at once enables us to make a general 
statement of sufficient conditions for a maximum or a minimum. 
Y e need only expand the function /(a -f- powers of h; the 
essential point is then to find whether the first non-vanishing 
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term contains an even power of li or an odd power. In tKe first 
ease we liave a maximum or a minimum according as the co- 
efficient of h is negative or positive; in the second case we have 
a horizontal inflectional tangent and neither maximum nor 
minimum. The reader may complete the argument for himself 
bv using the formula for the remainder.'^ 

ExAiCPLES 

1. What is the order of contact of the curves ^ = e® and y — 1 ~ ^ 4- 
I sin®a: at a? = 0? 

2. What is the order of contact oi y= sin^a: and y — toji^x at z = 0? 

3. Determine the constants a, h, Cy d m such a way that the curves 

y = y ^ a COS a: 4“ h sin a: -r c cos 2a; -f- ^ sin 2a: have contact of 

order 3 at a; = 0. 

4. What is tne order of contact of the curves 

-f. ^3 ^2 __ 2 ; 

at their points of intersection? Plot the curves. 

5. What is the order of contact of the curves 

ajS 4- ?/2 = t/, a^==y 

at their points of intersection? 

6. The curve y = f{x) passes through the origin 0 and touches the 
x-axis at O. Show that the radius of curvature of the curve at 0 is given 

by p = lim — . 

x^o2y 

7. * K is & circle which touches a given curve at a point F and passes 
through a neighbouring point Q of the curve. Show that the limit of the 
circle X as § P is the circle of curvature of the curve at P. 

8. * P is the point of intersection of the two normals to a given curve 
at the neighbouring points P, Q of the curve. Show that, as ^ P, P 
tends to the centre of curvature of the curve for the point P. (The centre 
of curvature is the intersection of neighbouring normals.) 

9. * Show that the order of contact of a curve and its osculating circle 
is at least three at points where the radius of curvature is a maximum or 
minimum. 

10. Determine the maxima and minima of the function y = 

(See p. 336.) 

♦The necessary and sufficient condition given previously (p. 161), how- 
ever, is more general and more convenient in applications, namely: provided 
the first derivative f'(x) vanishes at only a finite nmnher of points, a necessary 
and sufficient condition for the occnrrence of a maximum or minimum at one 
of these points is that the firat derivative f'(x) changes sign as it passes through 
the point. 
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Appendix to Chapter VI 

1. Example of a Fcxctiox which caxxot be expanbeb 
IX A Taylor Series 

Tiie F-:YI:rT of expressing a function by means of a Taylor 
series vdth a remainder of the (/i — l)-th order depends essen- 
tially on the dinerentiability of the function at the point in ques- 
tion. For this reason the function logx cannot be represented 
by a Taylor series in powers of x, and the same is true of the 
rinction \/x, whose derivative is infinite at x = 0. 

In order that a function may be capable of being expanded 
in an mjiriife Taylor series, all its derivatives must necessarily 
exist at the point in question; this condition, however, is by no 
means sufficient. A function for -which aH the derivatives exist 
and are continuous throughout an interval still need not neces- 
sarily be capable of expansion in a Taylor series; that is, the 
remainder itjj in Taylor's theorem may fail to tend to zero as 
/i increases, no matter how small the interval in which we wish 
to expand the function. 

The simple5t example of this phenomenon is offered by the function 
?/ = f:'z’ = f-:.r x == 0, f(0) = 0, which we have already considered 

in zhe appendix to Chap. IH (p. 196). This function, with all its derivatives, 
is continuLJiiS in every interval, even at a; = 0, and we have seen that at 
triis point ail the derivatives vanish, i.e. that = 0 for every value 

of ?£. Hence in Ta^'IorT theorem ail the coefficients of the polynomials 
ef approiximatlGii vanish, no matter what value we choose for n. In other 
words, the remainder is and remains equal to the function itself, and 
therefore, except w'hen z = 0, does not approach 0 as n increases, since 
the function is positive for every non-zero value of x, 

2. Proof that e is Irrational 

From the formula 4- we immediately 

2! nl (TO-f 1)! 

deduce that the number e is irrational. For if the contrary is true, that 
is, if e = p g, where p and q are integers, we can certainly choose n 

larger than g. Then nle == nl? must be an integer. On the other hand, 

me = 2ji! -f- . -p -f — 1: — and since e® < e < 3, we must 

2! w! 71 -f 1 
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bare 0 < — ; — - < E 
n — I 


Hence the integer nle == the integer 2nl 


^ ^ ^ ^ I plus a non- vanishing proper fraction, which is impossible. 


2 


3. Peoof that the Binomial Seeies Coxveeges 


111 § 3 (p. 329) we postponed the estimation of the remainder 
in the expansion of f{x) = (l — xf for j a? | < 1. This 
estimation we shall carry out here. It is most convenient to 
separate the cases a; > 0 and x <0. 

Rot we have the expression 

= a(a - 1) . . . (a - «) f ^ . 

If X > 0, we write the remainder in Lagrange's form, 


RJx)= ■ a(a— ,0 ^ 


so that 


I Rn{x) 


a{a — 1) ... (a — n) i — xY 

in ~ O! 


Writing & = [| a j] -f- 1? where [1 a I] means the greatest integer 
which does not exceed I a j, we have 


I RrXx) 


, 6(6 -r 1 ) - > . (6 - n) 

2 ^ 1 . 2 ... {n-X) {n-Y2 ) . . . 

___ * . 


(6 - 1 )! 
9& 


{n + 


- (6 - 1 )! 

and since 6 is fixed, if 0 < a; < 1, this approaches 0 as 
increases. 

For the case —1 < a: < 0 we write the remainder in Cauchy’s 
form, 

(1 - «)““(“ - 1) 

SO that 

i 1 ^ I ^ I i ! (1 4- 

' ^ '*-(1 — ^|a;j)«' ' 1 b! .n ' 1 

(E79S) 23 
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Sii.ee 'x'<L the kisr factor eannot exceed a constant E, 
ir.fh-;. of h. Also {I — B) i {1 — 9 \ x\) C. 1. As before, 
writing h = i , a , j “■ 3, Vi’e have 

_ («-f 2)(?i-f 6} 

■ (h — 1). 

= ih — ij' 

ar^TTCiEcIies 0 as 7i increases. 

TI:;s in either ease wEen i a* ; < 1 tEe remainder tends to 
zvTij as n increases, Justifying tEe expansion in § 3 (p. 330). 


4. Zeros and Infinities of Functions and So-called 
Indeterminate Expressions 

TEe Taylor series for a function in tEe neigEbourEood of a 
jioiiit a* = a enables us to cEaraeterize tEe beEaviour of tEe 
functifjii in the neigEbourEood of this point in tEe following way. 
We say rnar a fimetion fix) at x = a Eas an exactly n-tu{ple zero 
or it vanishes there exactly to the order n, if f(a) =0, f’{a) = 0, 
f'ia, = 0, .... = 0, and =p 0. Here we assume 

rkiit in rue r^-iLrEbourEood of tEe point tEe function possesses 
continuous uerivatives to tEe /s-tE order at least. By our de- 
iinitioL t/e seek to indicate rEat tEe Taylor series for tEe function 
in the lieiuElourEood of tEe point can be written in the form 

fia~h)=^^F(h), 

n\ 


in wEicE as h 0 tEe factor F{h) tends to a limit different from 

0, namely, tEe value 

If a function 6ix) is defined at all points in tEe neigEbour- 
hood of a point x == a, except perEaps at a? == « itself, and if 

, /(3g) 

3(^y 


6{x) 


wiiere at tEe point a: — a tEe numerator does not vanisE, but 
tEe denominator possesses a v~tupie zero, we say tEat tEe func- 
tion 4ixi becomes infinite of the v-th order at t-Ee point x== a. 
If at tEe point x^a tEe numerator also possesses a p-tuple 
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zero and if jn > we saj tiat tie function ias a. (fi — F)-tup!e 
zero there; while if fj, dv we say that the function has a 
{v — jLt)-tuple infinity. 

All these definitions are in agreement with the conventions 
already laid down (cf. Chap. Ill, § 9, p. 194) regarding the be- 
haMour of a function. In order to make these relations precise, 
we expand numerator and denominator by Taylor’s theorem, 
using Lagrange’s form of the remainder; the function then has 
the form 


<f){a + A) = 


f{a -f- h) _ 4- 6Ji) 

g{a + Ji) p! 


in which d and are two numbers between 0 and 1 and the 
}t 

factors by which -- and — are multiplied do not tend to zer. 
jul v! 

as k does, since they approach the limits f^'(a} and p ' f<n 
respectively, which differ from zero. If g, > r, we then have 


iim (f){a + A) = liiii — = i). 

/2->o p'da) 


The expression (p(z) accordingly vanishes to the order fi — i\. 
If 3^ > ft, we see that the expression 6{a -j- h) becomes infinite 
of the order v — ft as A 0. If ft = p, we obtain the equation 

Um4>{a- h)=-^--^. 

h -^0 t \<^) 

We can express the content of the last equations in the fol- 
lowing way: if the numerator and denommator of a function 

fiz) . 

i{x) = --h_Z both vanish at a; = a, we can determine the limiting 

9{^) 

value as ic -> a by differentiating the numerator and denominaior 
an equal number of times until one at least of the derivatives is 
other than zero. If this happens for numerator and denominatur 
simultaneously, the limit which we are seeking is equal to the 
quotient of these two derivatives. If we encounter a non-vanish- 
ing derivative in the denominator earlier than in the numerator, 
the fraction tends to zero. If we encounter a non-vanishing 
derivative in the numerator earher than in the denominator, the 
absolute value of the fraction increases beyond ail bounds. 
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We tliiis have a rale for evaluating the so-called indeter- 
iiiiiaite exT^re^sir.!: o 0~a subject that; is discussed at exaggerated 
leaiftb in many Textbooks on the differential and inte^gral cal- 
etiiiis. In reality tlie point in question is merely the very simple 
determination of the limiting value of a quotient in which the 
nn narrator and the denominator tend to zero. The name 
■“ inaetenninare e^ipression ” usually found in the literature is 
im sleii'an'i a* ana vasrue. 

We can arrive at our results in a somewhat different way bv 
the proof on the generalized mean value theorem instead 
c.f on Tiyvior’s theorem (cf. p. 135). According to this, if 
= 0, we have 

/(g — k) —fja} _fia ±J^ 
g(a> — h) — gia) g\a -f Bh)" 

where B is the same in both numerator and denominator. 
Hence, in particular, when /(g) = 0 = gici), 

fig — k) ___ fig -A Bh) 
gig -- /i) gig -r Bh) 

Here ^ is a value in the interval 0 < ^ < 1, and if we put 

k = Bhy we obtain 

h c: g{a — n) a -> u g'(a -A k) 

it being assumed that the limit on the right exists. If 
/» = 0 = /(g), 


we can proceed in the same manner until we come to the first 
index for which it is no longer true that f^\a) = 0 = g^^\a). 
Then 


h-^og{a— h) 


= lim 

I —>• 0 


/“>(« 4- 1) 
g^\a + If 


in which we also include the case in which both sides have the 
limit infinity. 


* This metlic^ of deriving our rule ha^ the advantage that in it no use is 
made of the existence of the derivative at the point a; =“ a iiteelf: further, it 
includes the case in which ^x) is defined for x a only, so that the passage 
to the limit x^aorA->0is made from one side only. 
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As examples we consider 

sina; 1 — cosa; 

> » 

X X 

X -^0. We have 


tana? 


log(l -r x)* V (I ■ 


sin A' 


lim 

x—^O X 
- 1 


6' 


cosO , ] 

= 1; lim - 

1 x->0 

2e- 


} - 1 

sinO 


0 ; 


lim ■*■ = lim : 2; 

*-->0 log(l 4- a;) s-^o 1/(1 -f x) 

t&nx 2a; tana: -|- a^^/cos^a: 

lioa — = lim i 

a->o %/(! — a;-) — 1 »~>o — a:/v'(l — a;-) 


= —lim (2 tana? 4- — 5— ^V(l — a:®) = 0. 
x_- 5^0 \ cos-x/ 


We further note that other so-called indeterminate forms can also be 

reduced to the case we have considered; for example, the limit of — — - 

sinx X 

as a? -> 0, being the limit of the difference of two expressions which both 
become infinite, is an “indeterminate form” co — 00 . By the trans- 
formation 

1 1 X — sinx 

Stax xstnx 

we at once arrive at an expression whose limit as x 0 is determined by 
our rule to be 

1 — cosx sinx 


lim 


! lim 


*—>0 X COSX -j- sinx 2 cosx — x sinx 

Examples 


0 . 


Evaluate the limits in Ex. 1-12: 

T — a” 

1. lun 

X — >a X — <X 

•4. lim 

X— >0 a4 

24 — 12x2 -f. a:* — 24 cosx 


7. 

x_>.l \x- — 1 X — 1/ 

8. to(_A-iY 

x->o\sin-x ar/ 


3. lim ‘ 

X— >0 


(sinx)® 


9. lim 3- sinx. 
x_>0 




1 

1 

1 

1 

d 

x->o Sinx 

X "^0 

arc sinx 
lim - 

l‘L lim 

x-->0 X 

X — >0 

tanSx 
lim . 

12. lim 

X — >-7r/2 tanx 

x~>0 

Prove that the function y = 

y(0) = : 


log(l 4- 
X tanx 



CHAPTER VH 


Xumerical Methods 

Freluhsary Ee^larks 

Anvone who lias to use analysis as an instrument for 
!!lvt^^tdi^ating physical or tecknical phenomena is faced by the 
(■question whether and how the theory can be adapted to yield 
useful practical methods for actual numerical calculations. Yet 
even from the point of \iew of the theorist, who desires only 
to recognize the connexions between natural phenomena, not 
to conquer them, these questions are of no trifling interest. 
For a systemaiic treatment of numerical methods we refer the 
reader to special textbooks on the subject.* Here we can only 
discuss some particularly important points which are more or 
less closely connected with the preceding ideas. We wish to 
direct special attention to the fundamental fact that the mean- 
ing of an approximate calculation is not precise unless it is 
•suppieinented by an estimate of the errors occurring, i.e. unless 
it is accompanied by definite knowledge of the degree of 
nce:iraey attained. 

1. Numerical Ixtegratiox 

We have seen that even relatively simple functions cannot 
be integrated in terms of elementary functions and that it is 
futile to make this unattainable goal the aim of the integral 
calculus. On the other hand, the definite integral of a continuous 
function does exist and this fact raises the problem of 
finding methods for calculating it numerically. Here we shall 
discuss the simplest and most obvious of these methods with 

* Cf. e.g. Wiuttaker and Robinson, The Calculus of Observations (Biackie fc 
"Son, Ltd., 1929). 
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the aid of geometrical intuition, and we shall then consider the 
estimation of errors. 

Our object is to calculate the integral I =J f(x)dx, where 

•a is less than b. We ima,gine the interval of integration divided 
into n equal parts of length h=z {h — and we denote the 
points of subdivision by Xq — a, x^ — a -- h ••• i 
the values of the fmiction at the points of division by fg, /|, 
and similarly the values of the function at the mid- 
points of the intervals by /s 2? • • • 5 f(:2n-i) 2- interpret 

our integral as an area and cut up the region under the curve 
into strips of breadth h in the usual manner. We must now 
•obtain an approximation for each such strip of surface, that- is, 
for the integral 

“ h 

t = j f(x)dx. 

1. The Rectangle Rule. 

The crudest and most obvious method of approximating to I 
is directly connected with the definition of integral; we replace 
the area of the strip by the rectangle of area JJi and obtain 
for the integral 1 the approximate expression * 

1 ^ Hfo e/i e • . - 

2. The Trapezoid and Tangent Formulae. 

We obtain a closer approximation with no greater trccuble if we 
replace the area of the strip not by the above rectangular area, 

but by the trapezoid of area ^ (/^ -f shown in ng. 1. For 

the whole integral this gives the approximate expression 

I ^ Hh +jz+--- - *(/o -/a 

(the trapezoid formula), since, when the areas of the trapezoids 
are added, each value of the function except the first and the 
last occurs twice. 


Here and hereafter the symbol means “ is approximately equal to 
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As a mle the approximation becomes even better if instead 
of choosing the trapezoid under the chord AB as an approxi- 
mation to the area of I ve choose the trapezoid under the tan- 
gent to the curve at the point with the abscissa x= 

The area of this trapezoid is simplv and the approxi- 

mation for the entire integral is 


1 ^ if 112 ~rfz!-2 V • • • 4 " /(2«~1)/2)3 

which is called the tangent for miila. 
i/A 

I 



3. Simpson’s Rule. 

By means of Simpson’s rule we arrive, with very little more 
trouble, at a numerical result which is generally much more 
exact. This rule depends on estimating the area of 

the double strip between the abscissae x = x^, and a: = -f- 2^ 

= by considering the upper boundary to be no longer a 
straight line but a parabola; to be specific, that parabola which 
passes through the three points of the curve with abscissse 
+ h and = x^. -f- 2A (cf. fig. 2). The equation 
of this parabola is 


y =fy + (a: — 

, (x x ,,) {x a;, . h) +/. 

2 ~h^ 
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(The student may verify by direct substitution that for the 
three values of x in question this equation gives the proper values 
of y, namely, /„, /,+i, and respectively.) If we integrate 
this polynomial of the second degree between the limits and 
+ 2A, we obtain, after a brief calculation, the following ex- 
pression for the area under the parabola: 

* = 2V, + -r.)+^ (^*- 24 ) (/.+,- 2/.«+/J 

= ^(/,+V,+I + /. + !)- 


Vi 



0 ^V+t ^V+2 

Fig. 2. — Simpson’s rule 


This represents the required approximation to the area of our 
strip, 1, 4- /.+!• 

If we now assume that n = 2m, i.e. that n is an even number, 
by the addition of the areas of such strips we obtain Simpson’s 
rule: 

^ ^ ifl +/3 + + • • •fim-l) 

+ y (fi “H /4 + • • • ■f/2m-2) "T g (/o "T fim)' 
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4. Examples. 

We now apply these methods to the calculation of logg2 == . If 

Jl X 

we divide the integral from 1 to 2 into ten equal parts, h will be equal 
to and by the trapezoid formula we obtain 


= M 

/i = 0-90909 

Xg = 1-2 

/a = 0-83333 

X 3 = 1*3 

/3 = 0-76923 

X4= 1-4 

fi = 0-71429 

X5= 1-5 

/a = 0-66667 

Xg = 1-6 

/e = 0-62500 

X7= 1-7 

/, = 0-58824 

x^— TS 

/s = 0-55556 

Xg = 1-9 

/g = 0-52632 


Sum 6-18773 

Xq = 1-0 

i/o = 0-5 

Xio = 2-0 

ifio — 0-25 


6-93773 X yV 


log^2 0-69377 

This value, as w-as to be expected, is too large, since the curve has its 
convex side turned towards the a;-axis. 

By the tangent rule, we have 

Xq -f = 1-05 

Xj -f = 1-15 

X 2 - 7 - ^h= 1-25 
X 3 - 7 - = 1-35 

~ '2 ^ 1 *4o 

X .5 - 7 - = I'OO 

^(5 ~ ih — 1-65 

-T- — 1*75 

Xy -p = 1*85 

Xg -f" == 1*95 


= 0-95238 
/s/o == 0-86957 

/a/2 -= 0-80000 

/7/2 = 0-74074 
= 0-68966 
== 0-64516 
= 0-60606 
/ 15/2 == 0-57143 
/ 17/2 = 0-54054 
/ig/3 - 0-51282 


6-92836 X 


logg2 0-69284 


Owing to the convexity of the curve, this value is too small. 



VII] NUMERICAL INTEGRATION 347 

For tlie same set of subdivisions we obtain the most exact result by 
means of Simpson’s rule. We have 


Xi = 1*1 

A = 0-90909 

^3 = 1-3 

A = 0-76923 

= 1*5 

A = 0-66667 

X-; — 1'7 

A = 0-58824 

= 1-9 

A = 0-52632 


Sum 3-45955 x 4 


13-83820 


ajg = 1-2 /a = 0-83333 

1-4 f^= 0-71429 

Xq = 1-6 /g = 0-62500 

0:3 ~ 1-8 /s = 0*55556 


Sum 2-72818 x 2 


5-45636 

13-83820 

Xq = 1-0 /o ” I*^ 

2-0 Ao - 0-5 


20-79456 X 3 ^ 


As a matter of fact 


log^2 0-69315 


log, 2 == 0-693147 . . . 


5. Estimation of the Error. 

It is easy to give an estimate of the error in each of our 
methods of integration if the derivatives of the function f(x) 
are known throughout the interval of integration. We take 
i¥i, ¥ 2 , ... as the upper bounds of the absolute values of the 
first, second, . . . derivatives, respectively; that is, we assume 
that throughout the interval (x) | < Then the estimation 
formulae are as follows: 

For the rectangle rule 

For the tangent rule 

or <^{b-a)hK 

For the trapezoid rule 

i.-liL+L+i) 

For Simpson’s rule 

ly + - {fy + 4/^+1 +/v+2) < 
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Trom tEe last two estimates there also follow estimates for 
the entire integral I. We see that Simpson’s rule has an error 
of much higher order in the small quantity h than the other 
rules, so that where ikf,, is not too large it is very advantageous 
for practical calculations. To avoid wearying the reader with the 
details of the proofs of these estimates, which are fundamentally 
quite simple, we shall content ourselves with the proof' for 
the tangent formula. Tor this purpose we expand the function 
}\x) in the {v + l)-th strip by Taylor’s theorem: 

/(«) = /v+i+ (a: - ^ + ^ )' f'ii), 

where ^ is a certain intermediate value in the strip. If we 
integrate the right-hand side over the interval 
the integral of the middle term is zero. Since 



as is easily verified, it follows immediately that 

7,3 

f f{x)dx-hf,^^ 

which proves our assertion. 


Examples 

t: 1 

1. From the formula - = / dx, calculate 7 ? 

4 Jo 1 -f 

[a] using the trapezoid formula with h = 0*1; 

(b) using Simpson’s rule with h = 0*1, 

J r® 

f numerically to within (cf. p. 496), 

0 

ri 1 

3, Calculate / --==^ numerically with an error less than 0*1. 
Jo Vl 
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2. Applications of the Mean Value Theorem and op 
Taylor’s Theorem. The Calculus of Errors 

1. The “ Calculus of Errors 

AYe now come to quite a diEerent type of numerical calcu- 
lations. These are applications of the mean value theorem, or 
more generally of Taylor’s theorem with remainder, or finally 
of the infinite Taylor series. As an application which, though 
simple, is quite important in practice we shall consider the cal- 
culus of errors. This rests upon the idea — which lies at the root 
of the whole of the difierential calculus — that a function f(x) 
which is difierentiahle a sufficient number of times can be re- 
presented in the neighbourhood of a point by a linear function 
with an error of order less than the first, by a quadratic func- 
tion with an error of order less than the second, and so on. Let 
us consider the linear approximation to a function y = f{x). 
If y = f{x h), by Taylor’s theorem we 
have 

A2/= lifix) + |/"(|), 

where | = a? -f- (0 < d < 1) is an intermediate value, which 

need not be more precisely known. If h= Ax is small 
we obtain as a practical approximation 

Ay hf'ips). 

In other words, we replace the difierence quotient by the deri- 
vative to which it is approximately equal and the increment of 
y by the approximately equal linear expression in h. 

We use this fairly obvious fact for practical purposes in the 
following way. Suppose two physical quantities x and y are 
connected by the relation ^ =/(ic). The question then arises, 
what efiect an inaccmacy in the measurement of x has on the 
determination of y. If instead of the true ” value x we happen 
to use the inaccurate value a? -f A, then the corresponding 
value of y difiers from the true value y=f{^) by the amount Ay = 
J{x + h) — f{x). The error is therefore given approximately 
hy the above relation. 
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We shall iiiiderstand the use of these relations better if we con- 
sider a few examples. 

Ex, 1. The tangent galvanometer. In determining current by a tangent 
galvanometer we use the formula y — c tan a, where a is the angle of 
deflection of the magnetic needle, c is the constant of the apparatus,, 
and y — I Iq the intensity of the current. Then 

dy ^ c 

doL cos^ a 

and therefore A^/ ^ Acc. The percentage error in the measurement 
is given by cos- a 

lOOAy^ lOOcAa _ 200 
y c cos- a tan oc sin 2a 

From this we see that the accuracy reaches the greatest possible value, 
i.e. to a given error in the measurement of the angle there corresponds 


B, 



the least possible error in the determination of the current, when the 
angle a is equal to r/4 or 45°. 

In particular, let us suppose that it is possible to read the tangent gal- 
vanometer to within half a degree; then | Aa | in radians < J X 0*01745 . . . ^ 


and the percentage error will be If the reading on the galvano- 

sin 2a 


meter is 30° 


sin2a = V3 = 
1*745 


■ I X 1*73205 . . . , and the percentage 


error is less than 2 X , which is about 2 per cent. 

1*732 ^ 


Ex. 2. In a triangle ABO (ef. fig. 3) we suppose that the sides h and c 
are measured accurately, while the angle cc= x can only be measured 
with an error 1 Ax | < 3. Within what limit of error does the value 
y ^ a = v'(6- -4- — 2bc cos a) vary? 


We have 


Aa 


i be sin a Aa; 
a 


+ • 2 .x. X lOOAa 1006c . .. . 7.1 

the percentage error is therefore sin a Aa.. If we take th© 
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special case where h = 400 metres, c = 500 metres, and a = 60®, then 
by the cosine formula y = 458-2576 metres, and 

^ 200000 1 

458-2576 ^ 2 ''^3Aa. 

If Aoc can be measured to within ten seconds of arc, that is, if 
Aa = 10" = 4848 X 10~® radians, 
we find that at worst 

Aa ^ 1-83 cm.; 


that is, the error is at most about 0-004 per cent. 

Ex. 3. The following illustrates a type of application of the above 
methods by which we can often save ourselves considerable trouble in 
physical problems. 

It is known experimentally that if an iron rod has the length Iq at 
temperature 0, then at temperature t its length will be 2 == /q( 1 -p ai), 
where a depends only on the material of which the rod is made. If now 
a pendulum clock keeps correct time at temperature how many 
seconds will it lose per day if the temperature rises to ^ 2 * 

Ror the period of oscillation we have the formula 

T (Z) — 27z ^ whence ~ 

V ?7 dl Vlg 


Hence if the change of length is AZ the corresponding change in the 
period of oscillation is 


AT 


Tc AZ 
VlJ 


where Zj = Zo(l + aZj) and AZ = This is the time lost per 

oscillation. The time lost per second is AT/T All2l^; hence in one day 
the clock loses 43200 AZ/Z^ seconds. 

Here the application of our methods has saved us a number of multi-. 
plications and two extractions of the square root. In the longer direct 
process, moreover, we should finally have to subtract T(Zi) from the almost 
equal value T{l 2 )> and a very small error in calculation would cause a rela- 
tively large percentage error in the result.* 

In this case, and in most cases where the function under consideration; 
has several factors or fractional indices, we can reduce the calculation, 
even more by taking the logarithms of both sides before differentiating, 
In the present example we have 

logT = log2Tc — i logg^ + \ logZ; 


by differentiating, we have 


dll 



* It is a point of this nature that makes the calculations of applied optics. 
BO extremely laborious. 
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dT AT 

If we replace — by — this gives 
dl Al 

~T~W 

in agreement with the preceding result. 

2. Evaluation of it. 

Gregory’s series,^ .. which wo 

4 3 0 7 

obtained in Chap. VI, § 1 (p. 319) using the series for the inverse 
tangent, is not suitable for the calculation of tt, on account of 
the slowness of its convergence. We may, however, calculate 
TT with comparative ease by the following artifice. From the 
addition theorem for the tangent, 

tana + tan^ 


tan (a -[- jS) = 


■ tan d tan jS’ 


if we change to the inverse functions a — arc tant^, ^ = arc tani;, 
we obtain the formula 


arc tan t^ -f- arc tan y = arc tan 


/ u~\-v \ 
\1 — uv/' 


If we now choose ii and v in such a way that . = 1, we 

_ 1 ■ uv 

obtain the value ^ on the right-hand side, and if u and v are 

ismall numbers we can easily calculate the left-hand side by 

means of known series. If, for example, we put w = -, v = 

2 3 

-as Euler did, we obtain 

7T 4 . ^ \ 4-1 

— = arc tan - + arc tan 
4 2 3 


If we further notice that (- 


\3^7/ ■ \ 21/ 2’ 


we have 


arc tan ^ = arc tan ^ -f- arc tan so that 


77 1 1 

~ = 2 arc tan - -U arc tan - . 

4 3 7 


iUsing this .formula Vega calculated the number tt to 140 places. 


^ Sometimes called Leibnitz’s series. 
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By means of the equation ( - + - ) -r- ( 1 — ? 

^ \5^8/ \ 40/ r 


furtlier obtain 


arc tan - = arc tan - + arc tan - 
3 5 8 


L = 2 arc tan - + arc tan -4-2 arc tan 
4 5 7 8 

This expansion is extremely useful for the calculation of 

/y 3 

7 T by means of the series arc tanx = x — ~ ^ !-•••; for 

3 o 

11 1 

if we substitute for x the value or - we obtain with but 

few terms a high degree of accuracy, since the terms diminish 
rapidly. We can, however, perform the calculation even more 
conveniently if we base it on the formula 


77 ^ 120 

_ = arc tan — - • 
4 119 


arc tan - 


4 arc tan - 


arc tan - 


obtained by considerations similar to those above. 

3. Calculation of Logarithms. 

For the numerical calculation of logarithms we transform 
the logarithmic series ^ log ^ = 

where 0 < a? < 1 by the substitution 

1 + ^ 1 
1 — £C 2^2—1 


X 




'into the series 


log_p = log — 1) + ^ log ( 7 ? + 1) 


3(2p2_ 1)3 ‘ ’ 

where — 1 > 1, that is, >1. If ^ is an integer and 4- 1 
can be resolved into smaller integral factors, this last series 
expresses the logarithm of p by the logarithms of smaller integers 

( E 798 ) 24 
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plus a series wEose terms diminish very rapidly and whose sum 
can therefore be calculated accurately enough by use of only 
a few terms. From this series we can therefore calculate 
successively the logarithms of any prime number, and hence 
of any number, provided we have already calculated the value 
of log 2. 

The accuracy of this determination of log^ can be estimated 
more easily by means of the geometric series than from the 
general formula for the remainder. For the remainder of 
the series, i.e. the sum of all the terms following the term 


1 


n{2p^ - 


— , we have 


^n< 


{n - -2)(2j 32_1)«+2 y + (2_p2_i)'2 ■ 
1 1 
■(w+2) (2592- l)"'(2^j2_ 1)2 


'*'( 21 ) 2 - 1 ) 4 "^ 

VI’ 



and this formula immediately gives the required estimate of the 
error. 


Let us for example calculate log ^ 7, using the first four terms of the 
series. We have 

7, 2p2 _ 1 = 97, 

1 


lo^7 : 


■ 2 log2 ■ 


— log 3 " 7 “ — 4” 

2 97 3.973 


-i 0-01030928, — ^ 0-00000037, 

97 3.972 

2 log2 1-38629436, pog3 0-54930614; 

hence 

log, 7 1-94591015. 


Estimation of the en'or gives 


^ 0.97^ ^ 97= — 1 ^ 36 X 10»' 

We must, however, note that each of the four numbers which we have added 
is only given to within an error of 5 X lO”®, so that the last place in the 
value of log 7 given above might be wrong by 2. As a matter of fact,, 
however, the last place is right also. 
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Exajviples 

1. To measure the height of a hill, a tower 100 metres high on top of 
the hill is observed from the plain. The angle of elevation of the base of 
the tower is 42° and the tower itself subtends an angle of 6°. What are 
the limits of error in the determination of the height if the angle 42° ia 
subject to an error of 1°? 

2. Calculate logg2 to three decimal places by means of an expansion 
in series. 

3. Calculate logg 5 to six decimal places, using the values of log^ 2 and 
loggS given in the text. 

4. Calculate tc to five decimal places, using any one of the formulae in 
sub-section 2 (pp. 352-3). 


3. Numerical Solution of Equations 

In conclusion we shall add some remarks about the numerical 
solution of the equation /(a;) = 0, where /(cc) need not necessarilv 
be a polynomial.*^ Every such numerical method is based on 
the plan of starting with some known approximation Xq of one 
of the roots and then improving this approximation. "Whence 
this first approximation for the desired root of the equation is 
found, and how good the approximation is, do not particularly 
matter. W^e may perhaps take a rough guess as a first approxi- 
mation, or better, obtain it from the graph of the function 
y = f{x)^ whose intersection with the ir-axis gives the required 
root (of course with an error depending on the scale and the 
accuracy of the drawing). 

1. Newton’s Method. 

The following procedure which comes down to us from New- 
ton is based on the fundamental principle of the dihereiitial 
calculus — ^the replacing of a curve by a straight line, the tangent, 
in the immediate neighbourhood of the point of contact. If we 
have an approximate value Xq for a root of the equation /(cc) = 0, 
we consider the point on the graph of the function y = f{x) 
whose co-ordinates are x~ Xq, y =/(iCo)- What we wish to find 
is the intersection of the curve with the x-sbxis; as an approxi- 
mation to this we find the point where the tangent at the point 

*Here, of course, we are only concerned with, the determination of real 
roots of f{x) — 0. 
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x — oCq, y=f{(^o) intersects the a?-axis. The abscissa of this 
intersection of the tangent with the a;-axis will then represent 
a new and, under certain circumstances, a better approximation 
than Xq to the required root of the equation. 

In virtue of the geometrical 
meaning of the derivative, fig. 4 
at once gives 

From this we obtain the formula 
for the calculation of the new 
approximation 

/(»o) 



Fig. 4. — Newton’s method of 
approximation 




f'(^o 


If by this procedure we have found an approximation better 
than Xq, then we repeat the process to find ajg, and so on, and 
if the curve is of the form shown in fig. 3 these approximations 
will approach more and more nearly to the required solution. 



The usefulness of this process depends essentially on the 
nature of the curve y==f{x). In fig. 4 we see that the successive 
-estimates converge with greater and greater accuracy to the 
required root. This is due to the fact that the curve has its convex 
side turned towards the a;-axis. But in fig. 5 we see that if we 
choose the original value Xq badly, our construction does not 
lead to the required root at all. From this we see that in using 
Isewton’s method we must examine each individual case to 
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determine with what degree of accuracy we have really solved 
the equation. We shall return to this subject on p. 359. 


2. The Rule of False Position. 

Newton’s method, in which the tangent to the curve plays 
a decisive part, is only the limiting case of an older method, 
known as the rule of false position, in which the secant appears 
in place of the tangent. Let us 
assume that we know two points 
(Xq, ^ 0 ) ^ neigh- 

bourhood of the required intersec- 
tion with the ir-axis. If we replace 
the curve by the secant joining 
these two points the intersection 
of this secant with the cc-axis will 
in certain circumstances be an 
improved approximation to the 
required root of the equation. 

If the abscissa of this point is denoted by we have (fig. 6) 
the equation 

/(»o) /K) ’ 



Fig. 6. — The rule of false position 


and from tHs we calculate 


or 




^0/(^1) — «d/(^o) 

/(»i) — /K) 

/(®i)— /(®o) 
fi—x - /(*o) 

“ —f{^o)}/(^ — a=o)' 


This formula, which determines the further approximation ^ 
from Xq and X;^, is called the rule of false 'position. We can use it 
with advantage if one value of the function is positive and the 
other negative, say as in fig. 6, where yQ'>0 and 2/1 < 
tition of t his process will always lead us to the required result 
if at each step we use a positive and a negative value of the 
function, between which, the required root must necessarily lie. 
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The above formula of Newton results from the rule of false 
position as a limiting case if we let % ^O’ 

denominator of the second term on the right-hand side of the 
statement of the rule of false position tends to as % 

tends to Xq. 

3. The Method of Iteration. 

Another means of approximation to the roots of an equation 
f{x) = 0 is the method of iteration. Here we put (f> (x) = f{x) -f x 
and write our equation in the form x = 4^{x). We then suppose 
that i is the true value of a solution of our equation, and Xq 
a first approximation. We obtain a second approximation 
by putting x^ = (f>{Xf^, a third approximation ccg by putting 
^2 = <fec. To investigate the convergence of these approxi- 
mations, we apply the mean value theorem; recalling that 
i — </>{ f ), we have 

i — <^{i) — <^>{Xf,) = a — x^) 4>'(i) 
where ^ lies between ^ and x^. This shows that if for 
\ ^ — x \ < \ i — x^\ 

the derivative (l>'{x) is less in absolute value than ^ < 1, then 
the successive approximations converge, for 

I ^ — iCi I < ^ I I — a-o |, \ ^ — x .2 \ <k^ \ i — Xo\, . . . , 

I ? — «n| <*"| f — aJoi, 

and the errors therefore tend to zero. The smaller the absolute 
value of the derivative (f>'{x) near the more rapid is the con- 
vergence. 

If (l>\x) > 1 in the neighbourhood of ^ the approximations 
no longer tend to We can then use the inverse function or 
else the following device. We choose a first approximation Xq, 
calculate A=f'{xQ}, and write 

^(x) = —Lf(x) + X. 

Then the equation f{x)~0 can be written x= (j>{x)^ and here 

== i /'(a?) + 1, which has the value 0 at x — Xq and 

hence will usually he less in absolute value than a constant 
* < 1 if ! |— a:| < 1 I — »ol- 
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Eetuxiiing to Newton’s method, we can now investigate its suit- 
ability for application at any given point. The equation/(£c) = 0 is 

f(x) 

equivalent to x ^ x — provided that f'{x) 4 = 0. 

Applying the method of iteration to this last equation, from a 


first approximation x^ we obtain a second, = Xq~ 


fi^oY 


m 


other words, the same second approximation as Newton’s method 
gives when applied to the equation f{x) = 0. We thus see that 
the smaller the value of 


<l>'{x) = 




the more rapidly do the successive approximations converge. 
In words, Newton’s formula converges rapidly for large values 
of f'{xQ) and small values of /(a?o) ^nd the curvature, as intui- 
tion would lead us to suspect. 

We can also obtain an estimate of the accuracy of Newton’s 
method, if we recall that, since /(^) = 0, the derivative = 0. 
Applying Taylor’s theorem, we have 

I - = Mi) - rd), 


where i lies between | and Xq. Thus, if the error of the original 
estimate is small, the method converges much more rapidly than 
the method of iteration applied directly to f{x) = 0. 

For example, if 


^ ^ ^ {7W 


(a) 


is everywhere less than 10, then a first approximation which is 
in error by less than -001 will jdeld a second approximation 
with an error of less than (-001)^ X 10 ^ 2 = *000005. 


4. Examples. 

As an example we consider the equation 

f{x) = ~ 2x — o = 0. 

For Xq = 2, we have /(ito) = — 1, while for Xj — 2*1 we have f(xj) — 0*061. 
By Newton’s method, 

x, = a:, — 2-1 — _2:25i — = 2-1 — -005431 = 2-094569. 

" ricc,) 3(2-l)2_2 
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To estimato the error we find from the expression (a) above that 
is about 1 and certainl3^ less than 2 near x ~ 2. Moreover, the error of 
our first approximation is certainly less than 1/160, for the secant joining 
the points x= 2,2/= —1 and x— 2*1, y— -061 cuts the rr-axis at a 
distance less than 1/160 from x— 2*1, and the curve, lying under the 
secant, cuts it even nearer 2*1. So the error of our second approximation 
is less than 

19 T 

_ . = — L- < -00004. 

2 (160)2 25,600 

If this degree of accuracy is not sufficient, we can repeat the process, 
calculating /(ara) and for ajg = 2*094569, and obtain a third approxi- 
mation with an error less than — < *000000002. 

" ( 25 . 600 )^ 

As a second example, let us solve the equation f{x) = x logjQ.T — 2 = 0.- 
We have /(3) = —0*6 and f(4) = -{-0*4, and therefore use ^t’o = 3*5 as a 
first approximation. Then by using ten-figure logarithmic tables we 
obtain the successive approximations 

3*5 
3*598 
3*5972849 
3*5972850235. 

Examples 

1. Using Newton’s method, find the positive root of a;® -f- 6.r — 8 = 0 
to four decimal places. 

2. Find to four places the root of a;= tana; between tt and 27 u. Prove 
that the result is accurate to four places. 

3. Using Newton’s method, find the value of x for which 

Jf) 1 2 

4. Find the roots of the equation 07= 2 aino; to two places. 

5. Determine the positive roots of the equation x^ — x-~ 0*2 = O' 
by the method of iteration. 

6. Determine the least positive root of x^ — 3a;^ -|- lOx — 10 = 0 by 
the method of iteration. 

7. Find the roots of — 7x^ -{- 60; -f 20 = 0 to four decimal places. 

* Another way of estimating the error, without reference to the secant, is 
as follows: if we estimate that the error is less than 1/20, the error of our second 
approximation is less than 1/20- == *0025. Hence the root differs from 2*1 by 
less than (2*1 — 2*0945) -f *0025 = *008. Therefore the error was not merely 
less than 1/20, hut less than *008, so that ajo is in error hv less than (*008)^ 
•000064. 
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Appendix to Chapter VII 

Stirling’s Formula 


In very many applications, especially in statistics and in tke 
tFeory of probability, we find it necessary to have a simple 
approximation to nl as an elementary function of n. Sncii an 
expression is given by tke following theorem, which bears the 
name of its discoverer Stirling: 


As n-^ ^ 


n\ 




more exactly, 


In other words, the expressions n\ and difier 

only by a small percentage when the value of n is large — as we 
say, the two expressions are asymptotically equal — and at the 
same time the factor 1+1 /4n gives us an estimate of the degree 
of accuracy of the approximation. 

We are led to this remarkable formula if we attempt to 
evaluate the area under the curve y = logo:. By integration 
(p. 220) we find that A^, the exact area under this curve 
between the ordinates x — I and a; = is given by 


'y/27Tn^'^^ e ^ <,n\ <C A/27m”^^e ”^1 + 


L 


n 


logxdx == X logs? — X 


= n \ogn —9^+1. 


If, however, we estimate the area by the trapezoid rule, erecting 
ordinates at cc = 1, a; = 2, . . . , a; = yt as in fig. 7, we obtain 
Tn, an approximate value for the area: 

r„ = log2 + logs + . . . + log(ra — 1) + ^ logw 
= log9^! — i logn. 

If we make the reasonable assumption that and Tn are 
of the same order of magnitude, we find at once that n\ and 
are of the same order of magnitude, which is essentially 
what is stated in Stirling’s formula. 
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To make this argument precise, we first show that the difference 
Un = An — Tn is bounded, from which it will immediately follow 

that Tn = An is of the same order of magnitude as 



The difference a;:+i — a^. is the difference between the area imder 
the curve and the area under the secant in the strip h^x-^h 1. 

Since the curve is concave down- 
ward and lies above the secant, 
— is positive, and = 



K- 


1 ) + {<^n~ 


x = h- 


^n-2) “T- • • “f* 
(^2 — %) + is monotonic in- 
creasing. Moreover, the difference 
— «/. is clearly less (cf. fig. 
8) than the difference between 
the area under the tangent at 
and the area under the secant; hence we have 


the inequality 




«7; < 


i.g(i+‘) 


log*— -log(^+ 1) 






1 + 


2 * 

I 




) 
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If we add these inequalities for Z: = 1, 2, . . . , n — 1, all the 
terms on the right except two will cancel out, and (since = 0), 


we have 


“»<2 *^^ 2 ' 



Hence is bounded, and being monotonic increasing it 
tends to a limit a as n — > oo. Our inequality for now 

gives us 


a — 


CO 

CLn~^ (% + l 

k — n 


-a.)<^log(l + ^l). 


Since by definition we now have 


log^^! = 1 — + 



lOgn — Tty 


•or, writing 

n\ = 


'The sequence a« is monotonic decreasing and tends to the limit 
a = hence 

1 < 2 :!? = < e^ iog(i+i/2n) ^ //l -n Jl\ < 1 -f- ii. 

a V \ 

Hence we have 

Qjyin-^l^-n <; ^| < ^14-—^. 

It only remains for us to find the actual value of the limit a. 
Here we make use of the formula proved in Chap. IV, § 4 (p. 225): 


= 


ii„ 

00 (2n)\ v'n 


Replacing n\ by and (29^)! by 

we immediately obtain 

.. 2 ..2 

y/7T = lim 

K~>ooCt2nV" CL'S/"! 

whence a == The proof of Stirling’s formula is thus com- 

pleted. 
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In addition to its theoretical interest, Stirling’s forniiila is a 
very useful tool for the numerical calculation of n\ when n is 
large. Instead of multipljdng together a large number of 
integers, we have merely to calculate Stirling’s expression 
by means of logarithms, which involves far fewer operations. 
Thus for ?^== 10 we obtain the value 3598696 for Stirling’s 
expression (using seven-figure tables), while the exact value of 
101 is 3628800. The percentage error is barely | per cent. 

Exajviple 

Prove that lim . 



CHAPTER VIII 


Infinite Series and Other Limiting 
Processes 

Preliminary Remarks 

The geometric series, Taylor’s series, and a number of special 
examples which we have already met in this book suggest that 
we may well study those limiting processes which are called the 
summation of infinite series from a rather more general point of 
view. From its nature any limiting value 

/S= lim s„ 

n— >00 

can be written as an infinite series; for if n takes the values 
1, 2, 3, , we need only put a„ = s„ — Sn-i for n>\ and 

Oi — $1 to obtain 

+ «2 + • • • “T 

and the value S thus appears as the limit of s„, the sum of n 
terms as n increases. We express this fact by saying that S is 
the “ sum of the infinite series ” 

% + "k ®3 T • • • 

Thus an infinite series is simply a way of representing a 
limit where each successive approximation is found from the 
preceding by adding one more term. The expression of a number 
as a decimal is in principle merely the representation of a number 
« in the form of an infinite series a = -f «2 "h % + ■ • - » 
where, if 0 ^ u ^ 1, the term a„ is put equal to a„ X 10~" and 
a„ is a whole number between 0 and 9 inclusive. Since every 
limiting value can be written iu the form of an infinite series, it 
may seem that a special study of series is superfluous. But in 
many cases it happens that limiting values occur naturally in 

36S 
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the form of infinite series, whicli often exhibit particularly simple 
laws of formation. Of course it is not true that every series has 
an easily recognizable law of formation. For example, the number 
7T can certainly be represented as a decimal, yet we know no 
simple law enabling us to state the value of an arbitrary digit, 
say the 7000th, of this decimal. If, however, we set aside the 
representation of 77 by a decimal and consider Gregory’s series 
instead, we have an expression with a perfectly clear general 
law of formation. 

Analogous to infinite series, in which the approximations to 
the limit are found by repeated addition of new terms, are 
infinite products, in which the approximations to the limit 
arise from repeated multiplication by new factors. We shall 
not go deeply into the theory of infinite products, however; the 
principal subject of this chapter and of the following chapter 
will be infinite series. 

1. The Concepts of Coitveegence and Divergence 
1. The Fundamental Ideas. 

We consider an infinite series whose ‘‘ general term ” we 
denote * by the series is then of the form 

00 

(2^ ~f“ ^2 ~T” • • • 2 

The symbol on the right with the summation sign is merely an 
abbreviated way of writing the expression on the left. 

If as n increases the n-th partial sum 

n 

= % + «2 +••• + «« = S 
approaches a limit 

S — iim 


we say that the series is convergent, otherwise we say that it is 
divergent. In the first case we call S the su77i of the series. 

We have already met with many examples of convergent 


* For formal reasons we include the possibility that certain of the numbers 
(Ct« may be zero. If all the a„’s from a number N onward (i.e. when n> N) vanish, 
we speak of a terminating series. 
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series; for instance, the geometric series 1 + ^ + + • • . ? 

which converges to the sum 1/(1 — q) when \q \ <1, Gregory’s 
series, the series for log 2, the series for e, and others. In the 
language of infinite series, Cauchy’s convergence test (cf. Chap. I, 
§ 6, p. 40) is expressed as follows: 

A necessary and sufficient condition for the convergence of a 
series is that the number 

=1 a^+-^ -f“ a„4.2 + • • • + i 

becomes arbitrarily small if m and n are chosen sufficiently large 
(m > n). In other words: A series converges if, and only if, the 
following condition is fulfilled: if a positive number e is given, 
no matter how small, it is fossible to choose an index N = N(€), 
which in general increases beyond all bounds as € -> 0, in such a 
way that the above expression is less than e, provided 

only that m > N and n > N. 


We can make the meaiimg of the convergence test clearer by consider- 
ing the geometric series where O' = §. If we choose e = jq, we need only 
take W = 4. For 




4“ 


- L f 

2n-l \' 


■2 2 -^ 


. . + 


^rn-nj 



2n— 1 


and 


2^1 


< _L if > 4. 
10 


If we choose s equal to it is sufficient to take 7 as the corresponding 
value of N, as may easily be verified. 


Obviously it is a necessary condition for the convergence of a 
aeries that 


lim = 0. 


Otherwise the convergence criterion certainly cannot be fulfilled. 
But this necessary condition is by no means sufficient for con- 
vergence; on the contrary, it is easy to find infinite series whose 
general term a^ approaches 0 as increases, but whose sum does 
not exist, as the partial sum increases without limit as n 
increases. 
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An example of this is the series 

1 , 1 , 1 , 


V n 


the general term of -which is We immediately see that 

V n 

I . .1 

^ -p— “h • • • + —7— = —7— — V 71. 

Vn ' V n V n 

The 77-th partial sum increases beyond all bounds as. n increases, and 
therefore the series diverges. 

The same is true for the classic example of the harmonic series 


Here -f- . . . + a2„ = • 


_ 1 _ 

2n 2n 




1 


Since 


77 -f- 1 2?7 277 277 

?7 and 777 = 277 can be taken as large as we please, the series diverges, 
for Cauchy’s test is not fulfilled; in fact, the 77 -th partial sum obviously 
tends to infinity, since ail the terms are positive. On the other hand, the 
series formed from the same numbers with alternating signs, 


1 — 


1,1 1,1 !_ 

2 3 4 o 77 


i^nverges (of. Chap, VI, p. 317), and has the sum log 2. 


It is by no means true that in every divergent series tends 
to +0^ or —0:5 . Thus, in the case of the series 

1 - Id- 1 - 1 + 1 + ~ , 

we see that the partial sum has the values 1 and 0 alternately, 
and on account of this oscillation backwards and forwards 
neither approaches a definite limit nor increases numerically 
beyond aU bounds. 

"With regard to the convergence and divergence of an infinite 
series the following fact which, though self-evident, is very im- 
portant, should be noted. The convergence or divergence of a series 
is not changed by inserting a finite number of terms or by removing 
a finite number of terms. So far as convergence or divergence is 
concerned, it does not matter m the least whether we begin the 
series at the term or or or any other term chosen 
arbitrarily. 
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2. Absolute Convergence and Conditional Convergence. 


The series 1 + ^ ^ ^ . diverges; 

O 4: 


but if we change 


the sign of every second term the resulting series converges. On 

the other hand, the geometric series 1 — q-~ q- — A ... 

converges and has the sum 1/(1 -j- q), provided that 0 ^ 5 < 1 ; 
and on making all the signs plus we obtain the series 

1 + + • • • . 

which is also convergent, having the sum 1/(1 — q). 

Here there appears a distinction which we must examine a 
little more closely. With a series whose terms are all positive there 
are only two possible cases; either it converges or the partial 
sum increases beyond all bounds as n increases. For the partial 
sums, being a monotonic increasing sequence, must converge if 
they remain bounded. Convergence occurs if the terms approach 
zero rapidly enough as n increases; on the other hand, diver- 
gence occurs if the terms do not approach zero at all or if they 
approach zero too slowly. In series where some terms are 
positive and some negative, however, the changes of sign may 
bring about convergence, since a too great increase in the partial 
sums, due to the positive terms, is compensated by the nega- 
tive terms, so that the final result is that a definite limit is 
approached. 

X 

In order to grasp this fact the better, with a series 2 ha\dng 

V~1 

positive and negative terms we compare the series which has 
the same terms all with positive signs, that is, 

X 

I I + I «2 I + . • • = S I a„ |. 

v—1 

If this series converges, then for sufificiently large values of n 
and m > n, the expression 

1 ^n+l 1 + 1 ®ti+2 1 + • • • + I I 

will certainly be as small as we please; on accoxmt of the relation 

1 + • • • + 1 = 1 I + • • • + 1 1 

(e798 ) 


25 
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tEe expression on the left is also arbitrarily small, and so tbe 

original series S converges. In tbis case the original series is 
*'= 1 

said to be absolutely convergent. Its convergence is due to the 
numerical smallness of its terms and does not depend on the 
change of the signs. 

If, on the other hand, the series with all the terms taken 
positively diverges and the original series still converges we say 
that the original series is conditionally convergent. Conditional 
convergence results from the terms of opposite signs compen- 
sating one another. 

For conditional convergence Leibnitz’s convergence test is 
frequently useful: 

If the terms of a series are of alternating sign and in addition 
their absolute values | | tend monotonically to 0 {so that 

00 

i 8-n+i I < I I), the series S a^ converges. (Example: Gregory’s 

v==i 

series (p. 352 )). 

In the proof we assume that oq > 0, which does not essentially 
limit the generality of the argument, and write our series in the 
form 

“ ^2 “T ^3 k • • • 5 

where all the terms are now positive, tends to 0, and the 
condition is satisfied. If we bracket the terms 

together in the two ways 

61 (&2 ^3) — (^4 — ^5) — * • • 

and + (63 — hf) + (^5 — + • • • 

we see at once that the two following relations are satisfied 
by the partial sums: 


51 > S3 > S5 > . . . > s^m+i > . . . 

52 S4 <C Sq <C ... <C ^ 2 m < . . . . 

On the other hand, Sgn < S2,z+i < % and S2n+i > s^n > The 
odd partial sums S3, ... therefore form a monotonic decreasing 
sequence, which in no case falls below the value s^; hence this 
sequence possesses a limit L (p. 61 ). The even partial sums 
S2> S4, . . . Kkewise form a monotonic increasing sequence whose 
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terms in no case exceed tEe fixed number s^, and tberefore this 
sequence must have a limiting value L', Since the numbers 
and S 2 n+i difier from one another only by the number 52n+i 
which approaches 0 as n increases, the limiting values 1/ and Ij' 
are equal to one another. That is, the even and the odd partial 
sums approach the same limit, which we now denote by (cf. 
fig. 1). This, however, implies that our series is convergent, as 
was asserted; its sum is S. 

In conclusion, we make another general remark about the 
fundamental difference between absolute convergence and con- 

QO 

ditional convergence. We consider a convergent series S a,,. 

V= 1 

We denote the positive terms of the series by p^, p^, . • . , 
and the negative terms by ~q^, .... If we form the 

' n 

n-th partial sum = S of the given series, a certain number, 

v— 1 

say n', of positive terms and a certain number, say of nega- 

5 ^ ^ ^ 

S2 S4 Sq Sg Sg Sy Sj S3 Sf 

Fig. I. — Convergence of an alternating series 

tive terms must appear, where n' + n" = n. Further, if the 
number of positive terms as well as the number of negative terms 
in the series is infinite, then the two numbers n' and 7 i" will 
increase beyond all bounds as n does. We see immediately that 

n' 

the partial sum is simply equal to the partial sum S p^ of the 

n" 

positive terms of the series plus the partial sum —Hq^ of the 
negative terms. If the given series converges absolutely, then 

00 

the series of positive terms S p^ and the series of absolute values 

00 

of the negative terms S q^ certainly both converge. For as ni 

i; = l 

m m 

increases the partial sums S p^ and E q^ are monotonic non- 
decreasing sequences with the upper bound S | a,, |. 

V~1 

The sum of an absolutely convergent series is then simply eqml 
to the sum of the series consisting of the positive terms only plus the 
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sim of the series consisting of the negative terms only, or, in other 
words, is equal to the difference of the two series with positive terms, 

n n' n" 

For S = S p,. — S q^;, as n increases n' and n" must also 

r = l j/=l j'=l 

increase beyond all bounds, and the limit of the left-hand side 
must therefore be equal to the diEerence of the two sums on 
the right. If the series contains only a finite number of terms of 
one particular sign the facts are correspondingly simplified. If, 
on the other hand, the series does not converge absolutely, but 

OO 00 

does converge conditionally, then the series S and S q^ must 

^.=l j/=i 

both be divergent. For if both were convergent the series would 
converge absolutely, contrary to our hypothesis. If only one 

r. 

diverged, sav S and the other converged, then separation into 

n" 

positive and negative part-s, = S • S shows that the 

,,. = 1 V=1 

n' 

series could not converge; for as 7i increases n' and S would 

V=1 

n" 

increase bevond aU bounds, while the term S q^. would approach 

1'= 1 

a definite limit, so that the partial sum s^ would increase beyond 
ail bounds. 

'\Y 0 therefore, that a conditionally C07ive7'ge7%t series cminot 
he thought of as the difference of two convergent series, the one con- 
sisting of its qjositive terms and the other consisting of the absolute 
values of its negative terms. 

Closely connected with this fact there is another difierence 
between absolutely and conditionally convergent series which 
we shall now briefly mention. 

3. Rearrangement of Terms. 

It is a property of finite sums that we can change the order 
of the terms or, as we say, rearrange the terms at will without 
changing the value of the sum. The question arises, what is the 
exact meaning of a change of the order of terms in an infinite 
series, and does such a rearrangement leave the value of the sum 
unchanged? While in the case of finite sums there is no difficulty, 
for example, in adding the terms in reverse order, in the case of 
infinite series such a possibility does not exist; there is no last 
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term witli wMcE to begin. Now a cLange of order in an infinite 
series can only mean this: we say that a series < 3 ^ + ag + <^^3 + • • • 
is transformed by rearrangement into a series + 63 + "f • • • ? 
provided that every term of the first series occurs exactly 
once in the second and conversely. For example, the amount by 
which an is displaced may increase beyond all bounds as n does; 
the only point is that it must appear somewhere in the new series. 
If some of the terms are moved to later positions in the series, 
other terms must, of course, be moved to earlier positions. For 
example, the series 

1 + ^ + . . . 


is a rearrangement of the geometric series 1 + ^ . . 

With regard to change of order there is a fundamental dis- 
tinction between absolutely convergent series and conditionally 
convergent series. 

In absolutely convergent series rearrangement of the terms does 
not affect the convergence, and the value of the sum of the series is 
unchanged, exactly as in the case of finite sums. 

In conditionally convergent series, on the other hand, the value 
of the sum of the series can be changed at will by suitable rearrange- 
ment of the series, and the series can even be made to diverge if 
desired. 

The first of these facts, referring to absolutely convergent 
series, is easily established. Let us assume to begin with that our 
series has positive terms only, and let us consider the ^i-th partial 

n 

sum — S a^. All the terms of this partial sum occur in the 


m 

m-th partial sum t^ — '^b^ of the rearranged series, pro^fided 

V=1 

only that m is chosen large enough. Hence s^. On the 
other hand, we can determine an index n' so large that the 

tT 

partial sum = E of the first series contains all the terms 

6^, • • • j I'fc 'then follows that ^ s,,> ^ A, where A is 

the sum of the first series. Thus for all sufficiently large values 
of m we have Sn'^tm^ since s^ can be made to differ 

from A by an arbitrarily small amount, it follows that the 
rearranged series also converges; and in fact to the same limit 
A as the original series. 
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If the absolutely convergent series has both positive and 
negative terms, we may regard it as the difierence of two series 
each of which has positive terras only. Since in the rearrange- 
ment of the original series each of these two series merely under- 
goes rearrangement and therefore converges to the same value 
as before, the same is true of the original series when rearranged. 
For by the case just considered the new series is absolutely 
convergent and is therefore the difierence of the two rearranged 
series of positive terms. 


To the beginner the fact just proved may seem a triviality. That it 
really does require proof, and that in this proof the absolute convergence is 
essential, can be shown by an example of the opposite behaviour of con- 
ditionally convergent series. We take the familiar series 



under it VTite the result of multiplication by the factor t, 


1 

2 




and add, combining the terms placed in vertical columns.* We thus obtain 


1 






This last series can obviously be obtained by rearranging the original 
series, and yet the value of the sum of the series has been multiplied by 
the factor S/2. It is easy to imagine the effect that the discovery of this 
apparent paradox must have had on the mathematicians of the eighteenth 
century, who were accustomed to operate with infinite series without 
regard to their convergence. < 


'We sball give the proof of the theorem stated above concern- 
iug the change in the sum of a conditionally convergent series 
which arises from change of order of the terms, although we shall 
have no occasion to make use of the result. Let P 2 j • • • 
positive terms and —q^, • - • the negative terms of the 

series. Since the absolute value | | tends to 0 as increases, 

the numbers Pn and q^ must also tend to 0 as w increases. As 


♦ For the addition of series see No. 4, p. 376. 
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00 

we have abeady seen, moreover, the sum'^ must diverge, 

00 

and the same is true of S q,,. 

Now we can easily find a rearrangement of the original series 
which has an arbitrary number a as limit. Suppose, to be specific, 
that a is positive. We then add together the first positive 

terms, just enough to secure that the sum is greater than a. 

Since the sum increases with % beyond all bounds, it is 

always possible by using enough terms to make the partial 
sum greater than a. The sum will then differ from the exact 
value a by at most. We now add just enough negative terms 

ftx tHi 

— to ensure that the sum —2^^ is less than a; this 

1 11 oc 

is also possible, as follows from the divergence of the series S 
The difference between this sum and a is now at most. We 
now add just enough other positive terms S to make the 

^«it1 

partial sum again greater than a, as is again possible, since the 
series of positive terms diverges. The difference between the 
partial sum and a is now p^^ at most. We again add just 

nti 

enough negative terms ~ S beginning next after the last 

wi+i 

one previously used, to make the sum once more less than a, 
and continue in the same way. The values of the sums thus 
obtained will oscillate about the number a, and when the process 
is carried far enough the oscillation will only take place between 
arbitrarily narrow bounds; for since the terms p^. and q^, them- 
selves tend to 0 when v is sufficiently large, the length of the 
interval in which the oscillation takes place will also tend to 0. 
The theorem is thus proved. 

In the same way we can rearrange the series in such a way 
as to make it diverge; we have only to choose such large 
numbers of the positive terms as compared with the negative 
that compensation no longer takes place. 

00 

* This abbreviated notation for S and analogous expressions for 

V=1 

other series, will often be used in future. 
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4. Operations witli Infinite Series. 

It is clear that two convergent infinite series + CTo + • • • = 5 
and 6^ + 62 + • • • ~ ^ added term by term, that is, 

that the series formed from the terms converges 

and has the value /S + T for its sum.^ For 

v«=l V=X 

It is also clear that if we multiply each term of a convergent 
infinite series by the same factor the series remains convergent, 
its sum being multiplied by the same factor. 

In the cases just mentioned it is immaterial whether the 
convergence is absolute or conditional. On the other hand, 

further study, which is not necessary for us here, shows that 

if two iniinite series are multiplied together by the method 
used in multiplying finite sums together, the product series 
will not usually converge or have the product of the two sums 
for its sum unless at least one of the two series is absolutely 
convergent (cf. appendix, p. 415). 


Exaiviples 


1. Prove that — 


1 +_L+ 1 + .= 1. 


2. Prove that E 


1 v(vH- 1) 1.2 2.3 3.4 

1 


3. Prove that 2 (— 1)' 


-1 v(v~ l)(v-f 2) 

2 v + 3 


(v-p l}(v 4 - 2 ) 


4. For what values of a does the series 1 — — 4-—— 

o 2 “^ 3^ 4“ 

converge? ^ 

CO 

Prove that if 2 converges, and s^~ • ag -p - • • + then 

the sequence 

•Sl + ^2 “b • • • ~*P "Sivr 
_ 


also converges, and has 2 as its limit. 


6. Is the series 2 ( — convergent? 

\2?Z -p 1 271 / 

7. Is the series 2 ( — 1)^ — — convergent? 

i/=l V + 1 

* This theorem is really nothing more than another statement of the fact 
(cf. Chap. I, § 6, p. 41) that the li m it of the sum of two terms is the sum of 
their limits. 
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2. Tests eor Convergence and Divergence 

We have already met with a test o£ a general nature for the- 
convergence of series, which applies to series with terms of alter- 
nating signs and decreasing absolute value and which asserts 
that such series are at least conditionally convergent. In the 
following pages we shall only consider criteria referring to absolute 
convergence. 


1. The Comparison Test. 

All such considerations of convergence depend on the com- 
parison of the series in question with a second series; this second 
series is chosen in such a way that its convergence can readily 
be tested. The general com'pafison test may be stated as follows: 

oc 

If the numbers b^, bg, . . . are all positive and the series 2 b,, 
converges, and if 

! «« I ^ &n 

CO 

for all values of n, then the series 2 a^^ is absolutely convergent. 

72=1 

If we apply Cauchy’s test the proof becomes almost trivial. 
For if m ^ we have 

I ^71 + • • • + <^m i ^ 1 1 + • • • + 1 1 ^ + • • • + 


GO 

Since the series 2 b^ converges, the right-hand side is arbitrarily 

72=1 

small, provided that n and m are sufficiently large. It follows 
that for such values of n and m the left-hand side is also arbi- 
trarily small, so that by Cauchy’s test the given series converges. 
The convergence is absolute, since our argument applies 
equally well to the convergence of the series of absolute values 

!««!• 

The analogous proof for the following fact can be left to the 


reader. If 


1 ttn I ^ > 0, 
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2, Comparison witE the Geometric Series. 

In applications of the test the comparison series most 
frequently used is the geometric series. We at once obtain the 
following theorem: 

The series S is absolutely convergent if frorn a certain term 

n~ 1 

onicard a relation of the fo 7 'm 

l«nl<C2” (I) 

holds, where c is a positive number independent of n and q is any 
fixed positive nu 7 nber less than 1. 

This test is usually expressed in one of the following weaker 

forms: the series S converges absolutely, if from a certain 

72=1 

term onward a relation of the form 

^ ? (Ila) 

holds, where q is again a positive number less than 1 and inde- 
pendent of n, or: if from a certain term onward a relation 
of the form 

i (IK) 

holds, where g is a positive number less than 1. In particular, 

the conditions of these tests are satisfied if a relation of the 
form 

lim =^;<1 (Ilia) 

fl — CO 

or 

\ = h<l (III6) 

is true. These statements are easily established in the following 

way. 

Let us suppose that the criterion Ila, the ratio test, is satisfied 
from the suffix % onward, that is, when n > n^. For brevity 
we put and find that 

and so on; hence 

\bm \ <r"\bo\. 
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wMcIi establishes our statement. For the criterion 116, the 
root test, we at once have | | C q'^, and our statement follows 

immediately. 

Finally, in order to prove criterion III, we consider an arbi- 
trary number q such that A; < ^ < 1. Then from a certain 

onward, that is, when n > it is certain that oi 

I ] < q, as the case may be, since from a certain term 

onwards the values of ^ — ^ ^ or of V [ | differ from h by less 

than {q—h). The statement is then established by a reference 
to the results already proved. 

We stress the point that the four tests derived from the 
original criterion | | < cq^ are not equivalent to one another 

or to the original, that is, that they caimot be derived from 
one another in both directions. We shall soon see from examples 
that if a series satisfies one of the conditions, it need not by any 
means satisfy all the others.* 

For completeness it may be pointed out that a series cer- 
tainly diverges if from a certain term onward 

I i > c 

for a properly chosen positive number c, or if from a certain term 
onward 

I 1 > 1, 

or if lim — ^ I — or lim 'V \ aA = h, 

a, 

where ib is a number greater than 1. For, as we immediately 
recognize, in such a series the terms cannot tend to zero as n 
increases; the series must therefore diverge. (In these circum- 
stances the series cannot even be conditionally convergent.) 

Our tests furnish sufficient conditions for the absolute con- 
\rergence of a series; that is, when they are satisfied we can con- 
clude that the series converges absolutely. They are definitely 
not necessary conditions, however; that is, absolutely convergent 
series can be found which do not satisfy the conditions. 

* More exactly: if Ilia is fulfilled, then Ila is fidfilled; if 1116, then II6; 
U nia, then 1116; if Ila, then II6; and if any of the four is satisfied, then so 
is I. None of these statements can be reversed. 



